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SEMILATTICES OF HEREDITARY

ARCHIMEDEAN SEMIGROUPS

Stojan Bogdanović, Miroslav Ćirić and Melanija Mitrović

Abstract. In this paper we investigate semigroups whose any subsemi-
group is Archimedean, called hereditary Archimedean, and semilattices of
such semigroups. The obtained results generalize some results of J. L. Chris-
lock, M. Schutzenberger and M. V. Sapir and E. V. Suhanov.

T. E. Nordahl [14] studied commutative semigroups whose any proper
ideal is a power-joined semigroup. C. S. H. Nagore [12] extended this re-
sult to quasi-commutative semigroups. Semigroups containing an idempo-
tent and whose any subsemigroup is t-Archimedean have been studied by
A. Cherubini and A. Varisco [9]. S. Bogdanović [2] studied weakly com-
mutative semigroups whose any proper right ideal is power-joined. B. Pon-
deliček [15] described semigroups whose one-sided ideals are t-Archimedean
semigroups. Semigroups whose any proper ideal is a power-joined semi-
group have been studied by A. Nagy [13]. S. Bogdanović in [3] described
semigroups whose proper (left) ideals are Archimedean (left Archimedean, t-
Archimedean, power-joined) semigroups. S. Bogdanović and T. Malinović [8]
studied semigroups whose any proper subsemigroup is right Archimedean (t-
Archimedean). In this paper we study semigroups whose any subsemigroup
is Archimedean, called hereditary Archimedean semigroups, and semilat-
tices of such semigroups. We prove also a more general theorem concerning
semigroups whose any subsemigroup is a semilattice of Archimedean semi-
groups. Note that semilattices of Archimedean semigroups have been studied
by a number of authours. M. S. Putcha in [16] gave the first complete de-
scription of such semigroups. Another characterizations of semilattices of

Supported by Grant 0401B of RFNS through Math. Inst. SANU.
611
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Archimedean semigroups have been given by T. Tamura [17], S. Bogdanović
and M. Ćirić [4] and M. Ćirić and S. Bogdanović [10].

Throughout this paper, Reg(S) (E(S)) will denote the set of regular
(idempotent) elements of a semigroup S, and for e ∈ E(S), Ge will de-
note the maximal subgroup of S with e as its identity. A semigroup S is
said to be π-regular if for any a ∈ S, some power of a is regular.

For undefined notions and notations we refer to [1] and [5].

Recall that the division relation | on a semigroup S is defined by

a | b ⇔ (∃x, y ∈ S1) b = xay,

and the relation −→ is defined by

a −→ b ⇔ (∃n ∈ Z+) a | bn.

Also, on a semigroup S we define the relations ↑, ↑
l
, ↑

r
and ↑

t
by

a ↑ b ⇔ (∃n ∈ Z+) bn ∈ 〈a, b〉 a 〈a, b〉 ,
a ↑

l
b ⇔ (∃n ∈ Z+) bn ∈ 〈a, b〉 a,

a ↑
r

b ⇔ (∃n ∈ Z+) bn ∈ a 〈a, b〉 ,

a ↑
t

b ⇔ (∃n ∈ Z+) a ↑
l
b & a ↑

r
b

Clearly, a ↑
t

b if and only if bn ∈ a 〈a, b〉 a, for some n ∈ Z+.

A semigroup S is a hereditary Archimedean if a ↑ b for all a, b ∈ S. By a
hereditary left Archimedean semigroup we mean a semigroup S satisfying the
condition: a ↑

l
b, for all a, b ∈ S. A hereditary right Archimedean semigroup

is defined dually. A semigroup S is called hereditary t-Archimedean if it is
both hereditary left Archimedean and hereditary right Archimedean. i.e. if
a ↑

t
b for all a, b ∈ S.

The next lemma gives an explanation why we the notion ”hereditary
Archimedean” is used.

Lemma 1. [5] A semigroup S is hereditary Archimedean if and only if any
subsemigroup of S is Archimedean.

Similar assertions hold for hereditary left, right or t-Archimedean semi-
groups.

T. Tamura in [23] proved that the class of all semigroups which are semi-
lattices of Archimedean semigroups is not subsemigroup closed. By the
following theorem we determine the greatest subsemigroup closed subclass
of this class. In other words, we describe all semigroups having the property
that any its subsemigroup is a semilattice of Archimedean semigroups.
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Theorem 1. Any subsemigroup of a semigroup S is a semilattice of Archi-
medean semigroups if and only if for all a, b ∈ S there exists n ∈ Z+ such
that

(ab)n ∈ 〈a, b〉 a2 〈a, b〉 .

Proof. If a, b ∈ S and T = 〈a, b〉, then by Theorem 1 [11] it follows that

(ab)m ∈ Ta2T = 〈a, b〉 a2 〈a, b〉 ,

for some m ∈ Z+.
Conversely, if T is a subsemigroup of S and a, b ∈ T , then there exists

m ∈ Z+ such that

(ab)m ∈ 〈a, b〉 a2 〈a, b〉 ⊆ Ta2T,

so by Theorem 1 [11], T is a semilattice of Archimedean semigroups. �

The main result of this paper is the following theorem which characterizes
semilattices of hereditary Archimedean semigroups.

Theorem 2. The following conditions on a semigroup S are equivalent:
(i) S is a semilattice of hereditary Archimedean semigroups;
(ii) (∀a, b ∈ S) a −→ b ⇒ a2 ↑ b;
(iii) (∀a, b, c ∈ S) a −→ c & b −→ c ⇒ ab ↑ c;
(iv) (∀a, b, c ∈ S) a −→ b & b −→ c ⇒ a ↑ c.

Proof. (i) ⇒ (ii). Let S be a semilattice Y of hereditary Archimedean
semigroups Sα, α ∈ Y . Assume a, b ∈ S such that a −→ b. Then b, a2b ∈ Sα,
for some α ∈ Y , so by the hypothesis we obtain that

bn ∈
〈

b, a2b
〉

a2b
〈

b, a2b
〉

⊆
〈

a2, b
〉

a2 〈

a2, b
〉

.

Thus a2 ↑ b, so (ii) holds.
(ii) ⇒ (iii). Assume a, b, c ∈ S such that a −→ c & b −→ c. Then by

Theorem 5.5 [5], ab −→ c. Now by (ii) it follows (ab)2 ↑ c, whence ab ↑ c.
(iii) ⇒ (iv). By (iii) and Propositions 7 [22], −→ is transitive. Assume

a, b, c ∈ S such that a −→ b and b −→ c. Then a −→ c, so a2 ↑ c, by (iii),
whence a ↑ c.

(iv) ⇒ (i). By (iv), −→ is transitive, so by Proposition 7 [22], S is a
semilattice Y of Archimedean semigroups Sα, α ∈ Y .

Assume α ∈ Y and a, b ∈ Sα. Then a −→ b and b −→ b, whence a ↑ b, by
(iv). Therefore, Sα is hereditary Archimedean. Hence, (i) holds. �

The next theorem gives a characterisation of semigroups which are chains
of hereditary Archimedean semigroups.
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Theorem 3. A semigroup S is a chain of hereditary Archimedean semi-
groups if and only if

ab ↑ a or ab ↑ b.

for all a, b ∈ S.

Proof. Let S be a chain Y of hereditary Archimedean semigroups Sα, α ∈ Y .
If a ∈ Sα, b ∈ Sβ , for some α, β ∈ Y , then a, ab ∈ Sα or b, ab ∈ Sβ , whence

an ∈ 〈a, ab〉 ab 〈a, ab〉 or bn ∈ 〈b, ab〉 ab 〈b, ab〉

for some n ∈ Z+.
Conversely, by the hypothesis and Theorem 1 [7], S is a chain Y of

Archimedean semigroups Sα, α ∈ Y . If α ∈ Y and a, b ∈ Sα, then then
there exists n ∈ Z+ such that bn ∈ SαaSα, and by Theorem 2, a2 ↑ bn,
whence a ↑ b. Thus, Sα is hereditary Archimedean. Hence, S is a chain of
hereditary Archimedean semigroups. �

Further we study semilattices of hereditary left Archimedean semigroups.

Theorem 4. A semigroup S is a semilattice of hereditary left Archimedean
semigroups if and only if for all a, b ∈ S,

a −→ b ⇒ a ↑
l
b.

Proof. Let S be a semilattice Y of hereditary left Archimedean semigroups
Sα, α ∈ Y . Assume a, b ∈ S such that a −→ b. Since a ∈ Sα, b ∈ Sβ , for
some α, β ∈ Y , we then have that β ≤ α, so b, ba ∈ Sβ . Now ba ↑

l
b, whence

a ↑
l
b, which proves the direct part of the theorem.

Conversely, by the hypothesis and Theorem 3 (2) [18], S is a semilattice
Y of left Archimedean semigroup Sα, α ∈ Y . Assume α ∈ Y and a, b ∈ Sα.
Then a −→ b, whence a ↑

l
b, by the hypothesis. Therefore, any Sα is heredi-

tary left Archimedean, so S is a semilattice of hereditary left Archimedean
semigroups. �

Corollary 1. A semigroup S is a semilattice of hereditary t-Archimedean
semigroups if and only if for all a, b ∈ S,

a −→ b ⇒ a ↑
t

b.

Now we prove a theorem which generalizes a result of J. L. Chrislock [10].
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Theorem 5. The folowing conditions on a semigroup S are equivalent:
(i) S is hereditary Archimedean and π-regular;
(ii) S is hereditary Archimedean and has a primitive idempotent;
(iii) S is a nil-extension of a periodic completely simple semigroup;
(iv) (∀a, b ∈ S)(∃n ∈ Z+) an = (anbnan)n.

Proof. (i) ⇒ (ii). First we prove that

(1) (∀a ∈ S)(∀e ∈ E(S))(∃n ∈ Z+) e = (eae)n.

Indeed, for a ∈ S, e ∈ E(S), ea ↑ e, by (i), whence e = (ea)n or e = (ea)ne,
for some n ∈ Z+. However, in both of cases it follows that e = (ea)ne =
(eae)n. Thus (1) holds.

Further, assume a ∈ S. Let m ∈ Z+ such that am ∈ Reg(S) and let x be
an inverse of an. Then amx, xam ∈ E(S), so by (1) we obtain that

amx = (amx · a · amx)n = (am+1x)n,

for some n ∈ Z+, whence

am = amxam = (am+1x)nam = (am+1x)n−1am+1xam =

= (am+1x)n−1aamxam = (am+1x)n−1am+1 =

= (am+1x)n−2am+1xam+1 = (am+1x)n−2aamxama =

= (am+1x)n−2aama = (am+1x)n−2am+2 = · · · =

= (am+1x)n−(n−1)am+(n−1) =

= am+1xam+n−1 = aamxaman−1 =

= aaman−1 = am+n.

Thus, S is periodic, and by Theorem 3.14 [5], S has a primitive idempotent.
(ii) ⇒ (iii). By Theorem 3.14 [5], S is a nil-extension of a completely

simple semigroup K. But, K is hereditary Archimedean and regular, so it
is periodic, by the proof of (i) ⇒ (ii).

(iii) ⇒ (iv). Assume a, b ∈ S. Then ak = e and bn = f , for some
e, f ∈ E(S), k ∈ Z+. Further, efe ∈ eSe = Ge, by Lemma 3.13 [5], whence
(efe)m = e, for some m ∈ Z+. Now, for n = km we obtain that an =
(anbnan)n.

(iv) ⇒ (i). This follows immediately. �

Finaly we prove the following theorem which generalizes some results of
M. V. Sapir and E. V. Suhanov [19] and M. Schutzenberger [20] (see L. N.
Shevrin and E. V. Suhanov [21]).
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Theorem 6. The following conditions on a semigroup S are equivalent:
(i) S is π-regular and a semilattice of hereditary Archimedean semi-

groups;
(ii) S is a semilattice of nil-extensions of periodic completely simple semi-

groups;
(iii) (∀a, b ∈ S)(∃n ∈ Z+) (ab)n = (ab)n((ba)n(ab)n)n;
(iv) (∀a, b ∈ S)(∃n ∈ Z+) (ab)n = ((ab)n(ba)n(ab)n)n.

Proof. (i) ⇒ (ii). This follows immediately by Theorem 5.
(ii) ⇒ (iii) and (ii) ⇒ (iv). This follows by Theorem 5.
(iii) ⇒ (i) and (iv) ⇒ (i). This follows immediately. �
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