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Rings satisfying some semigroup identities

MirosLAV CIRIC, STOJAN BOGDANOVIC and TATJANA PETKOVIC

Communicated by M. B. Szendrei

Abstract. Rings satisfying various identities of the form zy---z, =
w(z1,...,zn), lw| > n > 2, have been considered many times. The purpos

of this paper is to give a structural theorem for rings satisfying an arbitrary
identity of this form. We introduce the notion of characteristic quadruplet
(n, p, h,t) of such an identity, and using it we characterize rings satisfying this
identity as ideal extensions of an n-nilpotent ring by a ring satisfying z = zP+!
and satisfying also some additional conditions, determined by the numbers h
and ¢, on nilpotents, idempotents and regular elements.

1. Introduction

Rings satisfying various semigroup identities have been considered many
times. M. Petrich [13] described rings satisfying the identities axy = azay and
rya = xaya, called distributive rings. He proved that these rings are exactly
direct sums of Boolean rings and of 3-nilpotent rings. A more general result
was obtained by M. Ciri¢ and S. Bogdanovi¢ [4], for n-distributive rings, i.e. for
rings satisfying the identities axy - - - x, = axy---az, and 1 - - - T,a = T10 - - - THA,
n > 2. Left self distributive rings, i.e. rings in which the identity azy = azay
hold, were studied by G. F. Birkenmeier, H. Heatherly and T. Kepka [2]. Rings
with 2y = (zy)", n > 2, were considered by M. O Searcéid and D. McHale [12].
That these rings are direct sums of a J-ring (ring with the well-known Jacobson’s
property) and a null-ring was proved by S. Ligh and J. Luh [10] (see also S.-M.
Lee [9]). Some sufficient conditions for rings to be direct sums of J-rings and of
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null-rings were given by H. E. Bell and S. Ligh [1]. Direct sums of nil-rings and of
rings with Clifford’s multiplicative semigroups and semigroup identities that give
such sums were described by M. Ciri¢ and S. Bogdanovi¢ [4,8]. Some properties
of the commutator ideal of a ring satisfying the identity x1 - -z, = w(z1,... ,zy)
were considered by M. S. Putcha and A. Yaqub [17]. For related results connected
with such and other identities in semigroups we refer to M. Ciri¢ and S. Bogdanovié
[6,7] and M. V. Sapir and E. V. Suhanov [19].

In the present paper we will give a structural theorem for rings satisfying an
identity

Xy Ty = wW(X1, ..., Ty),

with |w| > n > 2. We will show that structure of such a ring is completely de-
termined by a quadruplet (n,p,h,t) of natural numbers that characterize this
identity, called its characteristic quadruplet. In Theorem 1 we prove that a
ring satisfying the above identity with the characteristic quadruplet (n,p,0,0) if
and only if it is a direct sum of an n-nilpotent ring and a ring satisfying x = zP*+!.
In Theorem 2 we give several structural characterizations for rings satisfying the
above identity with an arbitrary characteristic quadruplet. We characterize such a
ring as an ideal extension of an n-nilpotent ring by a ring satisfying x = zP*! and
satisfying also some additional conditions, determined by the numbers h and ¢, on
the nilpotents, on the idempotents and on the regular elements, and also as some
special Everett sums of the above mentioned rings. At the end of the paper we
give a consequent classification of semigroup identities over the two-element and
the three-element alphabet.

Throughout this paper, Z* will denote the set of all positive integers. If R is
a ring, MR will denote the multiplicative semigroup of R, E(R) will denote the
set of all idempotents of R and Reg(R) will denote the set of all regular elements
of R.

Let R be aring with the zero 0. Throughout this paper we will write 0 instead
of {0}. An element a € R is nilpotent if a™ = 0 for some n € Z*, and R is a nil-
ring if all of its elements are nilpotents. For n € Z™, a ring R for which R = 0
will be called n-nilpotent. A 2-nilpotent ring will be called a null-ring. A regular
ring whose idempotents are central will be called a Clifford’s ring. These are also
called strongly reqular rings.

A semigroup S is Archimedean if for all a,b € S there exists n € ZT such
that a™ € SbS, and it is completely Archimedean if it is Archimedean and has a
primitive idempotent.

A ring R is an ideal extension of a ring A by a ring B if R has an ideal [
isomorphic to A and the factor ring R/I is isomorphic to B. Usually, we identify
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A with I and B with R/I.

By AT we denote the free semigroup over an alphabet A and by A* we denote
the free monoid over A. Forn € ZT, n >4, A, = {z1,%2,... ;20 }, A3 = {z,y,2}
and Ay = {z,y}. By |w| we denote the length of a word w € AT and by |z,
we denote the number of appearances of a letter x € A in a word w € AT. A
word v € AT is a left (right) cut of a word w € AT if w = vu (w = w), for
some u € A*, and v is a subword of w if w = v'vu”, for some v',u” € A*. By
h(w) (t(w)) we denote the first (last) letter of a word w € A}, called the head
(tail) of w, and by c(u) we denote the set of all letters which appear in w, called
the content of w [16]. An expression w(zy,...,x,) will mean that w is a word
with c(w) = {z1,...,z,}. ffw € AT and i € Z*, i < |wl|, then [;(w) (r;(w))
will denote the left (right) cut of w of the length i, ¢;(w) will denote the i-th
letter of w and for 4,5 € Z*, 4,5 < |w|,1 < 7, m{ (w) will denote the subword w
determined by: w = l;_; (w)m] (w)7|p)—j(w). Forn € Z*, II,, will denote the word

T1Ta ...y € AF. fw € AT and x € A, then z || w (x || w) if w = zv (w = vx),
l T

vE AT and z ¢ c(v). Otherwise we will write z Jf w (z }f w).

1 r

Let n € ZT, w € A and let S be a semigroup. By a walue of the word w
in S, for the valuation a = (a1,as,...,a,), a; €S, i € {1,2,... ,n}, in notation
w(a) or w(ay,ag,... ,a,), we mean the element wp € S, where ¢ : Af — S is the
homomorphism determined by z;¢ = a;, i € {1,2,... ,n}. Also, we then say that
for i € {1,2,...,n}, the letter x; assumes a value a; in S, in notation z; := a;.

Let u = v be a semigroup identity over an alphabet A,, n € Z*, and for
i €72, 1 <i<mn,letp; =||zilu — |Tilo|- If some of the numbers pq,...,pn
are greater than 0, then we say that this identity is periodic and the number
p = ged(p1, ... ,pn) is the period of this identity [6]. Clearly, every semigroup
(ring) satisfying a periodic identity is periodic.

For undefined notions and notations we refer to [11], [14], [15], [16], [18].

2. Everett sums of rings

A very important tool that will be used in the proof of the main result of
this paper is well-known Everett’s theorem that gives a way to construct all ideal
extensions of a ring by another. In this section we give a definition of an Everett
sum of rings and we consider more complicated multiplications in Everett sums of
rings.

Let R be aring. An endomorphism A () of the additive group of R, written on
the left (right), is a left (right) translation of R if AM(zy) = (A\x)y ((zy)o = xz(yo)),
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for all x,y € R. A left translation A and a right translation ¢ of R are linked
if x(Ay) = (xo)y, for all x,y € R, and in such a case the pair (), p) is called a
bitranslation of R. Tt is sometimes convenient to consider a bitranslation (A, o) as
a bioperator denoted by a single letter, say m, which acts as A, if it is written on
the left, and as g, if it is written on the right, i.e. 7z = Az and x7w = xp, for x € R.
For any a € R, the inner left (right) translation induced by a is the mapping A\,
(0o) of R into itself defined by A,z = ax (29, = za), for z € R, and the pair
Ta = (Mg, 0a) 1s called the inner bitranslation of R induced by a.

A left translation A and a right translation p of a ring R are permutable if
(Ax)o = A(=xp), for all z € R, and a set T of bitranslations of R is permutable if
for all (X, 0),(N,0) €T, X and ¢ are permutable.

The set A(R) (P(R)) of all left (right) translations of a ring R is a ring under
the addition and the multiplication defined by:

A+ XN)z=Xx+ Nz (x(g—&—g')zxg—i—xg’),
M)z =ANz)  (z(ed) = (z0)d ),
for A, X € A(R) (9,0 € P(R)) and x € R. The subring Q(R) of the direct sum
of rings A(R) and P(R), cousisting of all bitranslations of R, is called the

translational hull of R. Much information about the translational hulls of rings
and semigroups can be found in [14] and [15].

Everett’s theorem. Let A and B be disjoint rings. Let 6 be a function of B onto
a set of permutable bitranslations of A, in notation 0 : a — 0% € Q(A), a € B, and
let [,], (,) : Bx B — A be functions such that for all a,b,c € B the following
conditions hold:

(E1) 0%+ 6" — 07" = map;
ga . Hb eab = T(ab);
(ab, c> (a b) 6¢ = {a,bc) + 0% (b, c);

} [b al;
a,b] +[a+b,c] =[a,b+ ]+ [b,c];
a,b]0® + (a + b, c) = [ac,bc] + (a,c) + (b, c);
“[b, c]+ {a,b+ ¢) = [ab,ac] + (a,b) + (a,c).
Define an addition and a multiplication on R = A x B by:
(E9) (aya)+(8,b) = (a+ B+ [a,b],a+b);
(E10) (a,a) - (B,b) = (af + {(a,b) + 023 + ab®, ab),
a,B €A, a,be B. Then (R,+,") is a ring isomorphic to an ideal extension of A
by B.
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Conversely, every ideal extension of A by B can be so constructed.

The ring constructed as in Everett’s theorem is called the Fwverett sum of
rings A and B by the triplet (0;],];(,)) of functions and we denote it by
E(A,B;0;1],];(,)). The representation of a ring R as an Everett sum of some rings
is called an Fwverett representation of R.

Much information about the Everett’s theorem can be found in [14] and [18].
There we can see that an Everett representation E(A, B;6;[,];(,)) of some ring
R is determined by the choice of a set of representatives of the cosets of A in R.
Namely, if for every coset a € B we choose a representative, in notation a’, then
the set {a’ | @ € B} determines the triplet (8;[,];(,)) in the following way:

(E11) ab* = -d',0%a=d -, a €A, a€ B,
(E12) [a,b] =d' + b0 — (a+b), a,be B;
(E13) (a,b)=a’-b —(a-b), a,b€ B.

Let n € Z* and let w € AY. If Xp,Xs,...,X, are sets, then
w(Xy, X, ..., X,) will denote the set obtained by substituting the sets X1, Xo, ...,
X,, for the letters x1,zs,...,x, in w, respectively, where juxtaposition in w is
meant as Cartesian multiplication of sets. Let R be a ring, let P be a set of per-
mutable bitranslations of R and let p be an element of the Cartesian n-th power
of RU P. If at least one projection of u is in R, then w(u) will denote the ele-
ment of R obtained as follows: substitute the i-th projection of u for the letter z;,
i€{1,2,...,n}, and let juxtaposition in w mean either multiplication in MR and
MQ(R), or the application of bitranslation from P on an element of R. Otherwise,
if all the projections of y are in P, then w(u) will denote the value of w in the
semigroup MQ(R), for the valuation p.

Proposition 1. Let R=E(N,Q;0;[,]1;(,)), letn € ZT, n> 2, w = w(x1,...,Ts)
€ A;t; ‘w| = k? a = (a17"'7an) S Qn7 a = (a17~-~7an) € an gl = (OZi,CI,Z‘),
ie{l,...,n}, £=(&,..., &), and 0% = (0*1,...,0°). Then for

k—2

(1) g =2 ((l(w))(a), (¢j1(w))(@)) (rk—j—1(w))(0)
+ (k-1 (w))(a), (Hw))(a)) ,

<.
Il
N

the following statements hold:

(2) w(6®) = 6°®) 4 75,

(3) w(E) = < S () +ﬂ,w<a>>,
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where My, = w(Xyq,..., X,) —{0°}, Xi; ={ai,a;}, i €{1,...,n}.
Furthermore, if ° NO¢ = 0, for all b,c € Q and if k > 3, then

@) B =((h(w))(a), (m5~" (w))(a)) 6@ +((lx—1(w))(a), (t(w))(a)) -

Proof. All the statements (2)—(4) will be proved by induction on the length of w.
Let u = lp—1(w), v =t(w).

First we will prove (2). By (E2), this holds for all words of length 2. Assume
that (2) hold for all words of length smaller than k. Then this holds for u, i.e.,
u(0%) = ) + 75, where

S

-3

() F'= D (U(w)(a), (i1 (w)(@)) (re—j—2(u)) (6*)+
+ (o1 (w)(a), (t(w))(a)) ,

so by (E2),

w(6%) = w(0")o(6*) = (6" + 7y ) 67 = (@) 4+ 7y, 07(@)
= 04D 1 10 0@y + T 0" = 00 g,

where 8 = 3'0°(®) + (u(a),v(a)). Tt is easy to verify that this 3 can be expressed
as in (1). Thus, (2) holds.

Further, let we prove (3). By (E10), this holds for all words of length 2.
Assume that (3) hold for all words of length smaller than k. Then this holds for w,
ie.,

u(§) = ( > Tpa(w) —|—ﬁ’,u(a)>,

HEM,

with 8 as in (1). Then

w(€) = u(€)o(6) = ( > Wi () +ﬂxu<a>> (@), v(a))

neM,,

(6) - ( S s (o) + Fo(a) + 6 @u(a)

HEM,,

+ > nk_1<u>9”<a>+ﬁ/9”<a>+<u<a),v<a)>,u(a>v(a)>-

HEM,
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By (2), u(6%) = 6@ + 74, so
(7) 04 Dy(a) + Bv(a) = u(6)v(a).

On the other hand,

(8) B'v(a) + (u(a),v(a)) = 3,

where (3 is determined by (1). Finally,

9 Y Ml + ) MWt (o +u(@)o(a) = ) Mi(n),
neM,, HeM,, WE My,

so by (6)—(9) we obtain (3).

Finally, let us prove (4), under the assumption §°N§°¢ = 0, for all b,c € Q.
Clearly, this holds for all words of length 3. Assume that (4) hold for all words of
length smaller than k. Then this holds for u, so

A= {(h(w)(a), (m5~2(w))(a)) 4@ 4 ((l—2(u))(a), (t(u))(a))
<( ( ))(a), (m '5 ( ))(a)>9(c" D 4 ((l—a(w)) (a )7(0 1(w))(a))
D {(m ))(a), (ce-1(w))(a)) + ((A(w))(a), (M3~ (w))(a)),

by (E3), where 3’ is determined by (1). Now

B =000 4 (lr (w))(a), (H(w))(a))
= ((h(w))(a), (m5 " (w))(a)) §4CD 4 (-1 (w))(a), (t(w))(a)),

since ° NO¢ = 0, for all b,c € Q. Therefore, (4) holds.

3. The main theorems

The subject of this paper is studying of rings satisfying an identity
(10) 1 Xy = w(T1, ., Ty),

where n € Z*, n > 2 and |w| > n+1. Let p be the period of the identity (10) and
let

h = max ({Z |w=2a1 - zu(riy,... ,1‘n)}UO)7

t = max ({l |w=u'(z1,... ,Tp_1)Tp_ts1-- Tp}U 0).
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The quadruplet (n, p, h, t) will be called the characteristic quadruplet of the identity
(10). Clearly, h+t <mn—1,

(11) Ty Ty =1 TRU(Tpgr, 0, Tn),

with zpq fu, if h > 1,
l

(12) 1Ty = U (T1, o T t) T4 - - T,

with @, Jf o, if t > 1, and
T

(13) L1 Tp =21 TRU(Zhg 1, s Bnet) Tl - L,
with zp41 v, Tp—t fv,if h>1and ¢t > 1.

l r
In the special case of rings satisfying an identity with characteristic quadruplet
of the form (n, p, 0, 0), their structure can be immediately described, using Theorem
3 [7] and Theorem 2 [8].

Theorem 1. Let (10) be an identity with characteristic quadruplet (n,p,0,0). Then
a ring R satisfies (10) if and only if R is a direct sum of an n-nilpotent ring and
a ring satisfying the identity v = xPT.

Further we will consider the general case.

Theorem 2. Let (10) be an identity with characteristic quadruplet (n, p, h,t). Then
the following conditions for a ring R are equivalent:

(i) R satisfies (10);

(ii) R is an ideal extension of an n-nilpotent ring N by a ring satisfying the

identity x = 2P+ and
(14) N"1.E(R)= E(R)- N"*' = E(R)- N - E(R) = 0;

(iii) R is an ideal extension of an n-nilpotent ring N by a ring satisfying the
identity x = 2P+ and

(15) N" 1. Reg(R) = Reg(R) - N'™' = Reg(R) - N - Reg(R) = 0;

(iv) R=E(N,Q;0;1,1;(,)), where N is an n-nilpotent ring, Q is a ring satisfying
the identity x = 2Pt and

(16) 0°No° =0, forallb,ce Q.

(17) Ngb — gP NI+ — 0, for each b€ Q.
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Proof. (i) = (ii). By Theorem 2 [19], MR is a semilattice of completely
Archimedean semigroups, so by Theorem 1 [5], R is an ideal extension of a nil-
ring N by a Clifford’s ring Q. Clearly, N and @ satisfy (10), so by Lemma 1 [19],
N is n-nilpotent, and by Lemma 4 [8], Q satisfies the identity x = xP*1.
If h = 0, then by the proof of Theorem 1 [7], N - E(R) = 0, and also
E(R)-N-E(R) =0. Let h # 0. Then (10) may be written as (11), with xp+1 f .
l

Assume e, f € E(R), o € N. If h(u) = xp41, then I = |xp 1]y > 2, and for
vii=e, 1 <i<h op:=af vi:=f h+2<i<n, eaf = e(af), whence
eaf =0, since I > 2 and af € N. Let h(u) # xp41. Since |w| > n + 1, then
I =|2j|w = |zj|u > 2, for some j € {h+1,...,n}. Now, for z; :==e, 1 <1 < h—1,
zp=ef, xj=af, ;i =f, h+1<i<n,i#j efaf =cf(af), soefaf =0,
since [ > 2 and af € N. Further, for z; :=¢, 1 < i < h, xp41 := af, z; := ¢,
h+42 < i < n, we obtain eaf = ef(af)l*r+1l = 0, since efzf = 0. This completes
the proof for E(S)- N - E(R) = 0.

Assume aq,...,ap41 € N, e € E(R). Let | = |zpq1]y and let z; = oy,
1<i<h,zpi1:=appre, ¢;:=e, h+2<i<n. If h(u) =xps1, then ! > 2 and
ay - -apapyie = ay - ap(appie)l =0, since BE(R)-N-E(R) = 0. If h(u) # xp41,
then aj---apapiie = ay--ape(anyie)l = 0, again by E(R) - N - E(R) = 0.
Therefore, N**! . E(R) = 0. Similarly we prove that E(R) - N**1 = 0.

(ii) = (iii). This follows immediately.

(iii) = (iv). By Everett’s theorem, R = E(N, Q;6;],]; (,)), where the triplet
(0;[,]; (,)) can be determined by (E11)—(E13). By Lemma 2 [3], the set {a’ | a € Q}
of representatives can be chosen tobeinReg(R). By this and by (15) we obtain (iv).

(iv) = (i). First we note that by the well-known ”Jacobson’s a™ = a theo-
rem”, @) is commutative, and by Lemma 4 [8], () satisfies every semigroup identity
of the period p.

Let £ € R™ be as in Proposition 1. Then

H’ﬂ(g) = ( Z Hn(M) + (alaa2 te an71> gn + <a1 T anflaan> aHn(a’)>

weMm,

w(§) = ( D7 () + ((h(w))(a), (mb ™" (w))(a)) #HD@ 4

HEMy
+ ((k—1(w))(a), (t(w))(a)) ,w(a)>,

where k = |w|. We distinguish the following four cases: 1. h =t =0; 2. h # 0,
t£0;3. h£0,t=04. h=0,t0.
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Case 1. By Theorem 1 [4] and Theorem 1 [8], R is a direct sum of N and
@, so R satisfies (10).
Case 2. Here (10) can be written as (13), with z,41 }fv and x,,— }fv, and the
l T

identity xpy1 - Xp—+ = v is of period p. Since (h(w))(a) = a1, (t(w))(a) = a, and

since (Q satisfies the identities xo -+ - 2,1 = mg_l(w) and x1 - xp—1 = lp—1(w),

then

(18) {ay,ag---an_1)0* +{ay---an_1,a,)
= ((h(w))(a), (m5~H (w))(a)) 6D + (I -1 (w))(a), (H(w))(a)) -
Further, by (16) and (17) we obtain that

> Ta(p) =51 + o + s, > Ti(p) = B + 55 + 35,
MEMl’In WE My,

Y3 = E f4r .. '9ah9ah+1 c PAn—t@an—tt1 'ean,LanflJrl ey,
h t
¥ = E E Q0T G (0)GU B, gy e O,
i=1 =1

h
= Zal @Y Gy (0Y) P,
i=1
t
¥ = Z@al 0 0(0,)0% 0O, g o
=1

By (2),
(19) U(Ga) — ev(a) + 7, Qon+1 ... YAn—t — (On+1 " Gn—t | Tar,

with 8,3’ € N determined as in (1).
Assume i € {1,... ,h—1}, 1 € {1,... ,t —1}. Then

TR Tl A .gahv(ga)ganftﬂ .. ~9a"—lo¢n_l+1 ey, =

=y % gengU(a) gan—iia Bl i Qs
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by (19) and (16). Similarly

Lo IR 717 A/ A/ R N 7 Rty R 'eaﬂ’_’an—l+1 ey, =

= Qg - 0% L PFRQInL At Ot

Since @ satisfies the identity xp41 - xn—¢ = v, then

(20) o e 0% . .gahv(ga)gan—tﬂ .. -9“"4@”,”1 ..

=qp--- aigai-%—l c L QAR PRt L PAn—1QAn—t+1
for1<i<h-—1,1<[<t—1. Similarly we prove

(21) o 0% ,gahv(ga)gan-t+1 R

=@ 0%t . 9O gOht
for1<i<h-—1,and

(22) 09 - GO p(BD) YTt Py, iy ey =

— 91 ... Q% Qar+1 ... PAn—1HAn—t+1

for1<i<t-—1.
Further, for 1 <1 <t—-1,

IR ahv(aa)oanfﬂrl . oa"—lan_l_,’_l cee QU =
=qQq--- Oéhev(a)oa"*“rl
IRER aheah+1 o POt Qan—t+1 0an_lan7l+l ey, =
=aqQq--- aheah‘i*l“'an*teanft«{»l
by (19) and (17). Thus

(23)  ay - opu(0%)09n Gy gy =

=qp--- ahﬂa”'“ ce L fOn—tPAn—t+1

for 1 <1 <t—1. Similarly we prove

ce . ea”ilan*l+1 “ee

c QU =

Ay —
...9 n lan—l+1"'

o POt an—t+1

cee eanila’nfkkl “ee

cee oa"—lan_l_"_l e

ce. eanilanfhkl ..

.. 'eanilan—l-f—l ..

133

Qs

g

(24) ITREE ahv(ga)gan—wl R oy - aheah“ c QOn—t@an—tt1 gan’

(25) @y - @pf% e 0 u(0Y) gy - Oy =

o - O%F L QAR gL '9a"7‘Qn7t+1 Ceeay,
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for1<i<h-—1,and
(26) P ... ea’lv(ea)an7t+l e, = P ... Q% QOh+1 . .. 9“""to¢n_t+1 C Q.
Finally, by (19) and (17),
ar - apv(0)an—_r1 - an

—an e ap0" D e ant

+ar-an ((l-1(v)(a), (t(v))(a)) an—rs1- - an,
Qe aheathl N aanitanfbkl cee Qg

— a Qi —
_al.ahe h+1 n tan7t+1...an+
Fo1p (Aht1 Gt -1 Gn—t) Qi1 *** Qi
where s = |[v|. As in the previous case we obtain
v(a a gy —
(27) ag - apft )an—t+1"'an:a1"'ah0 ht1 Yy pq1 - Ol

Further, if ¢(v) = x,_¢, then by the commutativity in @ and by (E3),

((ls=1(v))(a), (t(v))(a)) = (aa}_;, an—r)
= <a ,aﬁ+1> + v < @y 4y Qp t> <a',afb_t>t9“"*f7

where @’ = apy1 - an_y—1, so by (17),

(28) ai---ap((ls-1(v))(a), (H(v))(a)) @n—tt1---an
=0 (Ght1 An—t—1, Gn—t) Qg1 - - Oty

Otherwise, if t(v) = z;, h+1 < j <n—t—1, then again by the commutativity
in @ and by (E3),

<(ls—1(v))(a), (t(v))(a))

+ <0JTL ty a]> <(II/, an—t> eaj
07 (an_s,a;) — (@ an_t) 0%
+(a",a;) 09t — 0% (aj,an_s) + 07 (an_t,a;) — (a" an_s) 6%,

"

)
a’,an_ta;)
)
a"aj, an_¢)

=
=(d",a;an_4
=

where a” —aZ'ff-~ afL"t'11,qJ—pandqrzl,forh+1§r§n—t—1,r;éj.

Now by a”a; = apq1---an—t—1 and by (17), (28) follows. Thus, by (27) and (28)
we obtain

(29) SRR ahv(aa)an_t+1 Qg = Qe aheah#—l e ean_ta'll—t+1 Ce QU
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Hence, by (20)-(26) and (29) we obtain that ¥; = ¥, for all j € {1,2,3},
and by this and by (18), R satisfies (10).
Case 3. Here (10) can be written as (11), with zp4+1 }{f u, and the identity
l

Tha1 Ty = u is of the period p. Now

h
Z I, (p) = Zal Iy LS S L
i=1

pne M,

h
D7 Mi(p) = Y ar-eaif™s - gu(6”),
WEM,, i=1

and we have

(30) ay - apu(0®) = aq @Rt 90
(31) O RRR Tl AR LURYI (/) I LS YL LSS L
for 1 <i < h—1, where (30) can be proved as (23), and (31) as (20). Further, by
(E3) and (17),

((h(w))(a), (m5~" (w))(a)) 0D 4 (I -1 (w))(a), (H(w))(a)
(32) = ((h(w))(a), (re-1(w))(a)) = (a1, a2 - - an)

={a1,a2 - ap_1)0"" +{a1- - an-1,an),

since h(w) = 27 and @ satisfies the identity xg---x, = rg_1(w). Therefore, by
(30)—(32) we obtain that R satisfies (10).

We treat Case 4 similarly.
|

Using the previous theorem we give examples in which the identities of the
form (10) with two and three letters are classified.

Example 1. For the identity

(33) zy = w(z,y)
with w € A, |w| > 3, there are exactly three possibilities:

(i) The characteristic quadruplet of (33) is (2,p,0,0). Then a ring satisfies (33)
if and only if it is a direct sum of a ring satisfying = 2PT! and a null-ring,
and consequently these rings are commutative.

(ii) The characteristic quadruplet of (33) is (2,p,1,0). This holds if and only if
(33) is of the form xy = zyP*+L.

(iii) The characteristic quadruplet of (33) is (2,p,0,1). This holds if and only if
(33) is of the form zy = zPT1y.
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Example 2. For the identity

(34)

zyz = w(z,y, 2)

with w € AT, |w| > 4, there are exactly six possibilities:

(i)

The characteristic quadruplet of (34) is (3,p,0,0). Then a ring satisfies (34)
if and only if it is a direct sum of a ring satisfying z = 2P*! and a 3-nilpotent
ring.

The characteristic quadruplet of (34) is (3,p,1,0). This holds if and only if
(34) is of the form zyz = zu(y, z), |u| > 3.

The characteristic quadruplet of (34) is (3,p,0,1). This holds if and only if
(34) is of the form zyz = v(z,y)z, |v| > 3.

The characteristic quadruplet of (34) is (3,p,2,0). This holds if and only if
(34) is of the form zyz = zyzPT1.

The characteristic quadruplet of (34) is (3,p,0,2). This holds if and only if
(34) is of the form xyz = 2P 1yz.

The characteristic quadruplet of (34) is (3,p,1,1). This holds if and only if
(34) is of the form zyz = xyP+1z.
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