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ABSTRACT: In this paper we consider semigroups in
which every cyclic subsemigroup is an (m,n)-ideal.

INTRODUCTION: The generalization of the ideal of
semigroups are given by S. Lajos, by a notion of an (m,n)-
ideal of a semigroup [ﬁ]. P. Protié and S. Bogdanovié con-
sidered (m,n)-ideal semigroups in which every subsemigroup
is an (myn)-ideal [5]. This class of semigroups are descri-
bed by P. Protié and S. Bogdanovig [5,6]. Bi-ideal semi-
groups, as a special case of (m,n)-ideal semigroups, are
described by B. Trpenovski [7], S. Bogdanovié, P. KrZiovski,
B. Trpenovski and P. Protié [8]. The construction of the
(m,n)-ideal semigroup is given by S. Bogdenovié and S. Milié
[9] |

Here, we consider c-(m,n)-ideal semigroups in which
every cyclic subsemigroup is an (m,n)-ideal. In Theorem 1l.5.
c-(m,n)-ideal semigroups are described by an ideal extension.
In Theorem 4.l. we have a construction of a c-(m,n)-ideal
semigroup, where results of Theorem l.l. [10] are used ( see
also the book of S. Bogdanovié [1], Chapter VIII ).

1. C-(m,n)-IDEAL SEMIGROUPS

A subsemigroup A of a semigroup S is an (m,n)-
ideal of S if APSA®CIA, where m,n€ NJ{0} ( A%s=sa®=s ) [4].

This paper is in final form and no version of it will be
submitted for publication elsewhere.
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S is an (m,n)-ideal semigroup if every subsemigroup of S is
an (m,n)-ideal of S [5]. Every (1,1)-ideal semigroup we call
bi-ideal semigroup.

S is a c-(m,n)-ideal semigroup if every cyclic sub-
semigroup of S is an (m,n)-ideal of S. It is clear that the
class of all (m,n)-ideal semigroups is a subclass of the
class of all c-(m,n)-ideal semigroups.

The (m,n)-ideal of S generated by nonempty subset
Cof s is [C], .= cyc...Uc®®Uc"scm. 1f c={a} we ob-

tain the principal (m,n)-ideal of S generated by element a
which is [a]m,n'= alJ a2U...Uam+nUamSan.

A subset R of a partial semigroup Q is a partial
subsemigroup of Q if for x,y€E R, xy€ Q implies xy&€ R. A par-
tial subsemigroup R of a partial semigroup Q is an (m,n)-
ideal of Q if RUQR™MCQ implies RUQRM=R. Q is an (m,n)-ideal
partial semigroup if every partial subsemigroup of Q is an
(myn)-ideal of Q [5]. Q is a c~(myn)-ideal partial semigroup
if every partial cyclic subsemigroup of Q is an (m,n)-ideal
of Q.

Let S be a semigroup with zero O, then S is a nil-
semigroup if for every a€ S there exists k€ N such that ak=0
[8]. A partiasl semigroup Q is s partial nil-semigroup if for
every a€ Q there exists k€ N such that a~¢ Q ( In [6] it is
called the power breaking partial semigroup).

THEOREM 1l.l. The folloving conditions on a semi-
group S are equivalent:

(1) S is c-(m,n)~ideal

(ii)  (¥a€ 8) a"sa"Xa)

(iii) (¥=€s) [g) m’n=<a>

Proof: Let a€ S and let S be a ¢c-(m,n)-ideal semi-
group. Then amSan§;<h>mS<b>n§;<a>. Conversely, let (ii) holds
and let <a> be a cyclic subsemigroup of S. Since <p>m={ap:
p>m}, then every element from <§)ms(a)n is of the form aPsal
where p=>m and q2n, whence aPsa%=aP? PaTsa"a9™ ¢ (a)<ad >
C<a). Thus (i X=>(ii).

(ii)=>(diii). Then [a]m,n= alJa?l...Ua®"JaBse2 =
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S @ <@dl eee | @>=<a)>. Conversely, a"sa"C [a]m a=<@> iee.
(ii)<=>(iii) 0O
THEOREM 1.2. Let S be a c~(m,n)-ideal semigroup.

Then:
(i) S is periodic
(ii) the set E of all idempotents of S is a rec-

tangular band and it is an ideal of S

(iii) S\E is a c~(m,n)-ideal partial nil-semi-

group

(iv) (¥a€8) |<dlcem+on+1

(w) S is a disjoint union of the maximal uni-
potent c-(m,n)-ideal semigroups Se={x€ 5: (§p€N) xp=e},
eCE and e is a zero in S,

(vi) (¥a,b€ 8) eaebe(am'bn>, where e, and e,
are the idempotents from (> and (b>.

Proof:

(i) Let a&S. Let <> be an infinite semigroup.
Then B=(a2>={a :k€ N} is a subsemigroup of S and a<Caa<R¢
€ BUSB™=B which is impossible. Hence, for every a€ S, <a) is
a finite semigroup and so Egd.,,

(ii) FPor e €E we have that eSe&(ed={e}, whence for
every x€ S is exe=e and by Proposition 3.2, [3:] E is a rectan-
gular band. Also, for every e€ S-and every x€ S from exe=e we
have that ex=exex and xe=xexe whence ex and xe are elements
from E and E is an ideal of S.

(iii) From (i), for every a€ S\ E the cyclic subse-
migroup <{a)> contains an idempotent and S8\ E is a partial nil-
semigroup. Let A be a cyclic partial subsemigroup of S\ E
generated by element a € S\ E. Then a"sa™_S\E implies that
a®sa™=A whence A is an (m,n)-ideal of S\ E and S\E is a
partial c-(m,n)-ideal semigroup.

(iv) Let a€ S and p€ N be the smallest natural num-
ber such that aP€ E and let aP=e., Then ap+l=aap and ap+l=apa
implies that ap+1=ea=aeEE since E is an ideal of S. Every
finite cyclic semigroup is unipotent, whence ap+l=e, e is a
zero in (@) and <a>={a,a‘2,...,ap=e}. Let p>2m+2n+l. Then for
the semigroup B from (i) we have the same contradiction as
like in (i). Hence 2m+2n+l>p, where p=|(a){.
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(v) Let x,yeSe. Then, there exists p,q€ N such
that xp=yq=e and e is a zero for x and y. By Theorem 1l.1l.
we have that (xy)Te(xy)?€ <xy) i.e. e € (xy). Hence, there
exists r€ N such that e=(xy)T.

(vi) Let a,b€S and e, € 8>, ebE—(b). Let g€ &™o™)

i.e. (ambn)k=g. Then gea=ambn(ambn)k'1eae amSeaC_:_<a>, whence

gey=ege+ Also, ebg=eb(ambn)k-1ambn6 ebSan(b>, whence e g=e, .
From geg=e and eyB=e, we have that g=ge a®p8=%a%p i.e. e a®b €
€ (ambn>.
THEOREM 1.3. Let Q be a periodic psrtial c-(m,n)-

ideal semigroup, E be a rectanguler band and Q[)E=¢. Let
f: S=Q|JE—E such that f(e)=e for every eCE and f/Q is a
partial homomorphism. We define an operation on S by

{xy as in Q, if x,y€Q and xy is definied in Q

a

l£(x)£(3) otherwise

Then S is a c-(m,n)-ideal semigroup.

Proof: Let a,s€ S. Then amsanGQ implies amsan.:ake
€ <¢ad. Let a®sa®¢@ Q. Then aPsal=r(a™)£(s)f(a®)=£(a)Pr(s)f(a)"l=
=f(a)f(s)f(a). If pE N is the smallest number such that

aPd Q, then aPeaal” =f(a)f(ap-l)=f(a)f(a)p'1_f(a)f(a)—f(a)
Hence, aTsa®=f(a) € <ad.0]
THEOREM l.4, S is a c-(m, n)-ideal semig:oup with

Proof: Let S be a c-(m,n)-ideal semigroup with ze-
ro O and let a€ S. Then a®0a”¢ <@di.e. 0€ <ad. Hence, S is a
nil-semigroup. If e is an idempotent from S then O0€ {e)={e},
whence e=0 and S is unipotent. Conversely follovs immediate-
1y.[3

Let M and T be the disjoint semigroups and T con=-
teins a zero O. The semigroup S is called ideal extension of
a semigroup M by T if M is an ideal in S and the Rees quoti-
ent semigroup S/M is isomorphic to T [2].

THEOREM 1.5. S is & c¢-(m,n)=~ideal semigroup if and
only if S is an ideal extension of the rectangular band E EZ
a c-(m n)-1deal nil-semigroup.

Proof: Let S be a c-(m,n)-ideal semigroup. By The-
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orem l.2.(iii) we have that S\E is a c-(m,n)-idesl partisl
nil-semigroup and we can get S'E from S\E by the extension
by O as like in Theorem l.3%.. From this Theorem SE is a ¢~
-(myn)-ideal semigroup.

Conversely, let S is an ideal extension of the rec-
tangulsr band by a c-(m,n)-ideal nil-semigroup. For a€ S\ E
ve have that (a@)m%(a@)nf;«aQ»:({a}) » where aQ is the
class of the element a of modE. Hence for all b& S we have
that (ae)m(be)(ae)nC@), whence a®ba® € (8)>. Also, for e€E
we have that eSe=eSe-e(eSe)e=eEe=e.

Hence, for every s €S we have that amSanE <ad> and
by Theorem l.l. it implies that S is a c¢-(m,n)-idesl semi-
group.]

(m,n)-IDEAL SEMIGROUPS

THEOREM 2.1. The folloving conditions on a semi=-
group S are equivalent:

(i) S is (myn)-idesal

(ii) cMsc™C{c) for every nonempty CCS

(iii) [C] —(C) for every nonempty CCS

Proof Let (1) holds. Then for every nonempty sub-
set C of S we have that <COTSCCOP(CDi.e. CPSCPCLKOOTsCIRCT
& (>. Conversely, if (ii) holds, let B be a subsemigroup of
S and C is the set of generators of B. Then xEBm is of the
form x=a,...8; where aiE B and y€ B® is of the form F=by.eeb
where bj€ B, Since_ ai,bjé B and C generates B, we have that

aiE Cki(ki?_ 1), bJ.G cTd (erI). Then xsy& B®sB” is of the form
x5y=8,...8.6b ...b € C¥L.. . c¥mseTl, . ,c negkl*e - hmgpTl+e + +Tn,
=K1+« o +Ky=MoMg e T +e « < +T0=Be (540> (OO (CY=B. Hence, we
have that (i)&(ii).

Let (ii) holds. Then [c], .= cycU...Uc™2y

U c®scPE<edU. .. ULed=<cd. Conversely, let (iii) holds.
Then ¢TscBC [c]m,n_<c> , whence (ii)=(iii).0

THEOREM 2.2. If S is an (m,n)-ideal semigroup, then
S is an ideal extension of the rectangular band E by s (m,n)-
ideal nil-semigroup.
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Proof: SE is a semigroup with zero. By Theorem 3.1,
[5] S\\E is a partisl (m,n)-ideal semigroup and we can get
from S\ E by an extension by the zero as like in Theorem
3.2.[5]. From this Theorem St is an (myn)-ideal semigroup
and by Theorem l.4. it is & nil-semigroup.]

3. BI-IDEAL SEMIGROUPS

COROLLARY 3.1. The folloving conditions on a semi~
group S are equivalent:

() S is bi-idesl

(ii) csC&<{C>for every nonempty CCCS

(iii) B[C]=<C)_§§; every nonempty CCCS

(iv) (¥a,b€ 8) asbC<a,b>

(v) (¥a,b€ S) {a,b} S{a,B} & <a,b>

(vi)  (¥e,b€ 8) Bla,b]=<a,

Proof: From Theorem 5.{8] we have that (i)&((1i)&
<>(iii). Also, it is clear that (iii)=(vi).

(vi) =(v) since {a,b}S{a,b}<=Bfte,H}=<a,b>

(v)=(iv) since asb&{a,b}s{a,b}C<a,bd>

" (iv)=(ii) since for every asb€ CSC we have that

asb¢ asbS&<¢a, by <Cy .0

The folloving Theorem %.3. and Lemma sre got from
Theorem l.5. and Theorem 1.2.(vi) for the c~bi~ideal semi-
group.

THEOREM 3.3« S ig 8 c-bi-ideal semigroup if and on-
ly if S is an ideal extension of the rectangular band E by &

c~bi-ideal nil-semigroup.

LEMMA: Let S is a c~bi-ideal semigroup. Then for
every a,b€ S eaebE <{ab), where e, and e, 8re idempotents
from <a> and <b).

. COROLLARY 3.4. S is a bi~ideal semigroup if and
only if S is an ideal extension of the rectangulasr bsnd E
by 8 bi-ideal nil-semigroup.

Proof: Let S be a bi~ideal semigroup. From Theorem
2.2« we have that e is 8 bi-ideal semigroup and it is a nil-
semigroup.

Conversely, let S be an ideal extension of the rec=~
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tangular band E by a bi-ideal nii-semigroup % Then Y is a
c~-bi-ideal nil-semigroup and by Theorem 3.3. S is a c-bi-
ideal semigroup and the condition of Lemma holds.

Let a,b,s€ 5. If asb€ E, by Lemma we have that
asb=e_e_e, =e e, €{a,bp. If asb€ S\E i.e. asb=0 in S, then
by Corollary 3.1. we have that asb€ {a,b) in S since %; is
a bi-ideal semigroup, whence asb€ {a,b> in S. Hence, the
condition aSbg_<a,b> holds for every a,b€ S and by Corollary
3,1, S is a bi-ideal semigroup.l]

4, THE CONSTRUCTION OF 4 C-(m,n)-IDEAL SEMIGROUP

CONSTRUCTION: Let E=IxJ be a rectangular band and
let Q be a partial semigroup such that E{]Q=¢.

Let (D: P ¢p be a mapping from Q into the semi-
group Y(I) of all mappings from I into itself and, also, let
Y: p—)\ljp be a mapping from Q into ¥(J).

For all p,q€ Q let:

@) pa€Q = Pp =0 Dy v W= oYy

(i1) pe§Q = (DqQ)p=const. , (Ppkl)q=const.

Let us define a multiplication on S=E(JQ with:

¢D) (1,3)(x, D)=,

(@ p(i,§)=GLQ_,J)

() (1,9)p=(1,3 )

(#)  pe=r€Q =3 pq=r€Ss

(5)  pa% Q2 =pe=-GL OO Y, Y )

Then S with this multiplication is a semigroup [10,

S,l-VIII]. A semigroup which is constructed in this way will
be denoted by 3 (I,7,Q,0,9).

THEOREM 4.1, S is a c¢~(m,n)-ideal semigroup if and

is a partial c~-(m,n)-ideal semigroup (m,n=1).

Proof: Let S is a c-(m,n)-ideal semigroup. Then by
Theorem 1.5. S is an ideal extension of a rectangular band E
by a c¢c-(m,n)~ideal nil-semigroup T=5¢. Let Q=T\0=S\\ E. Then
Q is a ¢-(m,n)-ideal partial semigroup.
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From Theorem 4,20.[2]we have that S is a subsemi-
group of an ideal extension S of a translational hull {XE)
of E by T, Since translational hull ()(E) is a semigroup with
identity, then by Theorem 4,19.[2] we have that the multipli-
cation on S is determined by a partial homomorphism f:Q>QXE)
with:

abs= [Lab if ab€Q

£(a)f(v) if ab§ Q

uva=uf(a), au=f(a)u , uv=uv
for all a,b€Q and all u,vESCXE).

The translational hull SXE) of a rectangular band
E=IxJ is isomorphic to a Cartesian product Y(I)xY(J) where
the multiplication is given with:

_((Dl? q)1)((1)2'(‘P2)=(¢ 2(1)1’“)1({)2)
for all (¢1,W1),(¢2,W2)€Q(E) [3].

Also,  E is an ideal of Q_(E) and elements from E
are of the form (Cbl, Pd) where (Dl and (PJ are constant ma-
ppings i.e. for every k€ I and every fes

kQr=i and (Y5 .

Then, we can write (i,j)=((b1,.q)a). Then
(1,1, =P, PP, ¥)=(PPL,PIV)-(1,59)€ E
(D,9)3,9)=(P, PP, PH=(P*D,PPN-G1Y,EE

For a€ Q let f(a)=(q>a,q)a). Since f is a partial

homomorphism, for a,b€ Q, ab€&€ Q we have that
(D gy P ap)=£(aD)=£(a)£(B)=(D , P )P, P =D P,
’q'}aLP b) whence (pab'-'q’\b(ba and q)ab=q)aq)b'

Since S8 is a subsemigroup of E’ we have that ab=
=f(a)f(b)EE i,e. ((qu)a,q)aq)b)EE for a,b€Q, ab&QqQ ,
whence ¥ g=const. and (Paka=const.

Hence conditions (i) and (ii) hold.

From the definition of a multiplication on S we
have that conditions (1) and (4) hold and

a(i,3)=£(a)(1,3)=(P,, P I, =1,

For a,b€Q, a(\%kjah(i’j)f(a):(i’j)(q) aoq"a)=(iaj W)

ab=£(a)£(b)=(P P, ¥ Y )I)=GD P 39 ¢ y)
since ¢b¢a=const and ¢, =const. Hence, conditions (2),

-
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(3) and (5) hold.

Conversely, let S=3(I,J,Q,D,¥) where Q is a parti-
al c-(m,n)-ideal semigroup. It is clear that QJ{0}is a c~(m,n)
-ideal nil-semigroup and S is an ideal extension of a rectan-
gular band E by Q[J{O}. Hence, by Theorem 1.5. we have that
S is a c-(m,n)-ideal semigroup.[l]

THEOREM 4.2, S is a c¢-(m,0)-ideal ( c-(O,n)-ideal)
semigroup if and only if 5 is an ideal extension of a left

zero ( right zero) semigroup E by a c¢-(m,0)-ideal ( c—(O n)-
ideal) nil-semigroup. (le(nZl))

" Proof: Let S is a c-(m,0)~ideal semigroup. Then for
all a€ S,¢{a) must be a finite semigroup, since a2ma€<a2>msg
§;<§2>. Then S is periodic and the set E of all idempotents
from S is nonempty set. For all e€ E and s€ S we have that
es=e"s€ (edTSC(ed=1{e}, i.e. es=e and, also, (se)(se)=sese=
=s(es)e=see=se. Then se,es€ E i.e. E is an ideal of S, Now,

it is clear that S¢ is a c¢-(m,0)-ideal nil-semigroup.
Conversely, if S is an ideal extension of a left
zero semigroup E by a c-(m,0)-ideal nil-semigroup, then for
a€ S\E we have that (ap)"sg&<(ap)>=(ad, where ap is the
class of the element a of modE, Hence, for all b& S we have
that (ap)™(bp)=<{ad i.e. a"b€ (a). Also, for e€E we have
that e"S=eS=e(eS)=eE=e. Hence S is a c¢~(m,0)~ideal semigroup ]
COROLLARY 4.3, S is a (m,0)=ideal ((O,n)-ideal)
semigroup if and only if S 1s an ideal extension of a left

zero ( right zero) semigroup E by a (m,0)-ideal ((O n) ideal)
nil-semigroup. (m>1(n >1))

COROLLARY 4.4, S is a c¢-(m,0)-ideal ( ¢-(O,n)-ideal)
semigroup if and only if 5 is isomorphic to a semigroup > (I,
7., 0, P) where 1I]-1 aﬁa Q {g-a partial c:Zﬁ 0)-ideal semigroup
(1J1=1 and Q is a partlal c- (O n) jdeal semigroup).(m>1(nz1))

COROLLARY 4,5. 5 is a (m, 0) ideal ((o, n) ideal) se-

ﬁDJ{D EEEEE [I}=1 and Q Eﬁ.ﬁ partial (m 0)-ideal semlgroup
(191=1 and Q is a partial (O,n)-ideal semigroup). (m=>1(n>1))
COROLLARY 4.6. S is a bi-ideal semigroup if and on-
ly if S is isomorphic to a semigroup > (1,9 Q,QL%O where Q is
a partial bi-ideal semigroup.
- Proof: By Theorem 1.[9] and Corollary 3.4.L-




32
REFERENCES

[1] s. Bogdanovié: Semigroups with a system of
subsemigroups, University of Novi Sad - Institute of Mathema-
tice 1985,

[2] ciifford A.H. snd G.B. Preston: The algebraic

theory of semigroups, Amer. math. soc. 1961
|3! Howie J. An introduction to semigroup theory,

Acad press 1976
(4] Lajos S. Generalized ideals in semigroups,
Acta sci. Math., 22(196l) 217-222
[5] Protié P. end S. Bogdanovié: On a class of
semigroups,_ Algebraic conference Novi Sad, 1981, 113-119
6] Protié P. and S. Bogdanovié: A structural
theorem for (m,n)-ideal semigroups, Proc. Symp. n-ary struc-
tures, Skopje 1982, 135-13
/] B. Trpenovski: Bi-ideal semigroups, Algebraic
conference,_ Skopje 1980 109-114
S. Bogdanovié, P. KrZzovski, P. Protié, B. Trpe-
novski: Bi and quasi ideal semigroup with n-property, Third
Algebrai¢ conference Beograd 1982, 27-34
[9) Bogdsnovié S. snd S. Milié: (m,n)-ideal semi-
oups, Proc of the Third Algebraic conference, Beograd 1982,
52:38

(10] Milié S. snd V. Pavlovié: Semigroups in which
some ideal is a completely simple semigroup, PEEI.'Tnst.
Math. 30 (4&), 1981, 12%-13%0

. Filozofski fekultet
grupa za Matematiku
Cirila i Metodija 2
18000 Nis



