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Introduction and preliminaries

Here we adapt the point of view, mostly propagated by T.Tamura, M.Petrich,
M.S.Putcha, JI.H.Illespun and the authors, that a semigroup should be studied
through its greatest semilattice decomposition. The idea consists of decompos-
ing the given semigroup into subsemigroups (components), possibly of considerably
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simpler structure, studying these in detail, and finally studying their mutual re-
lationships within the entire semigroup. Recall that semilattice decompositions of
semigroups were first defined and studied by A.H.Clifford [56].

T.Tamura and N.Kimura [161] showed that every commutative semigroup is a
semilattice of Archimedean semigroups. This well known result has since been gen-
eralized by many authors. The first characterization of semilattices of Archimedean
semigroups is due to M.S.Putcha [113] (see also T.Tamura [158]). Some other char-
acterizations of these semigroups are given by M.Ciri¢ and S.Bogdanovié [44].

R.Arens and I.Kaplansky [2] and I.Kaplansky [81] investigated, as generalizations
of algebraic algebras and rings with minimum conditions, following two types of
rings: One are m-regular rings and the other are right m-regular rings (for definitions
see below).

We present here a summary of the main results on the decompositions of (com-
pletely) m-regular semigroups into semilattices of Archimedean semigroups. These
decompositions were first studied by M.S.Putcha [113]. This very important matter
is after treated by JI.H.Ilespun [146,147,148] (see also [130]) and intensively by
J.L.Galbiati and M.L.Veronesi [69,70,71,72,73] and after all in a series of papers by
the authors of this work.

Throughout this paper, Z% will denote the set of all positive integers and
L, R, J, D and H will denote known Green’s relations. By Reg(S) (Gr(S), E(S),
Intra(S)) we denote the set of all regular (completely regular, idempotent, intra-
reqular) elements of a semigroup S. If e is an idempotent of a semigroup S,
then by G. we denote the maximal subgroup of S with e as its identity. It is
known that Gr(S) =U{G. | e € E(S)}. A nonzero idempotent e of a semigroup
S is primitive if for every nonzero f € E(S), f=ef =fe = f=e¢, ie if e
is minimal in the set of all nonzero idempotents of S relative to the partial order
on this set.

By a radical of the subset A of a semigroup S we mean the set /A defined
by VA={a€ S| (3necZ)a” € A}. By S =5° we denote that S is a
semigroup with the zero 0 and in this case S* = S—{0}. If S = S° then element
from the set Nil(S) = /{0} are nilpotent elements (nilpotents). A semigroup
S = SO is a nil-semigroup if S = Nil(S). A semigroup S = S° is n-nilpotent
if S =1{0},n € Z". An ideal extension S of T is a nil-extension if S/T is
a nil-semigroup (i.e. S = +/T). An ideal extension S of a semigroup K is a
n-nilpotent extension if S/K is a n-nilpotent semigroup.

Let a,b€S. Then al|b if be S'aSt, a|b if be Sla, a|b if beaSt,
l T

: : hooo.
a|lbif a|b and a|b, a—b if a|b™ forsome n€Zt, a—b if a| b,
t l T h
for some n € ZT, where h is I,r or t, a2b if a™ =b" for some m,n € ZT,

a—b if a —b—a, al-b if aLbLa, where h is I,r or t.

A semigroup S is: Archimedean if S = +/SaS, left Archimedean if S = +/Sa,
right Archimedean if S = vaS, t-Archimedean if it is left Archimedean and

right Archimedean, power joined if 2 = S xS, completely Archimedean if it
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is Archimedean and has a primitive idempotent, intra-w-regular if (Va € S)(3n €
ZT) a™ € Sa*S, left m-regular if (Va € S)(3n € ZT) a™ € Sa™™, w-regular if
(Va € S)(3n € ZT) a™ € a"Sa™, completely m-regular if (Va € S)(In € Z1)(Fz €
S) a" = a™za™, a"r = za™ (equivalently if S = 4/Gr(S)). On a completely
m-regular semigroup can be introduced two unary operations = — T and z +— 2°
by: T = (we;)~ !, where e, € E(S) such that 2" € G, for some n € Z* and
~1 is the inversion in G,,, and 2°=z7, [143].
We will use the following notations for some classes of semigroups:

NOTATION | CLASS OF SEMIGROUPS | NOTATION CLASS OF SEMIGROUPS
A Archimedean CA completely Archimedean
LA left Archimedean LG left groups
TA t-Archimedean G groups
B bands N nil-semigroups
S semilattices Ny (k + 1)-nilpotent
TR w-reqular ug unions of groups
CtR completely m-reqular CcS completely simple
MxG rectangular groups

Let X1 and A5 be classes of semigroups. By Xj0X5 we denote the Maljcev’s
product of classes AX; and &b, i.e. the class of all semigroups S on which
there exists a congruence p such that S/p isin A and every p-class which is a
subsemigroup isin A [90]. The related decomposition is an X; o Xa-decomposition.
It is clear that X o B (X oS8) is the class of all bands (semilattices) of semigroups
from the class X. If X, is a subclass of the class N, then X; o X, is a class
of all semigroups which are ideal extensions of semigroups from X; by semigroups
from X5. Also, in such a case, by X; ® Xy we denote a class of all semigroups
which are retract extensions of semigroups from X7 by semigroups from Xj.

In this paper we will use several semigroups given by the following presentations:
Bgz((z,b|aQ:b2:O7 aba = a, bab:b> ,
A2:<a7e|a2:0, e? =e, aea = a, eaeze) ,

Nm — < a | am+1 :am-‘rQ7 a™ #am+l > )
L3,1:<a7f | a’2:a3a f2:f7 a2f:a2a fa':f> .
LZ(n)={ae|a"™ =a, e2=¢, ea=a"e=¢) ,

C’17lz<a,e|a2=a3, e2=e, ae =a, ea:a> ,

C’l,g:<a,e|a2:a3, e =e, ae=a, ea=a2> ,

V=(eflet=c 2= fe=0)
m,n € Zt, n > 2, and Rs; (RZ(n), Cy1) will be the dual semigroup of
Ls1 (LZ(n), Ci2). By La ( Ry ) we denote the twoelement left zero (right
zero) semigroup. Semigroups Bs and A; are not semilattices of Archimedean
semigroups. Ls3; is a nil-extension of a union of groups, but it is not a retractive
nil-extension of a union of groups. The semigroup LZ(n) has 2n elements,
it is a chain of the cyclic group (a) = {a,a?,...,a"} and the left zero band
{e,ae,... ,a" e}, it is a union of groups and it is not a band of groups. Semigroups
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Ch,1, Ci2 and Cy; are examples for semigroups which are not nil-extensions of
a union of groups, and the semigroup N, is an example for a semigroup which is
an (m + 1)-nilpotent semigroup and it is not a m-nilpotent semigroup.

Let R be the ring Z of integers or the ring Z, of residues of modp, p > 2,
and let I =4{0,1} C R. Define a multiplication on the set R x I x I by

(s, ) (s j, ) = (m +n — (i = 5)(A = )i, ),

m,n € R, i,5,\,u € I. Then RxI x 1 is a semigroup, and we will use notations:
E(00) =Zx1Ix1I,E(p)=2Z,xIxI. Thesemigroup E(co) (E(p)) is isomorphic
to the Rees matrix semigroup over the additive group of the ring Z (Z,) with the
00

01
Let S beasemigroup and let a,b € S. By a sequence between a and b we mean

a (possibly empty) finite sequence (z;)f; in S such that a—xzq, z;—a;41(i =
1,...,n—=1), z,—b. We call n the length of (z;)7_;. By n =0 (or (x;)’,
empty) we mean a—>b. We say (z;), is minimal if it is nonempty and there is
no sequence of smaller length (including the empty sequence) between a and b.
By a sequence from a to b we mean a (possibly empty) finite sequence (z;)7_,
in S such that ¢« — z1, ©;, — z;41(i=1,...,n—1), &, — b. Again n is
the length of (z;)?; and by n =0 (or (z;)",; empty) we mean a — b. We
say (x;)P_; is minimal if it is nonempty and there is no sequence of smaller length
(including the empty sequence) from a to b. The rank pi(S) of a semigroup S
is a zero if there is no minimal sequence between any two points. Otherwise p;(.5)
is the supremum of the lengths of the minimal sequences between points in 5. The
semirank p2(S) of a semigroup S is a zero if there is no minimal sequence from
a point to another in S. Otherwise po(S) is the supremum of the lengths of the
minimal sequences from one point to another in S, [116].

A subset A of a semigroup S is consistent if xy € A = x,y€ A, x,yE€S.
A subsemigroup A of a semigroup S is a filter if A is consistent. By N(a) we
denote the least filter of S containing an element a of S (i.e. the intersection of
all filters of S containing a).

For undefined notions and notations we refer to [57], [58], [102] and [103].

sandwich matrix ( ), and it is not a rectangular group.

Chapter 1. Semilattices of Archimedean semigroups
1.1. The general case

Theorem 1.1. The following conditions on a semigroup S are equivalent:

(1) SeAoB;
(1) SeAoS;
(iii) (Va,be S)alb = a*>—b;
(iv) (Va,b € S) a®> — ab;
(v) (VYa,b€ S)(Vk € Zt) a* — ab;
(vi) VA is an ideal of S, for every ideal A of S;
(vit) VSaS s an ideal of S, for every a € S;
/i1)

in every homomorphic image with zero of S, the set of all nilpotent elements
s an ideal;
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) N@)={yeS|y—uz}, forall z€S5;
) (Ma,b,ceS)a—bAb—c = a— ¢
) (Va,b,ceS)a—chNb—c = ab— ¢
(wii) p(8) = 0;
i) p2(S) =0;
) (Va,be S) VSabS = v/SaS N +/SbS.

The equivalences (i) < (ii) < (#¢) are from M.S.Putcha [113], (%)
(xii) < (xi@i) 1is, also, due by M.S.Putcha [116]. The equivalences (i7)
(iv) & (v) & (vi) are from M.Ciri¢ and S.Bogdanovié [44], the conditions (vii)
and (viii) are from S.Bogdanovi¢ and M.Ciri¢ [24] and the conditions (z) and
(zi) are from T.Tamura [158]. For some related results we refer to P.Protié¢ [123].
For some more general results we refer to M.Ciri¢ and S.Bogdanovié [48].

=4
=

Corollary 1.1. [115] Let S€ AoS. If S=S5° then Nil(S) is an ideal of S.

Theorem 1.2. [24] The following conditions on a semigroup S are equivalent:
(i) (Va,be S)a | b = a® by

) (Va, beS)(Vk;EZ"’) a® = ab;

(i4i) (Va,b € S) a®> - ab;

(iv) VaS is a right ideal of S, for every a € S;

(v) VR is a right ideal of S, for every right ideal R of S.

Theorem 1.3. The following conditions on a semigroup S are equivalent:
(i) SeLAS;
(i) (Ya,be S) a|b = a-b;
(i7) (VYa,be S) a L ab;
(iv) VL s a (right) ideal of S, for every left ideal L of S;
(v) VSa is a (right) ideal of S, for all a € S;
(vi) N(x):{y65|yi>m}, forall € S;
(vii) (Ya,b € S) VSab=/San/Sb.

The equivalence (i) < (#) is from M.S.Putcha [115]. The conditions (4i%)
and (vi) are from S.Bogdanovié [14] and (iv) and (v) are given by S.Bogdanovié
and M.Ciri¢ [24].

Theorem 1.4. The following conditions on a semigroup S are equivalent:
(i) SeTAcS;

(i) (Va,beS)alb = a——b;

(iii) (Va,be S) b—>abAa — ab;

(iv) VB is an ideal of S, for every bi-ideal B of S;
(v) VaSa is an ideal of S, for all a € S;

(vi) N(@x)={yesS| ny/\ny}, forall x€S.
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The equivalence (i) < (i4) is from M.S.Putcha [115], (#i) = (vi) is from
M.Petrich [101] and (i) < (#i) < (vi) is from S.Bogdanovié [14]. The condi-
tion (iv) is from S.Bogdanovié¢ and M.Ciri¢ [24]. Weakly commutative semigroups
(semigroups satisfying the condition (iii)) are treated also by B.Pondeli¢ek [110].

Theorem 1.5. The following conditions on a semigroup S are equivalent:
(i) S is a semilattice of nil-extensions of simple semigroups;

(15) S€AoS and S s intra w-regular;

(iii) S is intra w-reqular and (Va € S)(Vb € Intra(S)) a|b = a®> — b;

(iv) (Va,be€ S)(In € ZT) a'™ | (ab)™;

(v) (Va,be S)(3n € ZT)(Vk € Z%) a* | (ab)™.

The equivalences (i) < (ii) < (i4i) are given by M.S.Putcha [113].
Theorem 1.6. The following conditions on a semigroup S are equivalent:
(i) S is a semilattice of nil-extensions of left simple semigroups;
S is intra w-reqular and (VYa € S)(Vb € Intra(S)) a | b = a L

(id
!

(iv) (Ya,be S)(In € ZH)(Vk € ZF) a* - (ab)";

1
(v) S€LAoS and S is left m-regular.
The equivalence (i) < (i) is given by M.S.Putcha [113].

)
(i) (Va,b € S)(In € Z+) a2 L -1 (ab)";
3

Theorem 1.7. [113] A semigroup S is a semilattice of nil-extensions of bi-simple
regular semigroups if and only if S is w-regular and for all a € S, e € E(S),
ale = ada*|e and aJe = aDe.

Theorem 1.8. The following conditions on a semigroup S are equivalent:
(1) S is a nil-extension of a simple semigroup:

(ii) (Va,b€ S)(3n € ZT) a™ € SH?"S;

(#7) S is an Archimedean intra w-reqular semigroup;

(iv) S is an Archimedean semigroup with an intra-reqular element.

The equivalences (i) < (i) < (iv) are from M.S.Putcha [113].

Theorem 1.9. [39] A semigroup S is Archimedean and contains an idempotent
if and only if S is a nil-extension of a simple semigroup with an idempotent.

Theorem 1.10. The following conditions on a semigroup S are equivalent:
(i) S is a nil-extension of a left simple semigroup;

(#1) S is left Archimedean and left w-regular;

(i13) (Va,b € S)(In € Z*) a™ € Spn+L.

A subset A of a semigroup S is semiprimary if
(Voz,ye S)(AneZT)zye A = 2" AVy" e A
A semigroup S is semiprimary if all of its ideals are semiprimary [9]. A subset
A of a semigroup S is completely prime if xy € A = z€ Avye A, z,yeSs.
An ideal A of a semigroup S is a completely prime ideal of S if it is completely
prime subset of S.



Semilattices of Archimedean semigroups ... 7

Theorem 1.11. [29] The following conditions on a semigroup S are equivalent:
(1) S is a chain of Archimedean semigroups;
(i) S s semiprimary;
(#4i) VA is a completely prime ideal of S, for every ideal A of S;
(iii) VA is a completely prime subset of S, for every ideal A of S;
(7i1) S is a semilattice of Archimedean semigroups and completely prime ideals of
S are totally ordered.

Proposition 1.1. [29] Ewvery right ideal of a semigroup S is semiprimary if and
only if (Ya,b€ S) ab—"+a V ab——b.

Theorem 1.12. [29] The following conditions on a semigroup S are equivalent:
(1) S is a chain of right Archimedean semigroups;
(i4) VR is a completely prime ideal of S, for every right ideal R of S;
(t5i) S s a semilattice of right Archimedean semigroups and every right ideal of
S is semiprimary;
(iv) S is a semilattice of right Archimedean semigroups and

(Va,b€S)a—+b V b—">a.
Theorem 1.13. [29] The following conditions on a semigroup S are equivalent:
(i) S is a chain of t-Archimedean semigroups;
(i) VB is a completely prime ideal of S, for every bi-ideal B of S;

(tit) S is a semilattice of t-Archimedean semigroups and every
(Va,be S)a b V b—>a.

Theorem 1.14. [29] The radical of every subsemigroup of a semigroup S 1is
completely prime if and only if (VYa,b € S)(In € ZT) a™ € (ab) V b" € (ab).

1.2. Bands of left Archimedean semigroups

By Theorem 1.1. we have that bands of Archimedean semigroups are semilattices
of Archimedean semigroups, but the class of bands of left (or right or twosided)
Archimedean semigroups is not equal to the class of semilattices of left (or right or
twosided) Archimedean semigroups.

Theorem 1.15. [114] S € LAo B if and only if zay-‘“xza®y, for all a €
S, r,y € S
Theorem 1.16. [114] S € TAo B if and only if zay-‘za’y, for all a €
S, z,ye S

A band E is normal (left normal) if it satisfies the identity azya = ayza
(azy = ayz).
Theorem 1.17. [26] A semigroup S is a normal band of t-Archimedean semi-

groups if and only if ac L, abe, for all a,b,c € S.
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Theorem 1.18. [26] The following conditions on a semigroup S are equivalent:
(i) S is aleft normal band on t-Archimedean semigroups;

(ii) (Va,b,c € S) ac — abc A a L abe;

(i4i) (Ya,b,c € S) ac —— abc A'b L, abe.

Theorem 1.19. [10] The following conditions on a semigroup S are equivalent:

(i) S s a band of power joined semigroups;

(ii) (Ya,b € S) ab-L-a?b-L-ab?;
(iii) (Va,b € S)(Ym,n € ZT) abL-a™b".

Bands of power joined semigroups are studied by T.Nordahl [98] in the medial
case (raby = xbay). For the related results in the periodic case see M.Yamada
[175].

Theorem 1.20. [10] The following conditions on a semigroup S are equivalent:

(i) S is a semilattice of power joined semigroups;

(ii) (Ya,b € S) ba-L-a?b-L-ab?;

(iii) (Va,b € S)(Ym,n € ZT) baL-a™b".
Theorem 1.21. [10] S is a rectangular band of power joined semigroups if and
only if abcE-ac, for all a,b,ce€ S.

Corollary 1.2. [10] A semigroup S is a left zero band of power joined semigroups
if and only if ab-L-a, for all a,be S.

Theorem 1.22. [13] S is a band of periodic power joined semigroups if and only
if for every a,b € S and n € Z" there exists v € ZT such that (ab)" = (a™b™)".

Lemma 1.1. [34] S is a union of nil-semigroups if and only if for every a € S
there exists r € ZT such that a” = a"1.

Theorem 1.23. The following conditions on a semigroup S are equivalent:
(1) S is a band of nil-semigroups;
(ii) S is a union of nil-semigroups and S is a band of power joined semigroups;
(iii) (Va,b € S)(Fn € Z1) (ab)®*"*! = (a?b)?"H1 = (ab?)?nFL.
For the related results see also D.W.Miller [93].

Theorem 1.24. A semigroup S is a semilattice of nil-semigroups if and only if
(Va,b € S)(3n € ZT) (ba)3" 1 = (a?b)?"F1 = (ab?)?+1.

Chapter 2.  Semilattices of Completely Archimedean semigroups
2.1. The general case

In a w-regular semigroup S we consider the equivalence relations L£*, R*, J*
and H* defined by:

al*b < SaP = 51, aR*b < aPS =015, aJ*b & SaPS = SviS, H* = L*NRY,
where p,q are the smallest positive integers such that a?,b? € Reg(S) (J.L.Galbi-
ati and M.L.Veronesi [70] ). If e € E(S), then by G. we denote the maximal
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subgroup of S with e as its identity and T, = v/G.. On a semigroup S we
denote the relation 7 by a7b < (e € E(S)) a,b € T,. The relation 7 ia
an equivalence on S if and only if S is completely 7-regular. A semigroup S is
a w-group if S is a nil-extension of a group.

Every (Rees) factor semigroup of any subsemigroup of S is a (Rees) factor of
S. If such a (Rees) factor is completely m-regular we call it g-(Rees)-factor, [147].
In [143] g-factors are called epifactors.

Theorem 2.1. The following conditions on a semigroup S are equivalent:

(i) SECAOS;

S e CrR and every J-class of S with an idempotent is a subsemigroup;
S € CmR and in every Rees q-factor of S the set of all nilpotent elements
is an ideal;

(xi) SeCaR and S has not q-factor which is Az or Ba;

(xii) S e€CnR and S has not Rees q-factor which is A or Ba;

(xiti) S € CnR and every reqular D-class of S is a subsemigroup of S;

(riv) S e€CrR and (Va € S)(Vb e Intra(S)) a|b = a®>—b.

(i5) S e€nR and every H*-class of S contains an idempotent;
(#it) S € 7R and every H*-class of S is a w-group;
(iv) SeCrR and T=H*;
(v) SenR and Gr(S)= Reg(S);
(vi) SeAoSNCTR;
(vii) (Ya,b € S)(In € ZT) (ab)™ € (ab)"bS(ab)™;
(viii) S€CTR and ale = a*|e, forevery a€ S, e€ E(S);
)
)

<

The equivalences (i) < (vi) < (viii) < (iz) & (ziv) are from
M.S.Putcha [113]. The equivalence (i) < (v) is given by JI.H.Illespusn [146],
and independently this equivalence is proved by M.L.Veronesi [172]. The conditions
(i), (1), (iv) are from [172], (x)— (xii) are from [148] and (xdid) is from [146].
The condition (vii) is from [16].

A completely simple semigroup in which E?(S) = E(S) is a rectangular group.

Theorem 2.2. The following conditions on a semigroup S are equivalent:
(i) S is a semilattice of nil-extensions of rectangular groups;
i) S€CAoS and (Ve, f € E(S))(3n € Z") (ef)™ = (ef)"T;
) Se€nR and a=axa implies a = ax’a?;
v) Se€CAoS and every inverse of an idempotent is an idempotent;
) SenR and forall a,be S, ab,ba € E(S) implies ab = (ab)(ba)(ab);
) S€CAoS and there are no E(o0) and E(p), p > 2, among subsemigroups
of S;
(vii) S € CoR  and there are no As, Ba, FE(c0) and E(p), p > 2, among
subsemigroups of homomorphic images of S;
(viii) S € CrR and there are no Ay, B and E(p), p > 2, among q-factors of
S:
(iz) S €CrR with (zy)° = (zy)°(yz)°(zy)°.
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The equivalence (i) < (v) is due to M.S.Putcha [113]. The conditions
(44), (1), (iv) are from S.Bogdanovi¢ [14] and the remaining cases are from S.Bogda-
novi¢ and M.Ciri¢ [33].

A semigroup S is a left (right) group if for every a,b € S there exists only one
z € S such that za = b (za =), (A.H.Clifford and G.B.Preston [57] ). S is an
LR-semigroup if for every a,b € S there exists n € ZT such that (ab)™ € SaUbS,
[20].

Theorem 2.3. The following conditions on a semigroup S are equivalent:
(i) S is a semilattice of nil-extensions of left and right groups;
(i) (Ya,b€ S)(In € ZT) (ab)™ € (ab)™S(ba)™ U (ba)™S(ab)";
(tit) SenR and S is an LR-semigroup;
(iv) S€CAoS and (Ve,f € E(S))(3n € Z™) (ef)™ = (efe)™ V (ef)" = (fef)";
(v) Se€nR and a=axa implies ax = ax?a or axr = za’z;
(vi) SenR (or S€CaR) and e € E(S) implies E(S)NSeS CeSUSe.
The equivalence (i) < (vi) is from M.S.Putcha [113]. The conditions
(i) — (iv) are from S.Bogdanovi¢ and M.Ciri¢ [20]. An open problem is to describe
L R-semigroups in the general case.

Theorem 2.4. The following conditions on a semigroup S are equivalent:
(i) S is a semilattice of nil-extensions of left groups;

(it) (Ya,b€ S)(In € ZT) (ab)™ € (ab)"S(ba)™;

(its) S enR and (Va,be S)(In € Z™) (ab)™ € Sa;

(iv) S€CAoS and (Ve,f € E(S))(TneZ") (ef)" = (efe)”;
(v) (Va,be S)(3n € ZT) (ab)™ € (ab)"Sa";

(vi) S€CAoS and every R*-class contains only one idempotent;

(vii) S € CAoS and for every e, f € E(S) there exists n € Zt such that

(ef)"L(fe)";

(viit) S €CAoS and for all a,x,y €S, a=axa=aya implies ax = ay;
(iz) SeaR (or Se€CrR) and e € E(S) implies E(S)N SeS C Se;
() SenR and a=aza implies ar = za’z;
(i) S e€CrR with (zy)° = (zy)°(yz)°.

The equivalence (i) < (iz) is from M.S.Putcha [113]. The conditions
(1), (i13), (iv), (x) are from S.Bogdanovié¢ [14], the conditions (i) and (v) are from
[17], (vi) — (viii) are from [15] and (%) is from [33].

An anti commutative band is a rectangular band.

Theorem 2.5. [17] The following conditions on a semigroup S are equivalent:
(i) S is a semilattice of nil-extensions of rectangular bands;

(15) SenR and E(S)= Reg(S);

(iii) (Va,b € S)(3In € Z1) (ab)?"*! = (ab)"ba?(ab)".

A band S is singular either S is a left or a right zero band.
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Theorem 2.6. [20] The following conditions on a semigroup S are equivalent:
(i) S is a semilattice of nil-extensions of singular bands;

(it) (Ya,b€ S)(In € ZT) (ab)™ = (ab)"a V (ab)™ = b(ab)™;

(i) SenR, E(S)= Reg(S) and S is a LR-semigroup;

(tw) SenR and a=azxa implies a=ax or a= za.

2.2. Bands of m-groups

A subsemigroup K of a semigroup S is a retract of S if there exists a
homomorphism ¢ of S onto K such that ¢(a) =a for all a € K. An ideal
extension S of K is a retract extension (or retractive extension) of K if K is
a retract of S.

Theorem 2.7. [26] Let S be a w-regular semigroup and let (Ya,b € S)(In €
Z") (ab)™ € a®?Sb?. Then S s a semilattice of retractive nil-extensions of com-
pletely simple semigroups.

Theorem 2.8. [26] Let S be a mw-regular semigroup and let (Ya,b € S)(In €
Z") (ab)™ € a®’Sa. Then S is a semilattice of retractive mil-extensions of left
groups.

The converses of Theorems 2.7. and 2.8. are open problems.

Lemma 2.1. [19] The following conditions on a semigroup S are equivalent:
(i) S is w-regular and Reg*(S) = Reg(S);

(i1) S is w-regular and (E(S)) is a regular subsemigroup of S;

(iii) (VYa,b € S)(Im,n € ZT) a™b™ € a™b"Sa™b".

Proposition 2.1. [26] Let S be a band of w-groups and let Reg(S) be a
subsemigroup of S. Then Reg(S) is a band of groups and it is a retract of S.

Conversely, if S contain a retract K which is a band of groups and if S = VK,
then S is a band of w-groups.

Theorem 2.9. The following conditions on a semigroup S are equivalent:
(i) S is a band of w-groups;

i) Se€CAoS and H* is a congruence on S;

) S s w-reqular and (Va,b € S)(In € Z) (ab)" € a®bSab?;

(iv) S is completely T-reqular and ab T a®b T ab?;

) SeTAoBNCTR;
) Se€CrR and zay-txa’y, forall a€ S, z,y € S;
) SecCaR with (xy)° = (22y)° = (zy?)°.

The equivalence (i) < (i7) is from J.L.Galbiati and M.L.Veronesi [69]. The
condition (iv) is given by B.Madison, T.K.Mukherjee and M.K.Sen [88], see also
[89]. The conditions (v) and (vi) are from M.S.Putcha [113], for (vi) see also
[114]. The condition (iii) is from S.Bogdanovié and M.Cirié [26].

A band S is left reqular if ax = axa for all a,z € S.
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Theorem 2.10. [26] The following conditions on a semigroup S are equivalent:
(i) S is aleft regular band of m-groups;

(ii) S is completely w-regular and for all a,b € S, ab T a’b T aba;

(iii) S is m-regular and (Va,b € S)(3n € ZT) (ab)"™ € a*bSa;

(iv) S eCrR with (xy)° = (22y)° = (zyz)°.

Theorem 2.11. [26] The following conditions on a semigroup S are equivalent:
(1) S is a normal band of w-groups;

(ii) S s completely mw-regular and for all a,b,c,d € S, abed T acbd;

(i1g) S is w-regular and (Va,b,c € S)(In € Z1) (abe)™ € acSac;

(iv) S €CrR with (ryzu)’ = (zzyu)’.

Theorem 2.12. [26] The following conditions on a semigroup S are equivalent:
(i) S is aleft normal band of w-groups;

(i1) S is completely w-regular and for all a,b,c € S, abc T acb;

(i13) S is w-regular and (VYa,b,c € S)(In € Z1) (abc)"™ € acSa;

(iv) S €CaR with (xyz)° = (zzy)°.

A semigroup S is a GV -inverse semigroup if S € CAoS and every regular
element of S possesses a unique inverse, [71].

Theorem 2.13. The following conditions on a semigroup S are equivalent:

(i) S is GV-inverse;

(ii) S s a semilattice of w-groups;
(its) S € CAoS and for every e, f € E(S) there exists n € Z* such that
(ef)" = (fe)™;
) SenR and Reg(aS) = Reg(Sa), forall a € S;
) SenR and a=azxa implies ar = xa;
) SenR and L*=TR*%
(vii) S e€rmR and (ab)",(ba)" € E(S) implies (ab)" = (ba)", a,b€ S, n€ Z*;
) SenR and H*=TJ%;
) SeTRNTA0S;

) S s the disjoint union of w-groups and for every e, f € E(S) there exists

n€Z% suchthat (ef)" = (fe)";

(zi) S is completely w-reqular and ab 7 ba for all a,b € S;

(xii) (Va,b € S)(In € ZT) (ab)™ € b*"Sa?";
(ziii) S € CaR with (xy)° = (yz)°.

The equivalences (i) < (it) < (viit) < (x) are from M.L.Veronesi [172],
the conditions (iv) and (vi) are from [71], (vii) is from [113], (zii) is from [17]
and (v) and (iz) are from [14].

Theorem 2.14. [33] A semigroup S is a band of w-groups and E?*(S) = E(S)
if and only if S € CtR and (zy)° = 2%°.
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Theorem 2.15. The following conditions on a semigroup S are equivalent:
(i) SeCrR with Ty =YT;
(i) S € CnR and there are no semigroups As, Bs, Lo, Ry and V among
epifactors of S;
(iii) S s a semilattice of m-groups and E?(S) = E(S);
(iv) S is a semilattice of w-groups and Gr(S) is a subsemigroup of S;
(v) SelCrR with (zy)° = y°2;
(vi) S is a semilattice of w-groups and ef = fe for all e, f € E(S5).

The equivalences (i) < (i) < (iii) < (iv) are from JI.H.Illespun [143].

Lemma 2.2. Let S €CrR. Then E%*(S)= E(S) if and only if (2°4y°)° = 2%°
in S.

Theorem 2.16. A semigroup S 1is a semilattice of nil-extensions of rectangular
groups and E?(S) = E(S) if and only if S € CtR with (xy)° = (zy)°(yx)°(xy)°
and (xy)°? = 2%)°.

Theorem 2.17. [113] S is commutative and S is a GV -inverse semigroup if
and only if S is w-reqular (completely w-reqular) and for all a,b € S,

a—b = ab=ba.

Theorem 2.18. [79] If S is completely w-regular and J C 7, then S is a
semilattice of m-groups.

2.3. Chains of completely Archimedean semigroups

Theorem 2.19. [14] S is a chain of completely Archimedean semigroups if and
only if S€CAoS and for every e, f € E(S), e€efS or fe€ feS.

Theorem 2.20. [14,20] The following conditions on a semigroup S are equiva-
lent:
(1) S is a chain of nil-extensions of rectangular groups;
(ii) S is completely w-reqular and E(S) is a chain of rectangular bands;
(tii) S€CAoS and E(S) is a chain of rectangular bands;
(iv) S€CAoS and e=efe or f= fef foradll e, fe E(S);
(v) SelCrR with 2°=2%"" v 3% =990,

Corollary 2.1. [14] S s a chain of w-groups if and only if S is completely
m-reqular and E(S) is a chain.

Corollary 2.2. [20] S is a chain of nil-extensions of periodic rectangular groups
if and only if S is periodic and E(S) s a chain of rectangular bands.

Theorem 2.21. [20] The following conditions on a semigroup S are equivalent:
(1) S is a chain of nil-extensions of rectangular bands;

(ii) (Va,b € S)(In € Z*) a®* = a"ba™ V b*" = b"ab";

(#7i1) S €mR and Reg(S) is a chain of rectangular bands.
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Theorem 2.22. [20] The following conditions on a semigroup S are equivalent:
(i) S is a chain of nil-extensions of left and right groups;
(1) for every a,b €S there exists n € ZT such that
a” € a®S(ab)" U (ba)"Sa* or b" € b?"S(ba)™ U (ab)"Sb?" ;
(i4i) S is completely w-regular and for every e,f € E(S), ef € {e,f} or
feede [}

Theorem 2.23. [14,20] The following conditions on a semigroup S are equiva-
lent:

(i) S is a chain of nil-extensions of left groups;

(i1) (Va,b€ S)(3n € Z) a™ € a®S(ab)™ U (ba)"Sa?";
(i5i) S is completely w-regular and for every e, f € E(S), ef =e or fe=f;
(iv) SeCrR with 2°=a2%" v 30 =y°20.

Theorem 2.24. [20] The following conditions on a semigroup S are equivalent:
(i) S is a chain of nil-extensions of singular bands;

(it) (Va,be S)(Ane€eZt)a™=a"b V a" =ba™ V V" =b"a V b" = ab";

(#i1) S e nR, Reg(S)= E(S) and E(S) is a chain of singular bands.

Corollary 2.3. [20] The following conditions on a semigroup S are equivalent:
(i) S s a chain of nil-extensions of left zero bands;

(i) (Va,be S)(In € ZT) a® =a™b V b = b"a;

(i55) S e€nR, and for all a,b € Reg(S), ab=a or ba=Vb.

In connection with a study of a lattice of subsemigroups of some semigroup the
important place is captured by U-semigroups. A semigroup S is a U-semigroup
if the union of every two subsemigroups of S is a subsemigroup of S, which
is equivalent with zy € (x) U (y) for all x,y € S. A more detailed de-
scription can be find in M.Petrich [103]. These semigroups have been considered
more recently, predominantly in special cases. Here we present some general re-
sults of Rédei’s bands of m-groups. Several special cases of this the reader can
find in E.T".IOyros [150], N.Kimura, T.Tamura and R.Merkel [82], E.C.Jlamun
n A.E.Escees [87], A.E.Escees [64], B.Trpenovski [141], S.Bogdanovi¢, P.Krzov-
ski, P.Proti¢ and B.Trpenovski [34], J.Pelikdan [100], B.Pondelicek [111], L.Rédei
[125], S.Bogdanovi¢ and B.Stamenkovi¢ [35], B.Trpenovski and N.Celakoski [142],
S.Bogdanovi¢ and M.Ciri¢ [20] and M.Ciri¢ and S.Bogdanovié [41].

A semigroup S is a Rédei’s band if zy =2 or zy=y for all z,y €S, [125].

Theorem 2.25. [26] The following conditions on a semigroup S are equivalent:
(i) S s a Rédei’s band of w-groups;

(i) S has a retract K which is a Rédei’s band of groups and K = S;

(i17) (Va,b € S)(In € Z1) a™ € (ab)"S(ab)™ V b" € (ab)™S(ab)™.

Corollary 2.4. [26] A semigroup S is a Rédei’s band of groups if and only if
(Va,b e S) a € abSab vV b€ abSab .

Let n € ZT. A semigroup S is a generalized U, 1-semigroup or simply
GU,+1-semigroup if S satisfies the following condition:
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(Ve1, T2y o Tpg1)(3m) (T122 - Tpg1)™ € (x1) U(m2) U U (Tpg1) -
A GUs-semigroup we call GU-semigroup. A chain Y of semigroups S,, a« €Y,
is a GU,11-chain of semigroups if for all aq,as,...ap41 €Y such that o; # «;
for some 4,j € {1,2,... ,n+1}, and for all z; € S,,, k€ {1,2,... ,n+1} there
exists m € Z1 such that (122 Zpi1)™ € (1) U (x2) U... U {(xptq), [18,43].

Theorem 2.26. [43] The following conditions on a semigroup S are equivalent:
(i) S is a Rédei’s band of periodic m-groups;

(i1) S is a w-reqular GU, 1 -semigroup;
(791) S s a periodic GUy1-semigroup;
(iv) S is a GUp41-chain of retractive nil-extensions of periodic left and right

groups;
(v) S is a w-regular GU-semigroup;

(vi) S s a periodic GU-semigroup;

(vii) S contains a retract K which is a regular GU-semigroup and VK = S;

Theorem 2.27. [43] The following conditions on a semigroup S are equivalent:
(i) S s aleft zero band of periodic w-groups;

(i) S is a w-reqular GU-semigroup and E(S) is a left zero band;

(#i1) S s a retractive nil-extension of a periodic left group.

A semigroup S is a U,41-semigroup if

(Ve1, 22, ... ,Tpt1 €5) 1o+ 2y € (1) U (@) U U(Zpyi1),
n € ZT. A band I of semigroups S;, i € I, is a U, 1-band of semigroups if
X1Zo Tpg1 € (x1) U me) U - U{(Tpy1), forall xq € S;,, 22 € S4,,... ,Zpy1 €

Si,.., such that iy # i, for some k,I € {1,2,...,n}. One defines analogously
Upy1-semilattice and Uy, y1-chain of semigroups.

Theorem 2.28. [21] The following conditions on a semigroup S are equivalent:
(i) S is a Upt1-semigroup;
(i1) S is a Uny1-chain of retract extensions of U-groups and singular bands by
Uy, 41 -nil-semigroups;

(#i1) S is a Up+1-bands of ideal extensions of U-groups by Uy 11-nil-semigroups.
Theorem 2.29. [21] A semigroup S is a Upi1-semigroup and Reg(S) is an
ideal of S if and only if for every z1,x9,... 241 €5,

+1
(1) x1x2-~-xn+1eéu {xf | k‘22}.

i=1

Corollary 2.5. [21] A semigroup S s a retract extension of a regular U-
semigroup by a Up41-nil-semigroup if and only if S satisfies (1).

Chapter 3. Nil-extensions of (completely) regular semigroups
3.1. The general case
Here we will consider m-regular semigroups S in which Reg(S) is an ideal,

predominantly 7-regular semigroups in which Reg(S) = Gr(S) is an ideal (see
also Theorem 2.1.(v)).
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Theorem 3.1. [23] A semigroup S is a nil-extension of a reqular semigroup if and
only if for every x,a,y € S there exists n € ZT such that za™y € za"ySza™y.

Theorem 3.2. [23] A semigroup S is a nil-extension of a union of groups if and
only if for every x,a,y € S there exists n € ZT such that za™y € xa"yxSxa™y.

Theorem 3.3. The following conditions on a semigroup S are equivalent:
(i) S is a nil-extension of a semilattice of left and right groups;
(11) (Vz,a,y € S)(In € ZT) za™y € xa"ySya™x Uya™rSwa™y;
(iii) for all a,b€ S and z,y € S' there exists n € Z such that
z(ab)™y € x(ab)"ySy(ba)"x U x(ba)"ySx(ab)™y;
(iv) S is w-reqular and for all x,a,y € S there exists n € Z* such that
za™y € xa"ySyx UyxSzay.

The equivalence (i) < (i) is from S.Bogdanovi¢ and M.Ciri¢ [23].

Theorem 3.4. The following conditions on a semigroup S are equivalent:
(i) S s a nil-extension of a semilattice of left groups;
(it) (Vz,a,y € S)(In € ZT) za"y € za™ySya"x;
(iii) (Va,b e S)(Vz,y € S1)(In € ZT) z(ab)™y € z(ab)"ySy(ba)"z;
(iv) S is w-regular and for all w,a,y € S there exists n € ZT such that
xa™y € xST.

The equivalences (i) < (i) and (i) < (iv) are from S.Bogdanovié¢ and
M.Ciri¢ [23] and [28], respectively.

Theorem 3.5. [23] The following conditions on a semigroup S are equivalent:
(1) S is a nil-extension of a semilattice of groups;
(1) S s a retractive nil-extension of a semilattice of groups;
(#5i) (Vx,a,y € S)(3n € Z1) za™y € va™ySya™x Nya*xzSra™y;
(iv) S is m-reqular and for all wm,a,y € S there exists n € Zt such that
xay € xSx NySy.

Corollary 3.1. [23] A semigroup S s a nil-extension of a group (w-group) if
and only if for all a,b € S there exists n € Zt such that a™ € b"SH™.

Several other characterizations for m-groups the reader can found in P.Chu,
Y.Guo and X.Ren [41].

Corollary 3.2. [23] A semigroup S is a nil-extension of a periodic group if and
only if for all a,b € S there exists n € Z* such that a™ = b".

Lemma 3.1. [37] If S is a w-reqular semigroup all of whose idempotents are
primitive, then S is completely m-regular with the maximal subgroups given by

G. = eSe, e € E(S).
A simple semigroup with a primitive idempotent is completely simple.

Theorem 3.6. [94] A simple semigroup S is completely simple if and only if S
is completely w-reqular.

A semigroup S is weakly cancellative if for any a,b € S, ax = br and xa = zb
for some z €S imply a =0, [102].
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Theorem 3.7. The following conditions of a semigroup S are equivalent:
(i) S is completely Archimedean;
(i1) S is a nil-extension of a completely simple semigroup;
(#31) S is Archimedean and completely m-reqular;
(iv) S is mw-regular and all idempotents of S are primitive;
(v) S is Archimedean and contains at least one minimal left and at least one
mainimal Tight ideal;
(vi) S is Archimedean, w-regular and Reg(S) is weakly cancellative subsemigroup
of S;
(vii) S s w-regular and Reg(S) s an ideal of S, in which a = axa implies
T = zax;
(viii) (Va,b € S)(In € Z1) a™ € a"bSa".

The equivalences (i) < (iv) < (viii) are from S.Bogdanovi¢ and S.Mili¢ [37]
and (i) & (it) < (v) are from J.L.Galbiati and M.L.Veronesi [72].

Corollary 3.3. The following conditions on a semigroup S are equivalent:
(i) S is Archimedean and periodic;
(i1) S is w-regular and for every x,y € S, xy =yx implies ™ =y™ for some
neZt;
(7it) S s a nil-extension of a completely simple periodic semigroup.

Theorem 3.8. [113] The following conditions of a semigroup S are equivalent:
(i) S is a nil-extension of a rectangular group;

(i3) S s a subdirect product of a group and a nil-extension of a rectangular band;

(7it) S is a subdirect product of a group, a nil-extension of a right zero semigroup
and a nil-extension of a left zero semigroup.

Theorem 3.9. [37] A semigroup S s a nil-extension of a rectangular band if
and only if for all a,b € S there exists n € ZT such that a™ = a™ba™.

Theorem 3.10. [37] The following conditions on a semigroup S are equivalent:
(i) S is a nil-extension of a left group;

(i) S s left Archimedean and contains an idempotent;

(w5i) S is w-regular and E(S) is a left zero band;

(iv) for all a,b€ S there exists n € ZT such that a™ € a"Sa"b.

Theorem 3.11. [37] A semigroup S is a nil-extension of a left zero band if and
only if for all a,b € S there exists n € ZT such that a™ = a™b.

Corollary 3.4. [37] A semigroup S is a nil-semigroup if and only if for all
a,b € S there exists n € ZT such that a™ = ba™ = a"b.

Theorem 3.12. [37] Let S be a semigroup. If
(Va € S)(Fr1z € S)(In € ZT) a™ = za™T!

then S s a nil-extension of a left group.
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Theorem 3.13. [37] Let S be a semigroup. If
(Va € S)(F1z € S)(3n € ZT) a™ = a"xa™
then S is a mw-group.

The following theorem is proved by T.Tamura:

Theorem 3.14. A semigroup S is a w-group if and only if S is an Archimedean
semigroup with exactly one idempotent.

Theorem 3.15. A semigroup S is a nil-extension of a periodic left group if and
only if for all a,b € S there exists n € Z+ such that a™ = a™b".

3.2. Retractive nil-extensions of regular semigroups

A retract extensions can be more easily constructed than many other kinds of
extensions, it is of interest to know whether a given extension is a retract extension.
The purpose of this section is to present criterions for retractive nil-extensions, es-
pecially for the very important class of regular semigroups. Also, we summarize the
results of retractive nilpotent extensions of regular semigroups. The constructions
of retractive (nilpotent) extensions are given in [38].

Theorem 3.16. [27] A semigroup S is a retractive nil-extension of a reqular
semigroup K if and only if S is a subdirect product of K and a nil-semigroup.

Corollary 3.5. [113] A semigroup S is a retractive nil-extension of a rectangular
group if and only if S is a subdirect product of a group, a left zero semigroup, a
right zero semigroup and a nil-semigroup.

A semigroup S is an n-inflation of K if it is a retractive extension of K by
a (n 4+ 1)-nilpotent semigroup. A 1-inflation is an inflation.

Corollary 3.6. [27] A semigroup S is an n-inflation of a regular semigroup K
if and only if S is a subdirect product of K and a (n+ 1)-nilpotent semigroup.

Lemma 3.2. [23] Let S be a nil-extension of a union of groups T. Then every
retraction ¢ of S onto T has the representation @(a) = ea, a € S, where

e € E(S) such that a € \/G.

Theorem 3.17. [19,28] The following conditions on a semigroup S are equiva-
lent:

(i) S is a retractive nil-extension of a union of groups;

(i1) for every a,b,c € S there exists n € ZT such that

c(ab)™ € c(ab)"Se(ab)™  and (ab)™c € e(ab)™cbS(ab)™cf ,
where e, f € E(S) such that a € /G, c € \/CTf
(iid) S s w-reqular and for all x,a,y € S there exists n € ZT such that
ray € x2Sy?;
(iv) S is a subdirect product of a union of groups and a nil-semigroup.
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Corollary 3.7. [28,38] The following conditions on a semigroup S are equivalent:
(i) S s an n-inflation of a union of groups;
(ii) xS" "ty =a228"y?, forall x,y € S;
(7i1) S s a subdirect product of a union of groups and an (n + 1)-nilpotent semi-
group.

Theorem 3.18. [30] A semigroup S is a retractive nil-extension of a band of
groups if and only if S is w-reqular and for all x,a,y € S there exists n € ZT
such that xa™y € x?aSay?.

Corollary 3.8. [30] Let n€Z™, n>3. Then a semigroup S is an n-inflation
of a band of groups if and only if xaS™ 3by C x2aS™by?, for all x,a,b,y € S.

Corollary 3.9. [30] A semigroup S is a 2-inflation of a band of groups if and
only if way € x*aSay?, for all x,a,y € S.

Corollary 3.10. [30] A semigroup S is an inflation of a band of groups if and
only if xy € x*ySxy?, for all z,y € S.

Theorem 3.19. [30] A semigroup S is a retractive nil-extension of a left reqular
band of groups if and only if S s w-regular and for all x,a,y € S there exists
n € Z* such that xa"y € x?aSx.

Corollary 3.11. [30] Let n € ZT, n > 2. Then a semigroup S is an n-
inflation of a left regular band of groups if and only if raS" 2y C 22aS™x, for all
z,a,y €S5.

Corollary 3.12. [30] A semigroup S s an inflation of a left reqular band of
groups if and only if vy € x?ySx, for all x,y € S.

Theorem 3.20. [30] The following conditions on a semigroup S are equivalent:
(i) S is a retractive nil-extension of a normal band of groups;
(i1) S is w-reqular and for all x,a,y € S there exists n € Z* such that
xa™y € xyaSaxy;
(i5i) S € CAoS and for all z,a,y € S there exists n € Z* such that
zxay € xySxy.

Corollary 3.13. [30] Let n € Z*, n>2. Then a semigroup S is an n-inflation
of a normal band of groups if and only if xS" 'y C xyS"xy, for all x,y € S.

Theorem 3.21. [30] A semigroup S is a retractive nil-extension of a left normal
band of groups if and only if S is w-reqular and for all xz,a,y € S there exists
n € Zt such that xa™y € xySz.

Corollary 3.14. [30] Let n € Z*, n > 2. Then a semigroup S is an n-inflation
of a left normal band of groups if and only if xS" 'y C xyS™z, for all x,y € S.

Theorem 3.22. The following conditions on a semigroup S are equivalent:
(i) S is a retractive nil-extension of a completely simple semigroup;
(i) S s a rectangular band of T-groups;
(iii) S is completely Archimedean and for all a € S, z,y € S* there exists
p,q,r,s € ZT such that
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(zay)PS = (zva’y)PS and S(xay)" = S(xa’y)®;
(iv) for all a,b,c € S there exists m € ZT such that
ac € ea™bSa"cf and ca™ € fca™bSa e
where a € \/G., c € \/Gy;
(v) S s an Archimedean semigroup with an idempotent and for every a,b € S
there exists m € Zt such that (ab)"™ € a®Sb?;
(vi) S is a subdirect product of a completely simple semigroup and a nil-semigroup.

The equivalences (i) <« (i) < (i4) are proved by J.L.Galbiati and
M.L.Veronesi [69]. The condition (vi) is given by JI.H.Illespun [146] and this is
also a consequence of Theorem 3.16. The condition (iv) is from S.Bogdanovié¢ [19]
and (v) is from S.Bogdanovié and M.Ciri¢ [28].

Corollary 3.15. A semigroup S is a retractive nil-extension of a periodic com-
pletely simple semigroup if and only if S is a rectangular band of nil-extensions of
periodic groups.

Corollary 3.16. A semigroup S s a retractive nil-extension of a rectangular
band if and only if S s a rectangular band of nil-semigroups.

Theorem 3.23. [28] A semigroup S is a retractive nil-extension of a semilattice
of left and right groups if and only if S s w-reqular and for all x,a,y € S there
exists m € ZT such that xa™y € x2Sy*x Uyx?Sy>.

Corollary 3.17. [28] A semigroup S is an n-inflation of a semilattice of left and
right groups if and only if xS™" 'y C 22S"y%x U yz2S™y? (zy € 22Sy%x U yx?Sy?,
if n=1), foral z,y€S.

Theorem 3.24. [28] A semigroup S is a retractive nil-extension of a semilattice
of left groups if and only if S is w-regqular and for oll z,a,y € S there exists
n € Z* such that xa™y € x2Sw.

Corollary 3.18. [28] A semigroup S is an n-inflation of a semilattice of left
groups if and only if xS" 'y C 22S"x (vy € %Sz, if n=1), forall x,y € S.

Theorem 3.25. The following conditions on a semigroup S are equivalent:
(i) S is a retractive nil-extension of a left group;
(i1) S s a left zero band of w-groups;
(i13) S is left Archimedean with an idempotent and for all a € S, x,y € S* there
exists p,q,r,s € ZT such that

(zay)?S = (xa’y)1S and S(zay)" = S(xay)*;
(iv) S is completely w-reqular and for all a,b,c € S there exists n € Z* such
that ca™ € gca™Sa™f, where f,g € E(S) such that be /Gy, c € \/Gy;

(v) S is Archimedean w-regular and for all a,b € S there exists n € Z* such
that (ab)™ € a®Sa.

The equivalences (i) < (i) < (it4) are from J.L.Galbiati and M.L.Veronesi
[69]. The condition (iv) is from S.Bogdanovié¢ [19] and (v) is from S.Bogdanovié
and M.Cirié¢ [28].
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3.3. Nil-extensions of bands

Theorem 3.26. [23,126] The following conditions on a semigroup S are equiv-
alent:
(i) S is a nil-extension of a band;
(ii) (Va,a,y € S)(3n € ZT) xa™y = (za"y)?%;
(i4i) S s periodic and E(S) is an ideal of S;
() S is a semilattice of nil-extensions of rectangular bands and SeS = E(S)
for all e € E(S5).

A construction for semigroups from Theorem 3.26. is given by X.M.Ren and
Y.Q.Guo [126].

Theorem 3.27. [23] A semigroup S is a nil-extension of a semilattice of singular
bands if and only if for all a,b € S and a,y € S* there exists n € Z* such that
x(ab)™ = z(ab)"yxbay or xz(ab)™y = xbayxz(ab)™y.

Corollary 3.19. [23] A semigroup S s a nil-extension of a semilattice of left
zero bands if and only if for all a,b € S and a,y € S' there exists n € ZT such
that x(ab)™ = x(ab)"yxbay.

Corollary 3.20. [126] The following conditions on a semigroup S are equivalent:
(i) S is a nil-extension of a left reqular band;
(i) S is a semilattice of nil-extensions of left zero bands, E(S) is a left ideal
of S and eae =ea=-ea® forall a€ S, ec E(S);
(iii) S is periodic, E(S) is a left ideal of S and eae = ea = ea® for all
a€csS, ec ES).

Theorem 3.28. [126] The following conditions on a semigroup S are equivalent:
(1) S s a nil-extension of a semilattice;
(i1) S is a semilattice of nil-semigroups and ea = ae = a’e for all a € S, e €
E(S);
(iii) S s periodic and ea = ae = a®e for all a € S, e € E(S).

Theorem 3.29. [23] A semigroup S is a nil-extension of a chain of rectangular
bands if and only if for all a,b€ S and x,y € S' there exists n € Zt such that
ra™y = (za"ba"y)? or xb"y = (xb"ab"y)?.

Corollary 3.21. [23] A semigroup S is a nil-extension of a chain of left zero
bands if and only if for all a,b € S and x,y € S' there evists n € ZT such that
ra"b"y = (za"y)? or xb"a"y = (xb"y)?.

Corollary 3.22. [23] A semigroup S is a nil-extension of a Rédei’s band if
and only if for all a,b € S and xz,y € S* there exists n € ZT such that
ra™b"y = (za™y)? or xa™b"y = (zb"y)?.

Theorem 3.30. [23] A semigroup S is a retractive nil-extension of a band if
and only if for all a,b € S and xz,y € S' there evists n € Z* such that
z(ab)"*y = (za"TFOHEY)2 for all k€ Z7.
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Theorem 3.31. [23] A semigroup S is a retractive nil-extension of a rectangular
band if and only if for all a,b,c € S there exists n € Zt such that (ac)"t* =
a™tkbe R for all k€ ZT.

Theorem 3.32. [23] A semigroup S s a retractive nil-extension of a left zero
band if and only if for all a,b € S there exists m € Z* such that (ab)" = a*"T1.

Theorem 3.33. [23] A semigroup S is a retractive nil-extension of a semi-
lattice of singular bands if and only if for all a,b,€ S and z,y € S' there
exists m € ZT such that z(ab)"T*y = za"tFERyabntRan TRy or x(ab)"try =
bRyt Rypar TRy thy o for all ke Z7.

Corollary 3.23. [23] A semigroup S is a retractive nil-extension of a semilattice
of left zero bands if and only if for all a,b,€ S and z,y € S* there exists n € Z+
such that x(ab)"**y = za"tkonthypbntharthy - for all k€ ZF.

Theorem 3.34. [23] A semigroup S is a retractive nil-extension of a Rédei’s
band if and only if for all a,b,€ S and x,y € S' there exists n € Z* such that
z(ab)™y = (za™y)? or x(ab)"y = (xb"y)2.

3.4. Primitive m-regular semigroups

Various characterizations for primitive regular semigroups has been obtained
by T.E.Hall [78], G.Lallement and M.Petrich [86], G.B.Preston [112], O.Steinfeld
[135] and P.S.Venkatesan [170,171] (this appeared also in the book of A.H.Clifford
and G.B.Preston [58]). J.Fountain [68] considered primitive abundant semigroups.
In this section some characterizations of primitive w-regular semigroups are given,
which generalize the previous results for primitive regular semigroups.

An ideal I of a semigroup S = S° is a nil-ideal of S if I is a nil-semigroup.
By R*(S) we denote Clifford’s radical of a semigroup S = S°, i.e. the union of
all nil-ideals of S (it is the greatest nil-ideal of S).

Lemma 3.3. [31] Let S = S° be a semigroup. If eS ( Se) is a 0-minimal
right (left) ideal of S generated by a nonzero idempotent e, then e is primitive.

A nonzero idempotent e of a semigroup S = S° which generates 0-minimal
left (right) ideal is called left (right) completely primitive. An idempotent e is
completely primitive if it is both left and right completely primitive. A semigroup
S is (left, right) completely primitive if all of its nonzero idempotents are (left,
right) completely primitive. In regular semigroups the notions ”primitive” and
”completely primitive” coincide.

Lemma 3.4. [31] Let S =5° be a regular semigroup and let e € E(S*). Then
e is primitive if and only if eS ( Se ) is a 0-minimal left (right) ideal of S. O

Theorem 3.35. [31] The following conditions on a semigroup S = S° are
equivalent:

(1) S s a nil-extension of a primitive reqular semigroup;

(1) S is a completely primitive w-reqular semigroup;
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(#i1) S is completely w-reqular and SeS is a 0-minimal ideal of S for every
e € E(S*);
(iv) S s a primitive w-regular semigroup and R*(SE(S)S) = {0}.

Theorem 3.36. [31] The following conditions on a semigroup S are equivalent:
(i) S is a primitive w-regular semigroup;
(ii) S is an ideal extension of a nil-semigroup by a completely primitive w-reqular
Semigroup;
(1it) S is a nil-extension of a semigroup which is an ideal extension of a nil-
semigroup by a primitive regular semigroup.

Corollary 3.24. [31] A semigroup S = S° is a completely primitive w-inverse
semigroup if and only if S is a nil-extension of a primitive inverse semigroup.

Corollary 3.25. [31] The following conditions on a semigroup S are equivalent:
(1) S s a primitive w-inverse semigroup;
(i1) S is an ideal extension of a nil-semigroup by a completely primitive w-inverse
semigroup;
(t5i) S is a nil-extension of a semigroup which is an ideal extension of a nil-
semigroup by a primitive inverse semigroup.

Chapter 4. Decompositions induced by identities
4.1. Basic definitions

By A% we denote the free semigroup over an alphabet A and by A* we
denote the free monoid over an alphabet A. By |u| we denote the length
of a word uw € AT and by |z|, we denote the number of appearances of the
letter = in w. A word v € A" is a subword (left cut, right cut) of a word
uwe AT if v |u (v \ u, v | w). If we At, |u| > 2, then by h®(u) (t®(u))

we denote the left (r1ght) cut of u of the length 2. By h(u) (t(u)) we denote
the head (tail), by i(u) (f(u)) we denote the initial (final) part, by l(u) (r(u))
we denote the left (right) part, by u we denote the mirror image and by c(u)
we denote the content of the word w [103]. For a word uw € AT by I(u) we
denote the set TI(u) ={x € A| |z, =1}, by uw=u(z1,...,z,) we denote that
c(u) ={z1,...,xp}. If ue At andlet z € A, thenby z | u (z | u) we
l r
denote that v =zu/, v € AT, ztu (u=v'z, v’ € AT, z{u ), where "’ is
the complement of ”|”. Otherwise we write = Jfu (« }fu ). Since in this chapter

l
we consider free semigroups over finite alphabets, then we introduce the following
notations for finite alphabets: For n € Z*, n >3, A, = {z1,22,... ,2,}, and
AQ = {IL‘, y}
Let u € A} andlet S be a semigroup. By a wvalue of the word u in the
valuation @ = (ay,...,a,) € S we mean the element wu(a) = F(u) € S, where
F: Af — S is the homomorphism determined by F(z;) = a;, i € {1,2,... ,n}.
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By [u =v] we denote the variety determined by the identity « = v. Identities
uw=wv and u = v over an alphabet Al are p-equivalent if v’ =1’ can be
obtained from uw =wv by some permutation of letters. It is clear that p-equivalent
identities determines the same variety. If X is a class of semigroups, then u =v
is an X-identity if [u=v] CX. If X} and X, are classes of semigroups, then
u=v isa X > Xe-identity if [u=v]NA; C Xs.

Throughout this chapter we will consider problems of recognition of identities
which induce several types of semigroup decompositions, i.e. problems of the fol-
lowing two types:

(P1) if X s a class of semigroups, find all X-identities;
(P2) if X1 and Xy are classes of semigroups, find all Xy > Xo-identities;

4.2. Identities and semilattices of Archimedean semigroups

An identity w = v is homotype if c¢(u) = ¢(v) and it is heterotype if c(u) # c(v).
The homotype identities will be considered firstly, i.e. the identity of the form

(1) u(xy, o, ..., xn) = v(T1, T2, ... ,Tp)-
Lemma 4.1. [44] Let ¥ be an equivalence on A;r determined by the partition
Co={(ay)"x | n € ZXU{0} }, Cp={(yx)"y | n € Z"U{0} },
Cap ={(zy)" In€Z"}, Cho={(yz)" | n€Z'},
Co= A5 — (Co UC,UCyp U Chy).

Then 9 is a congruence and the factor Aj /Y is isomorphic to Bs.

By the following theorem some characterizations of all identities which induce
decompositions into a semilattice of Archimedean semigroups are given.

Theorem 4.1. [44] The following conditions for an identity (1) are equivalent:
(¢) (1) is an Ao S-identity;
(ii) (1) is not satisfied in the semigroup Bs;
(iii) there exists a homomorphism T : A} — AT such that (T(u),T(v)) ¢ 9;
(iv) there exists a homomorphism T : AY — AJ and a permutation 7 of a set
{u,v} such that one of the following conditions hold:
(A1) T(w(u)) € Cap and T(m(v)) & Cap;
(A2) T(w(u)) € Cp and T(w(v)) ¢ Cq;
(v) there exists k€ ZT and w € Cy C A such that [u=v] C [(zy)* = w].

For one description of identities satisfied on By we refer to the paper of
I''VI.MamteBunkuii [176].

Several special types of AoS-identities are considered by T.Tamura and N.Kimu-
ra [161], J.L.Chrislock [39], T.Tamura and J.Shafer [164], T.Tamura and T.Nordahl
[163], T.Nordahl [97], M.B.Camup un E.B.Cyxanos [130]. By Theorem 4.1. it fol-
lows that permutation identities, i.e. identities of the form zizs...xz, = Tr(1)Tr(2)
-+-Zr(n), where 7 is a nonidentical permutation of a set {1,2,...,n}, and
quasi-permutation identities, i.e. identities of the form zy...vrp_1yTK41...2, =
Tr(1y .- xﬂ(l,l)ny,r(l) .o Tr(ny, where m is a permutation of a set {1,2,...,n},
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are Ao S-identities. For connections with semigroup varieties see JI.H.Illespun u
M.B.Bouaxos [151].

Theorem 4.2. [44] The identity (1) is a mR>CAoS-identity if and only if (1)
is an Ao S-identity.

Theorem 4.3. [44] Let X be any variety of semigroups. The following conditions
are equivalent:

(i) XCAoS;
(i1
i

)

) X not contain the semigroup Ba;

(t5i) every regular semigroup from X is completely regular;

(iv) every completely 0-simple semigroup from X have not zero divisors;

(v) in every semigroup with zero from X the set of all nilpotents is a subsemi-
group;

(vi) in every semigroup with zero from X the set of all nilpotents is an ideal.

For other connections of these results with semigroup varieties we refer to M.B.
Canup u E.B.Cyxanos [130], M.Schutzenberger [131], JI.H.IlTespur u M.B.Bou-
koB [151] and JI.H.Illespun u M.B.Cyxanos [152].

Theorem 4.4. [44] The following conditions for an identity (1) are equivalent:
(i) (1) isa TR> (LG oN)oS-identity;

(#3) (1) is not satisfied in semigroups By and Rs;

(#i) (1) is an Ao S-identity and t(u) # t(v).

Corollary 4.1. [44] The following conditions for an identity (1) are equivalent:
(1) (1) isa 7R>(GoN) o S-identity;

(it) (1) is not satisfied in semigroups Ba, Ro and Lo;

(#i1) (1) is an Ao S-identity, h(u) # h(v) and t(u) # t(v).

Note that the description of LA o S-identities and 7 .4 o S-identities in general
case is an open problem. In the section 4.5. these identities over the twoelement al-
phabet will be described. Semigroups satisfying the identity x1 ... ZmTm41 -+« Tt
= Tpmal-TmanTl -« Tm, myn € ZT, called (m,n)-commutative semigroups are
considered by I.Babcsdny [5], I.Babcesdny and A.Nagy [6], S.Lajos [83,84,85] and
A Nagy [95,96]. S.Lajos in [83] proved that these identities are 7.4 o S-identities.

Theorem 4.5. [44] The following conditions for an identity (1) are equivalent:
(i) (1) isa 7R>(CS®N) o S-identity;

(i) (1) is not satisfied in semigroups Ba, Lsi and Rsq;

(i33) (1) is an Ao S-identity, h®(u) # hP(v) and tP(u) # 3 (v).

Corollary 4.2. [44] The following conditions for an identity (1) are equivalent:
(i) (1) isa 7R> (LG ®N) o S-identity;

(#9) (1) is not satisfied in semigroups Bz, Ls1 and Ry;

(i33) (1) is an Ao S-identity, h®(u) # hP(v) and t(u) # t(v).
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4.3. Identities and bands of m-groups

For an identity (1), by p; we denote the number
pi = [|@ilu — |@ilo] ,
i€ {l,2,...,n}. Anidentity (1) is periodic if p; # 0 for some i€ {1,2,... ,n}.
In such a case the number p = ged(py,...,pn) is the period of the identity (1).
Otherwise we say that (1) is aperiodic and that it is of the period p =0, [44].
Periodic identities have been considered with various names, but, following the
sense of the Proposition 4.1, we will use the previous name.

Proposition 4.1. [44] The following conditions on an identity (1) are equivalent:
(1) [u=v] consists of w-regular semigroups;

(ii) [u=wv] consists of completely m-reqular semigroups;

(i4i) [u =] consists of periodic semigroups;

(iv) (1) is a periodic identity.

Let (1) be an identity for which
z(u) = Z(U) = xﬂ(l)mﬂ(g) e ajﬂ(n)
for some permutation m of aset {1,2,...,n}. For k€ {1,2,... ,n—1} by ug
(vi) we denote the left cut of w (v) of the greatest length which contains exactly
k letters (i.e. which not contains the letter xr(x11)). It is clear that
Uk = uk(xw(l), N ,l‘ﬂ(k)) , U = ’Uk(xﬂ(l), [ 71‘7r(k)) .
For ke {1,2,...,n—1} and i€ {1,... ,k} we will use the notation
lk,z’ = Hxﬂ'(l)|uk - |£E7T(1,)|Uk| .

An identity (1) is an identity with left distortion if i(u) # i(v). Otherwise,
(1) is without left distortion. Similarly we define identities with (without) right
distortion, [44].

We define the left characteristic | of an identity (1) in the following way:

(1) 1=1, if (1) is an identity with left distortion;
(#4) 1 is the greatest common divisor of integers
D, i, 1<k<n—-1,1<i<k,
if (1) is without left distortion and some of integers p and I, is different to O0;

(#91) 1=0, if (1) is without left distortion and all of numbers p and l; are
equal to 0, [44].

By right characteristic of an identity (1) we mean the left characteristic of the
identity w = 7.

Theorem 4.6. [44] The following conditions for an identity (1) are equivalent:
(i) (1) isa TR>(GoN) o B-identity;
(#3) (1) is not satisfied in semigroups Bz, Ls1, Rs1, LZ(d) and RZ(d) for
decZt, d>2;
(i1i) (1) is a 7R> (CS ® N) o S-identity of the left and the right characteristic
equal to 1.
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Using existing classifications of bands (see, for example, [103]), descriptions of
identities which induce decompositions of m-regular semigroups into some special
types of bands of m-groups can be obtained.

Theorem 4.7. [44] The following conditions for an identity (1) are equivalent:
(1) (1) is a UG> G o B-identity;
(1) (1) is not satisfied in semigroups LZ(d) and RZ(d) for de€Z*, d > 2;
(#7) (1) is an identity of left and right characteristic equal to 1.

The description of 7 . AoB-identities in general case is an open problem. Identities
of this type are considered only by M.S.Putcha [114], where M.S.Putcha proved
that the identity (zy)? = 2%y? is 7.A o B-identity.

The identities of the form (xy)" = 2"y"™, n € Z*, n > 2, are considered many
a times. By Theorem 4.6. we obtain that this identity is a #R>(GoN ) o B- identity
if and only if n = 2.

For connections with semigroup varieties we refer to V.V.Rasin [124] and
JI.H.IlTeepur u E.B.Cyxanos [152].

4.4. Identities and nil-extensions of unions of groups

Theorem 4.8. [45] The following conditions are equivalent for the identity (1):
(i) (1) 14s a UG o N -identity;
(#) (1) is not satisfied in semigroups Ci1, Ci12 and Coi;
(#i1) T(u) #(v) and (1) is p-equivalent to some identity of one of the following
forms:
(A1) 1w (e, ... yxy) =0 (21,00, Tp—1)Tn
where x1 v’ and z, fu';
l T
(A2) ru'x, =0,
where T1,x, 1 W, x1 }fv' and z, fo';
l T
(A3) z1u (X2, ..., Tp) =V (22, .. ,xn)T1
Corollary 4.3. [45] The following conditions are equivalent for the identity (1):
(1) (1) isa (LG oS8)oN-identity;
(1) (1) is not satisfied in semigroups Cii1, Cia2, Co1 and Ra;
(i13) (1) is a UG o N-identity and t(u) # t(v).

Corollary 4.4. [45] The following conditions are equivalent for the identity (1):
(i) (1) isa (GoS8)oN-identity;

(i7) (1) isa (GoS)®N-identity;

(#91) (1) is not satisfied in semigroups Ci1, Cr2, Ca1, Re and Ls;

(iw) (1) is a UG o N-identity, t(u)#t(v) and h(u) # h(v).

Corollary 4.5. [45] The following conditions are equivalent for the identity (1):
(1) (1) is a (GoB)oN-identity;
(#) (1) is not satisfied in semigroups Ci1, Ci2, Ca1, LZ(n) and RZ(n), for
ncZt, n>2;
(i13) (1) is a UG o N-identity and UG > G o B-identity.
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Theorem 4.9. [45] The following conditions are equivalent for the identity (1):
(i) (1) is a UG ® N -identity;
(#5) (1) is not satisfied in semigroups Ci1, C12, C21, Ls1 and Rsi;
(i13) (1) is a UG o N -identity and
R (u) # b (v) and t@(u) £t (v) .

Corollary 4.6. [45] The following conditions are equivalent for the identity (1):
(i) (1) isa (LGoS8)®N-identity;

(i) (1) is not satisfied in semigroups Ci1, Ci2, Ca1, Ls1 and Ra;

(i33) (1) is a UG o N-identity, h?) (u) # hP (v) and t(u) # t(v).

Lemma 4.2. [130] Let Q be a nil-semigroup which satisfies the identity
T1T2... Ty =W ,
where |w| >n+1. Then Q™= {0}.

Let Aj; be the free semigroup over an alphabet Ay = { x;, | k € Z+ } and
let

I={ue Al | (Gz; € AN) |zilu > 2 }.
Then I isanideal of A},. By Dy we will denote the factor semigroup (A%)/I.
It is clear that Dy is isomorphic to the semigroup

({uwe Ay [ T(u) = c(u) }U{0},-),

where the multiplication ” -7 is defined by
uv if u,v # 0 and c(u) Ne(v) =2
u-v= .
0 otherwise

Dy is a nil-semigroup and it is not nilpotent.

Theorem 4.10. [45] Let k € ZT. Then the following conditions are equivalent
for the identity (1):

(i) (1) is a UG o Ny-identity;

(#3) (1) is not satisfied in semigroups Ci1, Ci2, Ca1, Dy and Niyi;
(i) n<k+1 and (1) is p-equivalent to some identity of the form
(15) T1To ... Ty =W ,
where |w|>n+1, z1 fw and z, }fw.

1 1

Corollary 4.7. [45] Let k € Z*. Then the following conditions are equivalent
for the identity (1):

(@) (1) is a UG ® Ny-identity;

(#) (1) s not satisfied in semigroups Cy1, Cia2, Ca1, Lsi1, Rs1, Dy and

Nit1;
(7i1) (1) is p-equivalent to some identity of the form
1T ... Ty =W ,

where |w| >n+1, h®(u) # z120 and and tP(v) # 12y,
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Corollary 4.8. [52] A semigroup identity determines a variety of inflations of
unions of groups if and only if this identity has one of the following forms:

(i) = =w, where w is a word other than x;

(it) zy = w, where w is a word other that yx and which neither begins nor
ends in xy.

Structure of semigroups satisfying some of UG o N -identities are considered by
E.Tully (see [157]), T.Tamura [157], Lee Sin-Min [132], M.Petrich [104], J.Gerhard
[74], M.Ciri¢ and S.Bogdanovié [42] and so on. Connections between some types of
UG o N-identities and semigroup varieties are considered by A.B.Tumernko in [169].

4.5. Identities over the twoelement alphabet

In the next the following identity will be considered
(2) u(z,y) = v(z,y).
Theorem 4.11. [46] The identity (2) is a Ao S-identity if and only if it is
p-equivalent to one of the following identities:
(A1) 2y =w, where w € AF — {zy};
(A2) (zy)* =w, where k€ ZT, k>2 and w e A — {(zy)™ | m € Z};
(A3) (wy)fz =w, where k€ Z* and w e A — {(zy)™x | m € Z*};
(A4) 2y* =w, where k€ ZT, k>2 and we A — {zy™ | m € Z1};
(A5) 2Fy=w, where k€ ZT, k>2 and we Ay —{a™y | m € Z*}.

w

Theorem 4.12. [46] The following conditions for the identity (2) are equivalent:
(2) is a LAoS-identity;
(2) is not satisfied in semigroups Bs and Ry;
(2) is a Ao S-identity and t(u) # t(v).
Corollary 4.9. [46] The following conditions for the identity (2) are equivalent:

(1) (2) is a TAoS-identity;
(#9) (2) is not satisfied in semigroups Ba, Ry and Lo;
(7it) (2) is a Ao S-identity, t(u)#t(v) and h(u)# h(v).
Theorem 4.13. [46] The identity (2) is a CS> M x G-identity if and only if
one of the following conditions holds:
(B1)  h(u) # h(v) or t(u) #t(v);
(B2) (1) is p-equivalent to some identity of the form

xmlynlmeyng . J)mhynh — $k1yl1$k2yl2 . .Tksyls
mi, ni, ki, lj € ZY, with ged(pe,py,h —s) =1, where p, = .0 m; — N2k
and p, =" n; — Y2415
(B3) (1) is p-equivalent to some identity of the form
rm ynl l‘mZyn2 . xmh,ynh,mmh+1 = gk yl1 ke ylz - zks ylsxks+l

mg, ni, kj, lj € Z%, with ged(py,py.h —s) =1, where p, = E?:llmi — E;i%kj
and p, =" n; — Y21
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Corollary 4.10. [46] The identity (2) is a 7R> (M X GoN)oS-identity if and
only if (2) is a Ao S-identity and a CS> M x G-identity.

Proposition 4.2. [46] The identity (2) is a UG o N -identity if and only if it is
p-equivalent to an identity of one of the following forms:

(C1) xy=w, where w € A and w ¢ {xy™ | m € Zt}u{a™y | m € Z+}Uu{yz};
(C2) zy™ =™y, where m,n €Z*, m,n > 2.

Proposition 4.3. [46] The identity (2) is a UG ® N -identity if and only if it is
p-equivalent to an identity of one of the following forms:

(D1) xy=w, where w€ AY, |w| >3 and h?(w) # zy # tP(w);

(D2) zy™ ="y, where m,n € Z*, m,n > 2.

4.6. Problems of Tamura’s type

T.Tamura in [157] posed the problem of describing the structure of semigroups
satisfying the identity of the form zy = w(z,y), |w| > 3, which we call Tamura’s
problems. Firstly, solutions of some types of Tamura’s problems will be presented.

A regular semigroup is orthodoz if its idempotents form a subsemigroup. An
orthodox union of groups we call an orthogroup, a band of groups we call a cryp-
togroup and an orthodox band of groups we call an orthocryptogroup. If S is a
union of groups, then Green’s J-classes of S we call completely simple components

of S.

Theorem 4.14. [46] Let S be an orthogroup. Then S satisfies the identity
u = v over the alphabet A, if and only if all of its subgroups satisfy u = v,
l(u)(@) L l(v)(@) and r(u)(@) R r(v)(a), for all ae S™.

Corollary 4.11. [46] Let S be an orthocryptogroup. Then S satisfies the
identity w=v if and only if all of its subgroups satisfy w=v and S/H satisfies
U =.

Theorem 4.15. [46] Let S be an cryptogroup and let w=v be an identity over

the alphabet Az such that h(u) = h(v) and t(u) = t(v). Then S satisfies
uw=wv 1if and only if all of its completely simple components satisfy u = v.

Let we consider the identity
(3) Ty = M ym xmzynz . xmhynh
with h, m;, n; € ZT, i € {1,2,... ,h} and h=1 = my,n > 2. Also,
pe =" m; — 1, p, =3, n; — 1, p=ged(ps,p,) (ie. p is the period of the
identity (3) ).
Theorem 4.16. [46] A semigroup S satisfies the identity (2) with ged(ps, py,
h—1) =1 if and only if S? s an orthogroup whose subgroups satisfy (2),
ab L a™b and ab R ab™, for all a,be€ S.

Corollary 4.12. [46] A semigroup S satisfies the identity (3) with my,n, =1
if and only if S? is an orthogroup whose subgroups satisfy (3).
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Theorem 4.17. [46] A semigroup S satisfies the identity (3) with my,np > 2
and ged(pg,py,m1 — 1) = ged(pg, py.mn —1) =1 if and only if S is an inflation
of a cryptogroup whose completely simple components satisfy (3).

Corollary 4.13. [46] (i) A semigroup S satisfies the identity (3) with p =
my =ny, =1 if and only if S? is a band.

(it) A semigroup S satisfies the identity (3) with p=1 and my,n, > 2
if and only if S is an inflation of a band if and only if S satisfies the system of
identities xy = 2%y = xy® if and only if S satisfies the identity zy = x2y>.

(1ii) A semigroup S satisfies the identity (3) with p=1 and my > 2, np =1
(my =1, ny >2) if and only if S? is a band and S satisfies the identity xy = x2y
(ry = zy?).

Corollary 4.14. [46] A semigroup S satisfies the identity (3) with my,np > 2
and ng(p$7py7m1 -1)= ng(pxapyanh -1)= ng(vapyah —1) =1 if and only
if S s an inflation of an orthocryptogroup whose subgroups satisfy (3).

Let we consider the identity
(4) Iy — ynoxwu /yn1 xmzynz - I"“Lynh ,
with h, no, m;, n; € Z*, i € {1,2,...,h}. Also, p, = 5;,"ym; — 1, p, =
S,honi — 1, p=ged(ps,py) (ie. p is the period of the identity (4) ).
Theorem 4.18. [46] A semigroup S satisfies the identity (4) if and only if S?

is a semilattice of right groups whose subgroups satisfy (4) and ab R ab™, for
all a,bes.

Corollary 4.15. [17] A semigroup S satisfies the identity (4) with np =1 if
and only if S? is a semilattice of right groups whose subgroups satisfy (4).

Corollary 4.16. [46] (i) A semigroup S satisfies the identity (4) with p =
ny, =1 if and only if S? is a right reqular band.

(ii) A semigroup S satisfies the identity (4) with p=1 and np > 2 if and
only if S is an inflation of a right reqular band.

Theorem 4.19. [46] A semigroup S satisfy the identity (4) with np, > 2 and
ged(pz, py,nn — 1) =1 if and only if S is an inflation of a right reqular band of
groups whose subgroups satisfy (4).
Let we consider the identity
(5) zy = ymamyt gy .yt
with h, m;, n; € Z%, i € {1,2,... ,h}, T,0m; + 3. on; > 3.
Theorem 4.20. [157] A semigroup S satisfies the identity (5) if and only if S
is an inflation of a semilattice of groups satisfying (5).
Except Tamura’s problems, some other problems of this type will be also quoted.
Let we consider the identity
(6) zy™ =z"y ,
with m,n € Z%*, m,n >2. By p=gcd(m —1,n—1) we will denote the period
of the identity (6).
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Theorem 4.21. [46] A semigroup S satisfies the identity (6) if and only if S is
a retractive extension of a semigroup which satisfies x = Pt by a nil-semigroup

which satisfies (6).

Let n € Z™, n>2. A semigroup S is left (right) n-distributive if it satisfies the
identity a(z1za ... x,) = (az1)(azs) . .. (azy,) (x122. .. 24)a = (x10)(z2a) . .. (Tpa)).
A semigroup S is n-distributive if it is both left and right n-distributive. A 2-
distributive (left 2-distributive, right 2-distributive) semigroup is distributive (left
distributive, right distributive).

Theorem 4.22. [42] A semigroup S is n-distributive if and only if S is an
n-inflation of an orthodox semigroup which is a normal band of commutative groups
satisfying x™ = x.

Corollary 4.17. [104] A semigroup S is distributive if and only if S is a
2-inflation of a normal band.

Theorem 4.23. [92] The following conditions on a semigroup S are equivalent:

(1) S satisfies the identities xy™ = yz™ = (zy™)™, n > 1;

(i) S contains a commutative Clifford’s subsemigroup M and satisfies
(A1) aFt =2 for all x € M, where k= ged(m —1,n—1);

(A2) zy™ e M forall x,y € S;

(1) S is a semilattice 'Y of semigroups Su, a €Y, such that each S, is
an ideal extension of a group G, by Qo and the following conditions are
satisfied:

(B1) each G4 is commutative and satisfies =" =e for all © € Go, where
e s the identity element of G, and k being defined in (Al);

(B2) Q. satisfies zy™ =0 forall z,y € Qn, where O is the zero element
of Qa;

(B3) if x€Sa, y€ S, a#B, then zy™ € Gug.

k

Finally, we quote a result of J.Chrislock [40] which describe semigroups satisfying
a heterotype identity.

Theorem 4.24. The following conditions on a semigroup S are equivalent:
(i) S satisfies a heterotype identity;
(ii) S satisfies an identity of the form (xFy*a*)k = 2% ke Z7F;
(i) there exists v € Zt such that S is an ideal extension of a completely
simple semigroup whose structure group satisfies ™ =1 by a semigroup that
satisfies y" = 0.
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