STOJAN BOGDANOVIC and MIROSLAV CIRIC

U,+1-SEMIGROUPS

In this paper we consider semigroups with the following con-
dition:
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In conection with a study of a lattice of subsemigroups of some semi-
group the important place is captured by U-semigroups. A semigroup S is
a U-semigroup if the union of every two subsemigroups of S is a subsemi-
group of S, which is equivalent with xy €(x) U (y) for all x, y € S. These
semigroups have been considered more recently, predominantly in special
cases. A more detailed description can be found in: Lectures in semigroups,
M. Petrich, Akad.-Verlag, Berlin, 1977. E. G. Shutov [18], and indepen-
dently of him, T. Tamura, N. Kimura and R. Merkel [9], considered semi-
groups in which every subsemigroup is a left ideal, i.e. semigroups in which
xy €(y) for all x, y. E. S. Ljapin and A. E. Evseev [10] considered semi-
groups in which xy €{x, y}U({x)N{y)) for all x, y. A. E. Evseev [8]
considered semigroups in which xy € {x, x%, y, y*} for all x, y. In this
paper we consider U, , j=semigroups, i.e. semigroups in which (1) holds.
U,-semigroups, in fact, are U-semigroups. In section 2. we study the gene-
ral properties of U, , ;-semigroups. So we describe cyclic U,,,-semigroups,
U,, -groups and regular U,,,-semigroups. By Theorem 2.4. we describe
U,.1-semigroups in which Reg(S) (the set of all regular elements of a semi-
group S) is an ideal of S. The main result is Theorem 2.3., which characte-
rize U,,,-semigroups in a general case. In section 3. we consider some
subclasses of the class of U,,;-semigroups and we give constructions of
some unipotent U,,,-semigroups. By Theorem 3.6., we describe the n-infla-
tion of an ordinal sum of singular bands. Some special cases of U-semi-
groups have been considered by: B. Trpenovski [16], S. Bogdanovi¢, P.
Kr¥ovski, P. Protié and B. Trpenovski [1], J. Pelikdn [11], B. Pondélitek
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[15], L. Rédei [19], S. Bogdanovié and B. Stamenkovié [6], B. Trpenovski
and N. Celakoski [17].

By Z* we denote the set of all positive integers. By Reg(S) (Gr(S),
E(S)) we denote the set of all regular (completely regular, idempotent)
elements of a semigroups S. A semigroup S is x-regular if some power of
every element from S is regular. A semigroups S is a GV-semigroup if S is
n-regular and Reg(S) = Gr(S), [3]. An ideal extension S of a semigroup T
is a retract extension if there exists a homomorphism ¢ of S onto T such
that @(?) = ¢ for all t€T. In this case we say that ¢ is a retraction. A
semigroup S is an n-inflation of a semigroup T if $**! C T and there exists
a retraction of S onto 7, {5]. For nondefined notions and notations we
refer to [3, 7, 13, 14].

2.

In this section a characterization for U,.,-semigroups will be given
(Theorem 2.3.). '

LEMMA 2.1. Every subsemigroup and every homomorphic image of
a U,,,-semigroup is a U,,,-semigroup. O
A group G is a U,,,-group if G is a U,,,~semigroup.

LEMMA 2.2. G is a U,,;-group if and only if G is a U-group.

Proof. Let G be a U,,,-group with the identity e and let x€G. If
n+1=3k then we have x%*'=x3(H)*"1e(x>HU(x?); if
n+1=3k+ 1 then x**% = x5(x)* €(x*)U{(x?) and if n + 1 =3k + 2
then x%*+% = x3(x})**le{x*)U(x?). Hence, {x) is a periodic subsemi-
group of G, so e€(x) for all xe€G. Let x,y € G, then xy=
= xye...e €(x)U(y)U{e} = (x)U(y). Thus G is a U-group.

The converse follows immediately. O

LEMMA 2.3. [13]. Let G be a group. Then G is a U-group if and
only if G is a cyclic group of order p* or Z,. for some prime p. O

THEOREM 2.1. Let S be a cyclic semigroup, then:

(A) S is a U-semigroup if and only if S is an ideal extension of a
cyclic group of prime power order by a S-nilpotent cyclic semigroup;

(B) § is a Us-semigroup if and only if S is an ideal extension of a
cyclic group of prime power order by a (6k + 1)-nilpotent cyclic semigroup;

(C) S is a Uy,q-semigroup if and only if § is an ideal extension of a
cyclic group of prime power order by a (6k + 5)-nilpotent cyclic semigroup;

(D) S is a Uy..-semigroup if and only if S is an ideal extension of a
cyclic group of prime power order by a (6k + 5)-nilpotent cyclic semigroup.

Proof. (A) See [13] pp. 130.
(B) Let {(x) be a Uj,-semigroup. Then x** ! € (x®)U(x?), so (x) is
periodic, so by Lemma 2.2. (x) is an ideal extension of a cyclic U-group
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by a (6k + 1)-nilpotent cyclic semigroup. The converse follows by Lemma
22.

(C) If (x) is a Uy, -semigroup, then x%+3€ (x%)U(x?), so (x) is an
ideal extension of a cyclic U-group by a cyclic (6k + 5)-nilpotent semi-
group. The converse follows by Lemma 2.2.

(D) If (x) is a Us,,-semigroup then x* *3e (x*)U(x?), so (x) is an
ideal extension of a cyclic U-group by a cyclic (6k + 5)-nilpotent semi-
group. The converse follows by Lemma 2.2. O

COROLLARY 2.1. A U,,;-semigroup is periodic. [J

COROLLARY 2.2. Let S be a cyclic semigroup with zero. Then S is
a Uy, -semigroup if and only if S is a U, ,,-semigroup, k€Z*. []

A semigroup S is a Rédei’s band if xy €{x, y} for all x,y € S. A
semigroup S = L{’Sa is an ordinal sum of semigroups S,, a€Y if Yis a

chain, S,NS; =0 if a # B8 and for any a€S,, bESs a < B implies
ab = ba = a (for this concept, the terminology “successively annihilating
band” is also used [13]). A singular band is a semigroup which is either a
left or a right zero semigroup.

LEMMA 2.4. [19]. S is a Rédei’s band if and oniy if S is an ordinal
sum of singular bands. O

LEMMA 2.5. Let S be a U,,,-semigroup. Then E(S) is a Rédei’s
band. O

In any semigroup S, define a relation K by:
akb <> (Am, n €Z*) a" = b".

It is immediate that K is an equivalence relation. The K-class contain-
ing an element 4 is denoted by K,. In particular, if e is an idempotent then
K, = {a€S | (AneZ*) a* = e}. If S is periodic then S is the union of its
K-classes K,,e € E(S).

LEMMA 2.6. Let S be a U-semigroup and let x€K,, y€ K;, e # f.
Then

ef = e=xy €(x) and ef = f= xy €(y). (2.1)

Proof. Assume that ef = e and xy = y? for some peZ*. By assump-
tion we have x™"=e¢, yt'=f for some mn € Z*. Consequently
e=x"yk=x"lxyyt-t= xmolypth-l = = ympthem g ee K, which is
a contradiction. A symmetric proof shows that the second implication
holds. O

LEMMA 2.7. S is a completely simple U,,;-semigroup if and only if
S is a U-group or a singular band.
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Proof. Let S be a completely simple U, -semigroup. By Lemma 2.5,

E(S) is a subsemigroup of S and a Rédei's band, so E(S) is a rectangular
Rédei’s band. Therefore, by Lemma 2.4. it follows that E(S) is a singular
band. If |E(S)| = 1, then it is clear that S is a U-group. Let E(S) be a left
zero band and let |E(S)| = 2. Let x€G,, e€E(S). Then there exists f€ E(S)
such that f # e. Now fx = f...fx €{(f)U(x) and for fx = x* for some k€Z*
we obtain that f = fe = e, which is not possible. Thus fx = fsox = ex =
= efx = ef = e. Therefore, |G,| = 1 for every e€E(S) so S is a left zero

band. The similar proof we have if |E(S)| = 2 and it is a right zero band.

The converse follows immediately. O

THEOREM 2.2. The following conditions are equivalent on a semi-
group S:

(i) S is a regular U,,,-semigroup;

(ii) S is a regular U-semigroup;

(iii) S is an ordinal sum of U-groups and singular bands.

Proof. (i) = (ii). Let S be a regular U,,,-semigroup. For a€S there
exists x€S such that 4 = axa and x = xax. By Lemma 2.5. it follows that
axxa = ax or axxa = xa. Let ax’a = ax. Then a = axa = ax’a*€aSa’. Let
ax’a = xa. If n+ 1 =2k, k€Z*, then xa = (xa)*€{x)U{a). If xa = x*
for some p€Z*, then x=xax=x"*' and xa=x"*'=x so
ax = ax’a = xa and a = axa = ax’a’€aSa®. If xa = a* for some peZ*,
then a=axa=a"*'€aSa®>. let n+1=2k+1, keZ*. Then
xa = (ax)(xa)* € (ax)U(a)U(x). The case xa €(a)U(x) we prove as in
the previous. If xa = ax, then a = axaxa = axxaa = ax’a*€aSa*. Hence S
is completely regular. Let x,y € S. Then x€G,, y€G, for some e, fEE(S)
so xy = xpf = xpf...f € (X)UHU(HC(x)U(y). Thus S is a U-semi-
group. :
(ii) = (iii). As above it can be prove that S is completely regular, so
S is a semilattice Y of completely simple U-semigroups S,, a€Y. By Lem-
ma 2.7. S,, ®€Y, is a U-group or a singular band. Let o, BEY, a # B, and
let e€E(S,), fEE(Sg). Thena<Bifef=eand B< aifef =fso Yis a
chain. Let x€S,, yESg, a,BEY, a # B. Assume that « < 8. Let x€G,,
e€E(S,). Then by Lemma 2.6. it follows that ey = e whence xy = xey =
xe = x, and similarly yx = x. Thus § is an ordinal sum of semigroups S,,
a€Y.. ‘

(iii) = (i). This follows immediately. O

LEMMA 2.8. S is a U,,;-semigroup with only one idempotent if and
only if S is an ideal extension of a U-group by a U,,,-nil-semigroup.

Proof. Let S be an ideal extension of a U-group G by a U,,,-nil-semi-
group Q. Then the mapping ¢:S — G defined by @(x) = xe, x€S, where ¢
is the identity of G, is a retraction. Let x,, x3,..., X,,1 € S. If
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X1X2..Xp4+1 € S— G then xy, x3,...,%, . 1€Q — {0} and xx5...x, ., # 0in Q.
Hence xyx,.Xx,, =xt#0 in Q, i€{1,2,..,n+ 1), k€Z*, whence
X X2... X1 = X5 ¢ G in S. Assume that x, x;,...x, + ;€EG. Then X, X;..X, 41 =
= QX1 X2 . Xp11) = QX)) @ (X2) .. @ (x,+ 1) = @ (x*) for some i€{l, 2,...,
n + 1}, k€Z*. Moreover, we have that x7 =e for some meZ* so
e(x*) = xfe = xt x7 = x¥*™€(x;). Therefore S is a U,. -semigroup.

The converse follows by Corollary 2.1, Theorem VI 3.2.2. [3] and by
Lemma 2.1. O

DEFINITION 2.1. A band Y of semigroups S,, €Y, is a U,,-band
of semigroups if
X1X2...Xn + 1€ (xl>U(x;>U ...U(x,,.,. 1)

for every x\€Sa, X2€8ay, ..y Xn+1€S,,, , such that there exist ij € {1,
2,..., n + 1} such that §,, # Sa- One defines analogously U,,,-semilattice
and U, -chain of sem]groups

THEOREM 2.3. The following conditions on a semigroup S are equi-
valent:

(i) S is a U,,,-semigroup;

(ii) S is a U, ~chain of retract extension of a U-group or a singular
band by a U, -nil-semigroup;

(iii) S is a U,,-band of ideal extensions of a U-group by a U,,;-nil-
semigroup.

Proof. (i) = (ii). Let S be a U,,,-semigroup. By Corollary 2.1. S is
periodic, so § is m-regular and E(S) + 0. By Lemma 2.5. we have that
E(S) is a subsemigroup of S so by Proposition X 2.1. [3] it follows that
Reg(S) is a subsemigroup of S. By Lemma 2.1. and Theorem 2.2. we have
that Reg(S) = Gr(S), so by Theorem X 1.1. [3] S is a semilattice Y of
semigroups S,, €Y, and §, is a nil-extension of a completely simple semi-
group T,, a€Y. By Lemma 2.7. T, is a U-group or a singular band. Let
a€Y and let T, be a left zero band (the similar proof we have if T, is
a right zero band). Then §, = U K, and by Theorem X 1.1. [3] K, are

H'-classes and K, are ml-senugroups Let x€K,, y€K,, e,f€ET,, e # f. As-
sume that xy €K, for some geT. We have that xf = xf...f €(x)U(f) and if
xf = f then x*f = f for every k€Z*, whence e = ef = f, which is not possi-
ble. Thus xf = x* for some k€Z*. Since T, is an ideal of S,, then xfeT,,
i.e. xf=-e. In a similar way we prove that yg = f, whence g = xyg =
= xf = e so xy€K, = K Therefore, the mapping ¢ : S, — T, defined by
@(x) = e if x€K, is a retraction of S, onto T,, so S, is a retract extension
of a left zero band T,. If T, is a group, then every ideal extension of T, is
a retract extension.

Since E(S) is an ordinal sum of singular bands, then Y is a chain, so
S is a U, -chain of semigroups §,, a€Y.
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(ii)) = (i). Let S be a U,,,-chain of semigroups S,, «€Y and let S, be
a retract extension of T, by a U, -nil-semigroup, where T, is a U-group
or a singular band. Let a€Y and let T, be a singular band. Let ¢ : S, > T,
be the retraction. Let x,, x;,...,%,,,€S,. If x;, x,...x,,,€S, — T,, then we
have that x;x,...x,,,#0 in Q=5/T, so xX..x,, =x; #0
in Q, i€(1, 2,...,n + 1}, kEZ", whence x x;... X, = xjin S. Let x, x,...
X, +1€T,. Then x; Xo... Xp41= QX1 Xa2oo. Xny1) = @(x) @ (X2)... P(x,,1) =
= ¢(x;), where i = 1if T, is a left zero band and i = n + 1 if T, is a right
zero band. Moreover, x7€T, for some me€Z' so x7T= QX7 =
= (p(x))™ = @(x;). Therefore xx,...x, .} = @(x;) = x7, 50 S, is a U,,,-se-
migroup. If T, is a group, then we use Lemma 2.8. Thus S is a
Ups1-semigroup.

(ii) = (iii). Let S be a U,,,-chain of semigroups S,, €Y and‘let S,
be a retracted extension of a semigroup T,, where T, is a U,-group or a
singular band. Then S is a U,,;-semigroup, so by Corollary 2.1. it follows
that § is periodic, whence

S=U K,
ecE(S)
and, also,
S.=UK,, aceY.
e€T,

By Theorem X 1.1. [3] we have that K, are H'-classes and K, are
nil-extensions of groups. By Lemma 2.1. we have that for any e€E(S) K,
is an ideal extension of a U,-group by a U,,-nil-semigroup.

Let x€K,, y€K;, e #f. If e fEE(S,) for some a€Y, then T, is a
singular band, and by the proof of the part (i) = (ii) we have that

xyEK, = K,f,
if T, is a left zero band and
xyEKf = K,f,

if T, is a right zero band.

“Thus, in this case xy€ K. Assume that e€E(S,), fEE(Sg), a # B, let
aff = Ba = a, then xy€S,. If T, is a group, then xy€S, = K, = K. Let
T, be a left zero band, and assume that xy€K, for some g€T,, then ye€S,
and

ye = ye...e€(y)U{e},
so ye = e. Now we have that g = (xy)* for some keZ* and

g=ge=(xy)fe=ce¢,
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so xy€K, = K. Let T, be a right zero band and let xyeK, for some
g€ET,, then eyeS, and

ey = e...e'yE{e}U(y),
so ey = e. Now we have that g = (xy)* for some k€Z*, so

g=eg=e(xy) =e¢
whence xy€K, = K. The similar proof we have if a8 = Ba = 8. There-

fore, S is a band E(S) of semigroups K,, e€ E(S) (clearly, it is a U,,,-band).
(iii) = (i). This follows by Lemina 2.8. O

A subsemigroup T of a semigroup S is a retract of S if there exists a
retraction of S onto T.

COROLLARY 2.5. Let S be a U,,,-semigroup. Then Reg(S) is a
retract of S.

Proof. By Lemma 2.4. and Proposition X 2.1. [3] we have that Reg
(S) is a subsemigroup of S. Define a mapping ¢ : S — Reg(S) by

@(x) = ex if x€K,, e€E(S).

Let x€K,, y€K;, e,fEE(S). Then by Theorem 2.3. it follows that
xy€K,. If ef = ¢, then xy€K,, and by Theorem I 4.3. [3] we have that

P(x) D) = (ex)(fy) = xefy = xey = exy = @(xy).
If ef = f, then xy€K}, and by Theorem I 4.3. {3] we have
P(x) @(y) = (ex)(fy) = xefy = xfy = xyf = fxy = @(xy).
Therefore, ¢ is a retraction. O

THEOREM 2.4. S is a U,, -semigroup and Reg(S) is an ideal of § if
and only if
"n+l
xp.xnn € U (¥ k=2 2.2)
i=1

for every x,, X,,...,X, + 1ES.

Proof. Let S be a U,,,-semigroup and let Reg(S) is an ideal of S. By
Lemma 2.1. Reg(S) is a U,,,-semigroup. By Theorem 2.2. we have that
Reg(S) = Gr(S). For x;,x3,..., X, s 1€ES from x; X3... Xy o1 =X, 1 Si=n+ 1
it follows that x; = (x;...x;_ )" Xi(X;, 1..-X, + 1) for every reZ"*. Since there
exists r€Z* such that (x,...x;_,)’€E(S), then we have that
x;€Reg(S) = Gr(S), whence x; = x* for some k = 2 (since S is periodic).
So x; efx’,f | k = 2}. Therefore S satisfies (2.2).

Conversely, if (2.2) holds, then for e€ E(S) and x€S we have that
ex = e...eex € {e,(ex)%(ex)%,...}. Thus ex€Reg(S). In a similar way it can



16 S. Bogdanovi¢ — M. Ciri¢

be prove that xe€ Reg(S). Therefore E(S)SUSE(S)CReg(S). Since E(S) is
a subsemigroup of S then we have that Reg(S) is a subsemigroup of S.
Now, for any a€Reg(S) and x€S there exists b€S such that
ax = abax€ E(S)SC Reg(S). Similarly, xa€ Reg(S). Hence, Reg(S) is an
ideal of S§. O

COROLLARY 2.6. A semigroup S is a retract extension of a regular
U-semigroup by a U,,-nil-semigroup if and only if S satisfies (2.2).

Proof. Let S be a retract extension of a regular U-semigroup T by a
U, nil-semigroup @, with the retraction ¢. Then T is completely regular and
S is periodic. Let x€S and let x™ = e€ E(S)CT for some meZ*. Then
e =x"=q@(x™) = (p(x))", whence @(x)€G, (Theorem I 4.1. {3]). Now
we have that @(x) = eq(x) = @(e)p(x) = @p(ex) = ex = x™* !, Therefore,
for every x€S it is p(x)€(x). Letx;, x3,..., X, 1 € S. fxpxp..x,, , €S-T,
then xx;.x,,1#¥0 in Q, so x,x;...%,,1€Q~-{0} =5-T and
XXy Xny 1 =xi#0 in Q, 2=<i=sn+ 1, k€Z*, whence x\x,..x,,, =
=x¥ in S. Let xpx;..x,41 € T. Then xxp..%,, ) = QX X5.. X5, 1) =
= @x)P(x2)...0(x, 4 DE{P(x1))U{P(x2)) U...U{@(x, ;1)) C{x1)U(x)U...U
( xn+1). Thus, S is a U,,,-semigroup and, clearly, Reg(S) = T is an ideal
of S, so by Theorem 2.4. it follows that § satisfies (2.2). The converse
follows by Theorem 2.4. and by Corollary 2.5. O

EXAMPLE. The semigroup given by the following table

is a U-semigroup, but Reg(S) = {e, f} is not an ideal of S since xf = x¢
¢Reg(S).

LEMMA 2.9. [13]. If x is a nonzero element.of a nil-semigroup S,
then x ¢ xS U Sx U SxS. O

LEMMA 2.10. Let § be a U-semigroup. Then § is a nil-semigroup it
and only if $* = 0.

Proof. Let S be a U-nil-semigroup and let a;€S, i = 1, 2, 3, 4, 5. Let
a = a, a, a; a, as. Since a,a, € {(a;) U {a,), then we may take a,a, = @*,
i€{1, 2}, k = 2 (using Lemma 2.9.). Then 4} a; = 4}, where m = 3 and
j€i, 3}, ie. j€{1,2,3), and a%a, = a7, where n = 4 and s€{1, 2, 3, 4}.
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Finally, a} a5 = a7, where p = 5 and re{1, 2, 3, 4, 5}. From this and by
Theorem 2.1. we obtain that a = 0, i.e. §° = 0.
The converse follows immediately. O

In this section we consider some special U,,,-semigroups. Some con-
struction of these also will be given.

DEFINITION 3.1. Sis a U % ¥ semigroup, 1 < k; < my,i = 1,

ety )
2oL, HEZY X,y €[kt ML XL e, bl ]
for all xi,x,,...,x,€S. If k,=1forall i=1, 2,..., n + 1 then we put
A2 n+l ) p
,....1) .
U(ml M) = U(’"l ,,,,, m, ) A group Gis a U('"l ..... ' )group i Gis a
(T +1
U(ml ..... ,':1” )-Semlgroup

REMARK. U, j-semigroups are described by J. Pelikén [11], and
Uq, 1, y-semigroups are treated by B. Pondé&ligek [15]. U, ,)-semigroups are

studied by A. E. Evseev [8].
LEMMA 3.1. Every subsemigroup and every homomorphic image

of a U™+ _semigroup is a U( b semigroup. O
! (ml,...,m" 1 ml,...,m"

LEMMA 3.2. Let n = 5. Then the following conditions are equiva-

lent on a semigroups S:
(i) S is a U-nil-semigroup;

(ii) S is a Uy, »-nil-semigroup;

(iii) S is a U, 5)-nil-semigroup.

Proof. Follows by Lemma 2.10. O

LEMMA 3.3. Let 2 = n < 4. Then S is a Uy, ,-nil-semigroup if and
only if S is a U-semigroup, $"*! = 0 and

(Vx, y€S) xy =0=>x"=0V y"=0. (3.1)
Proof. Let S be a U, ,-nilsemigroup and let x€S. Then

n+

X"t =xx" e {x,x%..., x"x%" x2} whence x"*!=0. Let n—2 Let
ay,a;,a; € S and a= a1a2a3 By Lemma 2.9. we have that aa, = a?, ze{l 2}
and a; a; = &* or a;a; = al. Assume that a; a; = &* (the case a; a; = a5 is
51m11ar to the previous). Then a = aa,a; = a2a3 =aqa;ay;=a;at=0.
Hence, $* = 0. Let n = 3. Let a,, a;, as.a, S and a = a, a, a; a,. Then

2 Ilpunosu XI 1-2
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ma,=a5, k=2,i€ {1,2} and aya, = aj, m=2, je{3, 4}. Also, a; a;
or a; a; = af, q = 2. Assume that g; a; = af, p = 2 (the case

? 2
;= al, ¢ = 2 is similar to the previous). Then
a=diay=aaea = et = L =aPH =0

since mp+k-m=m(p-1)+k=m+k=4. Thus $*=0. If n =4,
then bZ Lemma 2.10. we have that S° = 0. Let x,yeS, xy = 0. Then
xy = x* or xy = y* for some k€Z*, 1 < k=<n. So x* =0 or y* =0 for
some K€EZ*, 1 < k < n, whence x" = 0 or " = 0. So (3.1) holds.

Conversely, let S be a U-semigroup such that $"*! = 0 and let (3.1)
holds. Then § is a U-nil-semigroup and by Lemma 3.2. xy€({x,...,x*,
x*=0=y%y,..,y* for all x, y€S. Since x"*! = 0 for all x€S, we have
that xy€{x,...x"x"*'=0=y"*! y..y"} for all x, yeS. Now, if
xy=x"*'=y"*1 =0, then by (3.1) we have that x" =0 or y" = 0, so
xy = x" or xy = y". Therefore, S is a U, ,-nil-semigroup. []

REMARK. If n = 4, then the assertion of Lemma 3.3. holds without
the condition $**! = 0.

DEFINITION 3.2. A band Y of semigroups S, a€Y is a

XiXgo Xy 4y € (R0, XU e ket ket e 4 1)

for every x,€S x,+1€S,,,, and there exist i, j€{1,..., n+1} such that

apree

- Ky, . .
So; # S“i . One defines analogously Ui "f ""“)-)chazn of semigroups.
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THEOREM 3.1. Let n = 5. Then the following conditions are equi-
valent on a semigroup §:

(1) S is a Uy, »-semigroup;
(ii) S is a Uy, -band of U, .,-semigroups with only one idempotent;
(iii) S is a Uy, n~chain of U, ,-semigroups with only one idempotent
or of retract extensions of a singular band by a U-nil-semigroup.

Proof. (i) = (ii). This follows by Theorem 2.3. and by Lemma 3.1.

(ii) = (i). This implication follows immediately.

(i) = (iii). This implication follows by Theorem 2.3. and by Lemmas
3.1. end 3.2.

(iii) = (i). We prove only that if S, is a retract extension of a left
zero band E, by a U-nil-semigroup with the retraction ¢ : §, — E,, then
Ss is a U, s-semigroup. If x€E, and y€S, ~ E,, then xy = x9(y) = x. If
x€S, - E, and yeE, then xy = @(x)y = ¢(x) = x>, since x*€S; = E, and
x* = @(x°) = (p(x))* = @(x). Thus S, is a U s-semigroup. By symmetry,
we also have that a retract e :tension of a right zero band by a U-nil-semi-
group is a U s-semigroup. Now, using the fact that S is a Uy, ,-chain Y of
semigroups S,, ®€Y we have that § is a U, ,-semigroup. O
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THEOREM 3.2. Let 2 =< n < 4. Then the following conditions are
equivalent on a semigroup S:
(i) S is a Uy, ,-semigroup;
(ii)) S is a Uy, n-chain Y of semigroups S,, ®€Y and one of the
following conditions hold:

(1) S, is a retract extension of a singular band E, by a Uy, ,-nil-

semigroup Q, and
(VxeQ,) x"=0; (3.2)

(2) S. is a Uy, n-semigroup with only one idempotent; .
(iii) S is a Uy, p-band of Uy, ,-semigroups with only one idempotent.

Proof. (i) = (ii). Let S be a Uy, ,-semigroup. Then § is a U-semi-
group and by Theorem 2.3. S is a U-chain of semigroups §,, «€Y and S,
is a retract extension of a singular band by a U-nil-semigroup or §, is an
ideal extension of a U-group by a U-nil-semigroup. Now by Lemma 3.1. we
have that § is a retract extension of a singular band by a U, »-nil-semi-
group or S is a Uy, ,-semigroup with only one idempotent. Let S, be a
retract extension of a singular band E, by a Uy, »-nil-semigroup Q, with
the retraction ¢. Let |E,| = 2, x€S,- E, = Q. - {0}, and let ¢(x) = e.
Then there exists fEE such that f# e, so xf=@(x)f =ef=e¢, if E, is a
left zero band and fx = fip(x) = fe = e, if E, is a right zero band. Since we
have that xf, fxe{x, x%,....x",f}, then e = x* for some k, 1 < k < n, when-
ce x" = e. Thus x” = 0 in Q.

(ii) = (i). We prove only that a retract extension S, of a left zero
band E, by a U, »-nil-semigroup Q, with (3.2) is a U, ,-semigroup. Let
¢ : Sy — E, be the retraction. If x€E,, yeS, - E,, then xy = x¢p(y) = x.
If xe$S, - E,, yeE,, then xy = @(x)y = @(x) = x", since by (3.2) x" =0
in Q, ie. x"€eE, so x"= @((x") = (¢(x))" = o(x). If x,yeS,- E, and
xy€E,, then xy = @(x)@(y) = @(x) = x". Thus S, is a U, ,-semigroup.
The remainder of the proof now follows without difficulty. We have the
similar proof if E, is a right zero band.

(i) = (iii). This follows by Theorem 2.3.

(iii) = (i). This follows immediately. O

The following theorem describe Uy, ,-groups.

THEOREM 3.3. G is a U, ,-group if and only if G is a cyclic group
of order p* < n for some prime p, k€Z*.

Proof. Let G be a U, ,-group. Then G is a U-group and by Lemma
2.3. G is a cyclic group of order p* or G is a Z,,, for some prime p. Let
xG and let r(x) be the order of x. Let e be the identity of G. Then e =
= xxt€{x, x%..., x",(x),..., (x)"} so x* =¢ for some k, 1 <k <n.
Therefore, for every x€G, r(x) < n so G is a cyclic group of order p* < n
for some prime p. The converse follows by Lemmas 2.2. and 2.3. O

2%
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THEOREM 3.4. Let p be a prime. Let A be a U, ,)-nil-semigroup
with the zero e and let G be a cyclic group of the order p with the identity
e, such that ANG = {e}. Define a multiplication * on § = AUG by:

{xy if (x, y)EAXA U GXG
X%y = §x if (x, yJEGXA
y if (x, YJEAXG
Then (S, ) is a Uy, ,-semigroup with only one idempotent.
Conversely, every Uy, ,-semigroup with only one idempotent which
is an ideal extension of a group of order p can be so constructed.

Proof. It is simple to verify that (S, %) is a U ,-semigroup with
only one idempotent. Conversely, let S be a Uy, ,-semigroup with only
one idempotent e and let S be an ideal extension of a group G = {b,
b%,...,b7P" 1, b? = e} of order p. Then this extension is retractive. Assume
that ¢ : S — G is the retraction of § onto G. If we put Y, = ¢7}(b*),
k=12..p, then b'eY,, YiNY;=0 if i#j S=0 Y, and
YY,CY.,;ifi+j=<p, and YV/Y;C VY, ifi+j>p 1=i j=<p.
Let xeY, forsome k, 1 < k < p - 1. Then ex€G N Y, = {b*} so ex = b*.
On the other hand, b&* = exe{ex,x%...,x?}, and since x'€Y;
where j = ki(modp), i = 2, 3,...,p and b¥ # b*, then we have that b* = x.
Indeed, if b* = b* for some i€ {2,...,p} then b*‘ - = ¢, which is not possi-
ble, since the order of b* is p. Thus Y, = {b*} for every k€{1, 2,...,p - 1}.
Assume that A = Y,. Then it is clear that A = S/G. By Lemma 3.1. A is

a Uy, ,-nil-semigroup. We have, also, that ANG = {e}, § = AUG and for
all x€eA, yeGxy =yx =y O

THEOREM 3.5. Let A be a U 3-nil-semigroup with the zero element e.
(A) Let B be a nonempty set such that ANB = 0 and let b be a fixed
element from B. Let ¢ :B — A be a mapping such that

(VxeA)(Vy€B) xq(y) = @(y)x = @(b). (3.3)
Assume that BxXB = MUN and let
(VyeB) (b, y)EM A (y, bJEN. (3.9)

Define a multiplication * on $ = AUB by

xy if (x, y)EAXA

b if (x, yY)EAXB U BxA
o(x)  if (x, yEM

®(y) if  (x, y)EN

Xxy =
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(B) Let G be a cyclic group of the order 3 with the identity e such
that ANG = {e}. Define a multiplication on S = AUG by:

xy if (x, y)EAXA U GXG
X*y= {X if (x,y)eGxA
y if (x, y)EAXG

Then (S, ») from (A) or (B) is a Ug, 3-semigroup with only one idem-
potent.

Conversely, every Uy, 3-semigroup with only one idempotent is a
U, »-nil-semigroup or it can be constructed by (A) or by (B).

Proof. (A) Let x,y,z€S. If (x,y,2)EAXAXBthenx » (y*xz) =xxb =
= b = (xy) » 2 = (x » y) » 2. The associativity in the case (x,y,z)EAXBXB
can be proved in a similar way as above. Let (x,y,z)EBXAXB. Then (x » y)*
sz=bxz=@b) and x x (y»2) =xxb =@(b). SO (xxy)*»z=x* (y *2).
Finally, let (x,y,z) € BXBXB. Then
e(x)»z=b if (x,y)eM
e(y)xz=b if (x, y)EN
x*x@y)=b if (yz)eM
xx@(z)=b if (y, ) EN

(x*xy) vz = {

x*(y*z)={

so (x *y) *Z =x x(y «2). Therefore, (S, %) is a semigroup. It is clear that
S contains only one idempotent. Let (x, y)EAXB. Then x «+y = b and
Y=yxy=09(), Y =yxy=o@y)xy=>b  Thus, xuy=y
Analogously, if (x,y)€BxA, then x«y=b=x% If x,y€B, then
x » ye{@(x), @(y)} = {x?, y*}. Therefore, S is a U, 3-semigroup.

(B) That (S, ») from the construction is a Uy, 3-semigroup with only
one idempotent follows by Theorem 3.4.

Conversely, let S be a U, 5-semigroup with only one idempotent e.
Then by Lemma 2.8. S is an ideal extension of a U-group G by a U-nil-
semigroup. By Lemma 3.3. S is an ideal extension of a U 3-group by a
U, 3)-nil-semigroup. By Theorem 3.3. G is a cyclic group of order r = 3.
If r = 1, then S is a Ug, 3 -nil-semigroup. If » = 3, then the assertion follows
by Theorem 3.4. Let G = {e, b}. In this case S is a retract extension of G
with the retraction f: S — G. Let A = f(¢) and B = f(b). It is easily to
see that A2CA, B'CA, ABCB and BACB. Define a mapping ¢ : B— A
with ¢(y) = y?, y€B. Since xy€{x, x%, x3, y, y?, y*} for x€A4, yeB and {x,
x?, x, y¥}CA we then have that xy € {y, y*}. If xy = y, then x*y = y. By
Lemma 33. x*=¢. So y=x* =ey € GN B, whence y =b =b>. There-
fore, if (x, y)EA x B, then xy =)’ Similarly, yx =y 1f we put x =¢,
then we obtain that y*=ey=5b. Thus, (x, y)€A x B implies that
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xy = yx = b. Furthermore, xp(y) = xy? = xyy = by = e = yb = yyx =
= y&x = @(y)x, i.e. (3.3) holds, since @(b) = b*=¢e. Let M = {(x,
y) € BXB | xy = x*}, N = {(x, y) € BXB | xy = y*}. Then from xy € {x,
x%, x°, y, %, »°} and from the fact that B*CA and {x, x° y, y*}CB for all
x,y€B we have that xy € {x?, y?} for all x,y€B, so BXB = MUN. If (x,
y) € M then xy = @(x) and if (x,y) € N, then xy = ¢(y). Also, for y€eB,
by, ypeGNA, i.e. by = yb = e = b%. Thus, (3.4) holds. Therefore, if
|G| = 2, then S can be obtained by (4). O

THEOREM 3.6. A semigroup § is an n-inflation of a Rédei’s band T
if and only if
X1 X9 Xy 4 1e{x}”, X3t oxm? (3.5)
for every xy, X,,...,X, 41 € S.

Proof. If (3.5) holds, then x**!= x"*? for all x € S, so x"* '€ E(S)
for every x€S. Thus, S"*! = E(S) and by Lemma 2.5. E(S) is a Rédei’s
band. Let x**! = ¢, y"*! = f, e, f€E(S). Then by Theorem 2.3. we have
that (xy)"*! = ef = x**! y"* 1. Therefore, by Theorem 3.4. [5] we have
that S is an n-inflation of a Rédei’s band.

Conversely, let S be an n-inflation of a Rédei’s band 7. Then
S"*1 =T and there exists a retraction ¢ of S onto T. Then for every
Xy, X2,...,X, + 1 € S we have that

XX Xn a1 = QX 1X20. X0 4 1) = O(X1) @(X2)...@0(X5 4 1)
Since \ \s
p(x) = (p(x))" *? = @(x}*?) = x}

for all i €{1, 2,...n + 1}, then

PRSP AL AL e IO AL E ARNIE ot B

COROLLARY 3.1. (A. E. Evseev [8]). A semigroup is an inflation

(1-inflation) of a Rédei’s band (U, ;,-semigroup) if and only if xy €{x?, y°}
for every x,y € S. O

COROLLARY 3.2. A semigroup S is a 2-inflation of a Rédei’s band
T and x*€T for all x€S if and only if xyz € {x?, y?, 7%} forallx, y, z € S.

Proof. Let xyz € x?, y%, 22 for all x, y, z € S. Then x* = x* € E(S)
for every x € S. So x* = x* for every x € S, whence xyz € {x*, y*, z°} for
every x, y, Z € §, and by Theorem 3.6. we have the assertion.

The converse follows immediately by Theorem 3.6. O

COROLLARY 3.3. A semigroup S contains only one idempotent
and xyz€{x*, y*, z*} for all x, y, z € S if and only if $* = 0. O

COROLLARY 3.4. A semigroup S contains only one idempotent
and xyz € {x%, y%,z?} for all x, y, z € S if and only if $ =0 and x> =0
for every xeS. O
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