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A NIL-EXTENSION OF A REGULAR SEMIGROUP .

S. Bogdan_dvié and M. Cirié, Beograd

Abstract. In this paper some characterizations of nil-extensions of regular semigkro-

ups are given, Further, we characlcnzc retractive nﬂ cxtcns:ons of some SpCCIal types of
rcguiar Scmlgroups. - ,

1. Introduction and prélimiﬁar_ies

The nil-extensions of a completely simple semigroup are described
in [7] and [9]. A nil-extension of a completely regular semigroup is
described in [3]. Here, a characterization of a nil-extension of a regular
semigroup is given. We characterize nil-extensions of a semilattice of left
and right groups and of a semilattice of groups. For the last, we show
that these are retractive. Moreover, the characterizations of nil-extensi- .
ons of a band and retractive-nil-extensions of completely simple semxg- o
roups and of left groups are given. | - -

By Z* we denote the set o all p051t1ve mtcgens A semxgroup S is—
n-regular if for every aeS there exists neZ*_ such that a"ea’Sa”. A
semigroup S is completely m-regular if for every aeS there exist neZ*
and xeS such that a"=a"xa" and a"x=xa". A semigroup S is called a
semigroup of Galbiati-Veronesi, or simply GV-semigroup, if § is n-regular
and every regular element of S is completely regular [10] A scmigroup |
S 1s a n-group if § is a nil-extensicn of a group. A semigroup § with zero
0 is a nil-semiroup if for every ac$ there exists neZ* such that a"=0, By
nil-extension we mean an ideal extension by a nil-semigroup. An ideal -
extension S of a semigroup T is a retract extension (or retractive :

- extension) if there exists a homomorphism @ of S onto T such that
@ (t)=¢ for all teT. Such a homomorphism we call a retraction. A -
semigroup S is weakly commutative if for every a,beS there exists neZ*
such that (ab)"ebSa [14]. A semigroup S is an LR-semigroup if fo every
a,beS there exists neZ* such that (ab)"eSaubS [6]. By Reg(S) (Gr(S),
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I‘ntra(S), E(S)) we denote the set of regular (completely regular, in-

tra-regular, idempotent) elements of a semigroup S. By G, we denoe,the ..
maximal subgroup of a semigroup § having e as its 1dent1ty In any -

scxrouprS deﬁne a relationf” on § by
' a}i’bcc-{am neZ)ya"=>b"

Then 2" is an equivalence relation. The A -class containing an element a ;-
g

is denote by K,. If § is a periodic semigroup, then
se U k |
. , ‘ e{— E{5))
For undeﬁned notxons and notatlons we refer to (1] and [13]
“The following results will be used in the next investigations.

&'

. LEMMA. ILet x be an element of a semigroup S such that x" hes ina
subgroup G of 8, ecE(S), for some neZ+ Then

(1) ex=xeeG,
- {2) x™eG, for every m=n.

(See Theorem I 4.3. [1]). Thc last Lcmma we will call Munn s lemma
(W D. Munn [12]). : | : O

- | |
2. A nil-extension of a regular semigroup

'Thc following theorem cha:actcrzizes a nil-extension of a'rcgul'ar "
semigroup. -

? .

THEOREM 21 A semrgroup S is a nil-extension of a regular -
| sengroup i and only if for every x,a,y€S there exists neZ* such that

(21 ' ~ xa"yexa'ySxa’y. -

Proof. Let § be a nil-extension of a regular semigroup K and let
x,a,yeS. Then there exists neZ* such that a"eK and, since K 4 1s an ideal -
of S, then xa yeK Thus R
B : xayexanyanyanyaQ) c .

S0 (2.1) holds: - o -

Conversely, let (2.1) holds. Let ae$, then there exists neZ* such

“that a"t%ea"t25a"*?, so n"tieRcg (S) and thus Reg(S)#9. Let
acReg(S) and let zeS. Then
| az=axaz , for some xeS
=a(xa)z . ., for every neZ*
ea(xa) zSa (xa)'%, for some neZ* (by (2.1))
=azSaz. -
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| | ”I:herefore azeRég (S), so Reg(S) is a right ideal of S. In a similar way
- we show that Reg(S) is a left ideal of S. Thus Reg(S) is an ideal of §, 50
Sisa nil- cxtensmn of a regular. sumgroup 0 e

In [6] the authors considered semilattice of left and right groups
and semilattice of nil-extensions of left and right groups. Here, we .o
describe a nil-extension of a semllattlce of left and right groups.

- THEOREM 2.2. 4 sengroup S is a nil-extension of a semildttice of

| left and right groups if and only szor every abes and x,yc&S1 there exists _
m.=Z+ such that -

(2. 2) x(ab)" yex(ab)” ny(ba) yux(ba) ny(ab) I ~

, Proof Let Sbea nil-extension of K and lct K be a semxlattlcc of left -
~and right groups. Then, it is clear that § is m-regular and that::
g(S)=Gr(S)=K,so Sisa GV-semigroup. By Therems 4.1, and 3.1% 7
[6] we obtain that S is a semilattice Y of scmigroups S, ae ¥, where S, is
a nil- extcnsxon of K, and K, is a lelt or a right group. R
N Let aes$,, beSﬁ, BeY. Then there exists neZ* such that (ab)", .
(ba)"eK,q. Let x, yeS1 Assume that x,yeS. Then xeS., yeS&for some
y Be Y. Since K is an ideal of §, taen x(ab)."y,x(ba)"}‘z'e'ﬁﬂSuw.,:K
Then by Lemma 1. {8] we have that - .;

(ab) yex (ab) quMx(ba) x(a'b)" ny (ba)"y
if Kam s a 1cft group, and -

apys

x(ab)" yex (bay" yKaB-f&x(ab) }’CX(ba) ySx(ab)"y,

il Kqp,6 1s @ right group. Thc szmllar proof we have if x=1 or y=1.
ThuS (2 2) holds. - -

| Convcrscly,_let (2.2) holds Let x,a yeS then there exists neZ™
such that =

‘, S Ll yeca ySica ¥s

whence, by Theorem 2 1., we have that S is a nil-extension of a regu]ar

scmxgroup K.Let g, beK Then b_{ (2.2) it follows Lhat there exists neZ”* -,
such that |

—

(ab)"e(ab)' S (bay' Jibay' s (ab)".

Moreover, (ab)'eK and since K is a regular semigroup, then
{(ab)" =(ab)" x(ab)" for some xeK. Sine K is an ideal of S then we have
that - | - | | ‘ |

-

L (ab)"e(ab)r' S{ab)" S(ba)"| J(ba)" S (ab)" S (ab)"
| < (ab)" K (ba)"| J(ba) K (ab)"
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Let aeS,, beS, Then there exists neZ+ such that (ab)", (ba)"eK

'Let x, yesSt. Assume that x, yeS, ie. XE€s,, YES;, v,0eY. Since K is an . -

ideal of S, then x(ab)"y,x(ba)" yeKﬂSaM Gopys Where Gy is @

group and it is an 1deal of Sas,a—s—a-greup then by Lemma VI 2.1.1. [1] .

1wc have that '

T @ rexbar v bar ) S (x‘(ba)"_y)-* x (ba)" y
| c::c(l:aa) ySx(ba)y

The sxmllar proof we have 1f x=1or y=1. Thus, (iii} holds. .

(m)::—(;) Lct (zu) holds Let x,a, yes. Then there exists neZ” suchl

that xa* yexa "ySxa*"y, so by Theorem 2.1. S is a nil-extension of a_-~:
regular semigroup K. By (iii) it follows that K is weakly commutative, - |
so by Theorem -3.2. [4] (or. Theorem 2.2. [10]) we have that K is a-~
semilattice Y of n-groups K,, ae¥. Let K, be a nil-extension of a grOUp o

G, aeY. Let aeK,. Since K is regular, then a=axa for some xeK. It is ~
clear that ax, xac K [ \E(S)={e,}, where e, is the identity element of the

group G,. Thus a=ae,cK,G, =G, so K,=G,. Therefore K is a semilat- - -

tice of groups, so Sisa ml extensmn of a scmzlatt:ce of groups.

COROLLARY 2.2 A semrgroup Sisa ml-extenszon ofa group if
and only tf

(2.3)  (Va,beS)(@EneZ") a eb"Sb"

Proof Let S be a nil-extension of a group G. Let a,bes. Then thcre |
exists neZ™ such that a”, b"€G, so -

bl

a"=b"(b")"'a (b")“b"éb Sh". .

Convcrscly, let (2.2) holds. Thcn S is n- rcgular Lct efeE(S) Then
by (2 3) it follows that

- —-fxf and f—-eye for some x, yES

ey -
-

' SWhenée
| | —fxfmfxﬂ“efmeeye eye—-f

Thus, S contams exactly one idempotent, so S is a nil-extension of a
. group. . | | - _ O

COROLLARY 2.3. 4 semrgroup S is a}zl—erzensron of a perrod:c
group :fand only if |

(Va,beS)(InsZ™) a"=b". .

" Let Y be a semilattice, for every agY let S, be a semigroup and
assume that the semiroups S, are pairwise disjoint. For every pair o,Be?

0
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such that «>B, let V4 S =S, be a homomorphlsm such that Ve o
the 1dent1ty mappmg and

: - Q’aﬂq’ﬁr ¢,7ﬁa>B>y
Let S=|J S, with the multiphcatxon |

aeY _

. a*b=(a_ \lju.aﬁ) (b ‘l’a,ug) (aéSa, bES'B).

Then § is a semilattice Y of semigroups S. The semigroup § which can

be constructed in this way we call thc strong. semzlamce of semxroups Sy
and we dcnotc it by

§= [YSG,\Lr ﬂ]

A semlgroup S is called an mﬂar.zon of a semlgroup T if Tisa
subseml_group of §, S*<= T and there exists a retraction of S onto T.

THEOREM 24. S is an inflation of a semilattice of groups if and
only if S is a strong semilattice of inflations of groups. '

Proof. Let S be an inflation of a semilattice of groups. Then by .
Corollary 3. [2] (see Proposition [16]) it follows that S? is a semilattice

of groups. Let eeE(S) and xeS. Then ex, xeeS? and by Theorem IV 2.1.
| [1 1] we have that

ex=¢(ex)={(exje=e (xe) =(xe)e=xe,

so the idempotents from S are central. By Theorem 72. [10] it follows
- that § 1s a semilattice”of m-groups S, «e¥. It is clear that-§_ is an

inflation of a group G,, aeX. ‘ LR e
" For a>p define a function VY, 4:5,- S, by: =
. . . .‘ x ’ a=B’ -'. . “ -
* Ve, fs-_{eﬁx o #P, T

Frv}t:cre ey 1s the identity element of a group Gy Let X, yeS and let cz# B. .
en -

1 (% ‘I’u, p) 8 ‘J/u, 5)'=‘eﬁxea}’=epeax}.’.=eg{}; (XY) Ve, B
Hence, V, ; is a homomorphism. Let «>pB >y and xeSa. Then
e o .
(x ¥, 5) \L’p = (eﬁx) ‘lfg =€ (?ax) = (eyeﬁ) x=
| “""eyx X ‘l’u Y- |

so for a>P>yit IS\Paﬁ%,—\l’” .
Let xe§,, yeS,. Then xyGS SpE G, SO Xy=eg,xy=e pxe,.)=

=(x W, qp) (¥ Vs, aﬁ) Hence Sisa strong sem:lattlcc Y of mﬂatlons of
groups S, d€ Y. - : : : -

o
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Conversely, let S=[Y.S,, ¥, .] be a. stfong semilattice of inflations
of groups. Let S be an inflation of a group G,, aeY. Let xe5,, yeS,.
Then

Xy= (x \llu aﬁ) (y \I"a uﬁ)ESaﬂSaﬂ = G i)
chcc S2= G= U G, is a (strong) semilattice of groups By Corollary 3.

[2] (Proposxtlon [16]) it follows that S is an inflation of a semilattice of
groups. ]

LEMMA 2. 1 Iet S be a strong semilattice offr -groups. Then S is a
(retractive) nil- extenszon ofa semilattice of groups.

. Proof. Let S= [¥S, €, ] be a strong semilattice of m-groups S,.
Let G, be a.group-ldcal of S aeY. Let aeG, and beS Then

" ab=(a%, ) (b %;,.0)€G,

-smcc a 6 eG In a szmllar way we prove that baEGm[1 Hence, Reg (S) -
is an 1deal of S, and clearly, Reg \S) 15 a semxlattxce of groups. Thus, S 1S
~ a nil-extension of a semilattice of groups. . O

REMARK. If S is a strong semllattlce of completely archimedean

semigroups, then S'is a nil-extension of a strong semilattice of complete-
ly sunpic semlgroups -

i

3. Re’tractive ni]-extension of a c'omp!etely sirhple semigroup
z
LEMMA 3.1 Let S be a nil-extension of a union of groups T. Then
every retraczzon €. S—T has the following representation
¥ ' fé’(a)-ea aes,

1

where af EG . Jor some meZ™. - | -
. Proof. Let ¢:S—T be a retraction and let aeS. Then there exists

meZ" and ecE (S) such that a™eG_, and by Theorem 1 4.2. [1] we have
Eih'at G.[YG,=@fore, feE( Le#f Let €(a)eG, for some feE (S). Then

L - - —%’(a’") (€ a)) EGI,_
5o f=¢, ie. €(a)eG,. Now we obtain | | o
v C@=c¢@=¢Q@=F(a=ca O

; THEOREM 3.1. S is a retractive’ ni!-exrerision of a completely simple |
semigroup if and only if S is a completely m-regular semrgroup and for
every a,b,ces fhere exists neZ” such rhat

(3.1) - ' aceea”bSa "of and ca ¢fca"bSae

where a*eG, and e G for some k,reZ*.
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Proof Let S be a retractive nil-extension of a completely simple

- sémlgroup K with the retraction €. Then by Theorem 1. [7] we have

~that for every a,beS there exists neZ* and xeS such that a"=a"bxa™
Now, for every ceS we have that '

a*c=a"bxa"c and ca”=ca*bxa”,
SO |
(a"c)=% (a"bxa"c)=% (a") ¥ (Bxa”) % (c)
and - |
(ca") fé (ca”bxa 1=% (c) € (a"bx) fg {a")
Smce a eGe, c’eG for some k,reZ*, then by Lemma 3.1 we have that 0.
B ¢ (@) =ea” and €()=fc= cf

(Theorem 1 4.3. [1]) and since Reg (S)=K ‘in an ideal of §, then a", a"c,
ca®, bxa", a"bxeK, so

a*c=%(a"c)=¥€ (a" ¥ (bxa"). € (c)=ea"bxa"cf
o A . o
' ca"=% (ca”)=<€(c) € (@bx) € (") =fea"bxare.
Hence, (3.1) holds. | -

. Conversely, by (3.1) we obtam o
3.2 - a‘c=ea'c=acf and ca"=fca"=ca"e.

Let q, beS. Then a"“eSbS for some neZ*, s0 S is an archimedean
__sem:group Since S is a completely n-regular, then by Theorem VI 2.2.1. .

[1] S is a nil- extension of a complctely sxmple sem:group K. Def‘me a
function €: S—K by '

‘é(a)—ea 15 a‘eG, for'some keZ*.

Let a,beS and a keG, for some e,/eE(S) and k, reZ+ Let (ab)eG, for -
some geE (S) and reZ“P Then - - _

t E@¥ (b)——-eafb

o =¢"abf  (Munn’s lemma)-

i =cabgf  (by (3.2)

N =eabgf | 3

i - mea(bg)p‘*l ((bg)~ Y f,  for all peZ*, N
" =a(bg)’** (bg)~ 'Y f, for some peZ*, ((3.2)), |

k4

Ja
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=abgf ‘
= gabf. | (Munn's lemma) -
- =((ga)" ') (ga)"* ' bf, for all geZ*,
= (ga)™ )" (ga)"** bf; for some qeZ*, (3.2)
=gab.
=% (ab),

so % is a homomorphlsm It is clear that (% (x))—‘é’(x) for ali xeS. v =
Hence, § is a retractive nil-extension of a completely simple semi- .

group. | | | | 03 ;
THEOREM 3.2. A semigroup S is a retractive nil-extension of a left

group if and only if S is completely mw-regular semigroup and for every . .

a, b, ceS there exists rzeZ*_ such that
(3.3) .  cae gea"Sa'tf
where beG, and c'e G for some r,teZ™. |

| Proof. Let S be a retractive nil-extension of a lcft group K with the
retraction 4. Let a,beS. Then a’cK for somc seZ* and there exists
peZ” such that

a"’ a*Pua’?h for some ues,
(Thcorem 2. [7]) Now we have that ca®” =ca’”ua*’h, $O
ca? =% (ca"’) = (c} ¥ (a*’ua’™) € (b)
.=gca"’ua"’jb (by Lc‘mma 3.1. and since K is an ideal
=gca’’ua’*bf  (Munn’s lemma)
where ¢'eG, ahd_ b"eG, for some t,reZ?t. Hence, (3.3) holds.

(—fonversely, by (3.3) it follows that ef=e [or every efeE (S), 50 by
Theorem 2. {7] we have that S is a nil-extension- o; a left group K.

Deﬁne a function %: S—+K by: |
‘6’( )=ex i x*eG, for some keZ* eeE(S).

Let a,beS and a *eG,, b"EGI, (ab)'eG, for some k.r,teZ* and some
efgeE_(S) Then

% (a) € (b)=eafb |
| =aefb (Munn's lcmma)

=aeb (since E(S) is a Ieft Zero band)
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= eab (Munn's lemma)’
=egab (since E(S) is a left zero band)
| v = eabg (Munn's lemma)
=ea(bg)?* ' ((bg)™")?, for all peZ*,
—-a(bg)"+1 (bg) 1y (by (3.3) we have that bca™=ca™
for some meZ™) |
=abg <.
. =gab : -"(Munn"s_' lexﬁma)
o=@
Hence, ‘é’ is a homomorphism and it is clear that % (€ (x)) % (x) for all -
X€S, 80 S 15 a retractive ml extcns:on of a left group. - O

4. A nil-extension of a baﬁd

- THEOREM 4.1. 4 semigroup S is a nil-extension of a band if and
~only if for every x,a, yeS there exists neZ.” such that |

——

(4.1) o xa"y =(xa"y)?

Proof. Let S be a nil- extension of a band E. Let x,a,yeS. Then
there exists neZ* such that a eE Since E is an ideal of §, then xa"yekE,
so (4,1) holds. -

Conversely, let (4.1) holds. Then for every aeS there exists neZ*
such that a**2=g?"*2) 50 § 15‘_per>10d1c Let xS and ecE(S). Then

xe=xe"e | , for cvery neZ*, ~
o =(xe"e)* ~, for some neZ*,
=(xe)%. "

In a similar way we prove that (ex)® =ex. Thus, E (S) is an ideal of S, so
S is a nil-extension of a band E(S). | | O

S is a singular band if it is a left zero band or a right zero band. A
band S is an IR-band if xy=xyx or xy=yxy for all x, yeS [6].

. LEMMA 4.1. [6] S is a rec,rangular IR-band zfand onIy if Sisa
| smgu!ar band | O

LEMMA 4.2.[6] S is an IR band zfand only sz is a semilattice of
smgular bands. | _ O



A nil-extension of a regular semigroup 13

THEOREM 4.2. 4 semigroup S is a nil-extension of an IR-band

(semzlattzce of singular bands) if and only if for every a, beS and x,yeS1
" there exists neZ™ such that

}(4.2) x(ab)"y=x(ab)" yxbay or x %-(ab)" y=xbayx(ab)" y.

Proof. Let S be a nil-extension of an LR-band E. Then S is
n-regular and Reg(S)=E (E), so by Theorem 6. [5] we have that Sisa- -

semilattice Y of nil-extensions §, of rectangular bands E , acY. Since E ..
is an LR-band, then by Lemma 4.1. it follows that E_ is a singular band -

- for every aeX. Let a€S,, béSB, xe§,, yeSs, for . B,v,8¢Y. Then thcrc_,;'
exists neZ™ such that (ab)"€E and since E is an ideal of § then

x (ab)" y,x(ab)" yxbay,xbayx {ab)" ye. E(\S,ps=E
By Lemma VI 2 2 1. [1] we have that

apys*

- x(ab)"y=x (ab)" y (xbay)?* x (ab)" y,
and since E_g; is a singular band, then we obtain (4.2). The similar -
proof we have if x=1or y=1. |

Convcrsely, let (4.2) holds. Then for cvery aeS§ there exists nEZ+
such that a?"=a?"*2, 50 § is periodic. Let xe8§ and eeE(.S') Then

1 xe= (ee) ‘ , for every neZ*,
| =x{ee)" xee , for some neZ* (by (4.2)),
| | xemi(ee)." L , for every neZ™, B
= xeex (ee)" - for some neZ* (by (4.2)),
.-—(xe)z T

Hexﬁce xe=(xe)’, and, in a similar way, we obtain that (ex)? = ex. Thus
E(S) is an ideal of S.- S _

Let e, feE (S). The;n

or

ef=(ef)* , for every neZ®,
Co=(ef)fe | ~, for some neZ* (by (4 2))
=efe |
| ef:(ef)‘"_ o | , for every neZ*,. |
=fe(ef)" , for some neZ* (by (4.2)),

=fef.
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_ He-:ncle," E(S) isan LR-ba:id,'so'S is a nil-extension of an LR-band. [J...

COROLLARY 4.1. 4 semigroup S is a nil-extension of a semilattice

-of left zero bands if and only if for every a,beS and x, yeS! there exists
neZ” such that

'x(ab)“}}=x‘(ab)"yxbay. ._ O

A semigroup S is an ordinal summ Y of semigroups S,, acy if Yls a
chain and for any aeS,, beSﬁ, o> implies that ab= ba—-b L
A semigroup S is an R-band (Rédei’s band) if xye{x,y} for all
. % yeS. A semigroup S is a WR-band (weakened Rédei’s band) if xye{x,y} ..
~or yxe{x,y} for all x,yeS [6]. A semigroup S is a UVR-band (left :: .
weakened Rédei's band) if xy=x or yx=yfor all x,yeS. Analogously we . ..
define an RWR-band (right weakened Rédei’s band) [6]. ) “
The following Lcmmas character;zc WR-, R- and LWR bands

LEMMA 43.[6] S is a recrangular WR band zfand onlyis Sis a

singular band. o
LEMMA 4.4. [6] S is a WR-band xf and only is'Sisa cham of
singular bands. | O
 LEMMA 45.[6] Sisa R-band 1fand only is S is a ordinal sum of
singular bands. O |
| LEMMA 4.6. [6] S is a IVR-band if and only is S is a chain of left
zero bands. : - 0

3 LEMMA 4.7, [6] A semtgroup Sisa cham of reczangular bands if
and only zf

xé-xyx or f--—yxy |
- forall x yeS O |

THEOREM 43. 4 semrgroup S is'a ml-c\:tensmn of a chain of

rectangular bands if and only if for every a,beS and x ,yeS! there exists
neZ;+ such that o

(4;3) xa'y= (xa”ba )2 ‘or xb"y (xb".ab"y)2

vaf Let S be a nil-extension of a chain of rectangular bands E.
“Then S is w-regular and Reg(S)=E(S), so by Theorem 6. [5] it {ollows
that S is a semilattice Y of nil-extensions S, of rectangular bands E,, aeY.
By Lemma 4.7. we have that Yis a chain. Let aeS,, beS,, and let x, yeS.
Then there exists neZ* such that a",b"e E. Assume that cx<B Then a"besS,
so by Lemma VI 2.2.1. [1] we havc that a"ha"=a"ba"a" =a", whence

xa"y=(xa" y)? =(xa"ba"y)?.
_Tﬁe similar proof we have if f<a, Thus, 4.3) holds.
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»  Conversely, let {(4.3) holds. Then for every aeS there exists neZ,*
such that a"=a*?"*1), 5o S is periodic. Let xe§ and e€E(S). Then

o}
R

x.ezx'e" | -, for every neZ*,
=(xe"ee")> | for some neZ* (by (4.3)),
=(xe)* , |

and sifn.ilariy ex=(ex)2. Thus, E(S) is an ideal of §. Let e,/eE(S). Then
there exists neZ* such that o o

e=Cff=cfe or fef=fofery

so by Lemma 4.7. E (S) is a chain of rectangular bands, Therefore, Sis a:.

il-extension of a chain of rectangular bands. . | S

THEOREM 4.4. A semigroup S is a nil-extension of a WR-band if
~and only if for every a,beS and X, yeS! there exists neZ* such that

(4.4) - xa™h"y=(xa"y)* or xa'b"y =(xb"y)? or
xb"a"y=(xa"y)? or xb"a"y = (xb"y)2,

Proof. Let S be a nil-extension of & WR-band E. Let a,beS and
x,yeS". Then there exists neZ* such that a", b"eE, so

a'b"=a" or ab"=b" or b"a"=a" or b"a"=b",

Since E is an ideal ‘of S,--then it"'"follows\@), :

Conversely, let (4.4) holds. Then for every ae$ there exists nez,*
such that g**+! =a’*? 50 § is periodic. Let xeS and ecE(S). Then

L Xe=xe"e" , for every nezt,
= (xe")? ~, for some nezZ* (by (4.4)),.
| = (x-e)Z ’

and similarly ex=(ex). Thus, E (S) is an ideal of S, By (4.4) it follows -
that E (S) is a WR-band, so Sisa nil-extension of a WR-band. O '

—~  COROLLARY 42. 4 semigroup S is arn;zél-extension of an DVR-band

(chain of left zero bazids) 'zf and only if for every a,beS and x, yeSt there. - -
exists neZ* such that | . -

xa'b"y =(xa"y)* or xb"a"y=(xb"y)% O

COROLLARY 4.3. 4 semigroup S is a nil-extension of an R-band if
and only if for every a,beS and x,yeS' there exists neZ* such that

xa'b"y =(xa"y)* or xab"y =(xb"y)>. 0

4
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S. A retractive nilecxtcnsion of a band

THEOREM 5.1. 4 semigroup S is a retractive nil-extension of

-a band if and only if for every a,beS andy, yeS* there exists neZ+
such that _ :

(5 1) x(qb)n+ky=(xan+kbn+ky)2

for every keZ™,

Proof. Let S be a retractive ml -extension of a band E with the
retraction ¥. Then Reg(S)=F (S), so S is'a union -of nil- ~-SEmigroups. '

Let a,beS and x,yeS'. Then there exists ncz* such -that
(ab)", a", b"eE. By Lemma 3.1. we have that ¢ has the representation -

E()=e 1f zeK_

Let a"=e, b -f efeE Then ‘é(a)-—e and ¥ (b)=/f, whence
- (ab %((ab)”) (¢ (ab)) = (é’(ab) Cla)© (b)--ef =a
Since (ab)"“ (ab)", a"**=a" and b""“‘—b" for every keZ+ then
(ab)n+k_an+kbn+k

and since E is an ideal of S, then it follows (5.1).

o Conversely, let (3. 1) holds Then for every x,aq, yeS there ex1sts
neZ* such that ‘

—_

xa?® } =(xa*"y)?,

so by Theorem 41. Sis a ml -extension of a band E=E(S). Define a
function €: S—E by

‘ | %(x)=e - if xeK, eckE.
Let a,beS. Then there exists neZ+ such that

H . ’ H i

(aby*tr=(amprrhE

for every keZ*, i..

—

. ' ' (ab)”;(:'a"b’.’)

-

for every peZ”, p>n+1. Morcovcr therc exists rmsZ+ mz2 such that
(ab) a™, bm"eE, whence - - :

(ab)=(ab)’”“(ab)"”' (@b, =(@"m" =a"b" =% (a) € (),

smce nm=n+1,. Thus € is a retract:on so S is a retractive nil-extension
of a band. | | | U

P
4
'™
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THEOREM 5.2. A semigroup S is a retractive ml-extensmn of a

reczangular band if and only if for every a,b,ceS there exists neZ* such [

“that _ o _
(5.2) | (acy**=artpertk
for every keZ™. |
Proof. Let § be a retractive nil-extension of a rectangular band E
‘with the retraction €. Then S is periodic and Reg{(S)=E=E(S),s0 Sis a
union of nilsemigroups and by Lemma 3:1. we have that & has thc
. .rcpresentatlon R
%’(x)-e - if oxeK,,eeE.

'fiLct a,b,ceS. Then there exists neZ+ such that (ac),a",c"eE and’ -

| '(ac)"“—-(ac) a""*=g" and c”“‘-c for every keZ*. Now we have that .~

@bt R =@ (@t Hrber ) - , since E is an ideal,
| =(@ (@)"** € () (€ ()
=¥ @EBF () -
=% (a) ¥ (c) , by Proposition 3.1. [11],

=% (ac)={ac)" =(ac)"**
Thus (5.2) holds. - S -
Convcrscly, let (5.2) holds I‘hcn for every aeS there exists meZ*

such that g?™ 2”’“, so S is pCIlOdlC Let xeS and eeE(S) Then
} . exe=emxe™ for every meZ*,

. =(ee)" - -, forsomemeZ" (by (5.2))

‘ =g, 7

~ Thus, exe=¢ for every xe$ and eeE(S) whence E(S) 15 a rectangular
band and E (S) is an ideal of S.

Define a function 4: S—E(S) by | §

i

v € (x)=e if xekK,, eeE(9S).

Let a,beS. Then there exists meZ*, m_}?., such that (ab)", a™, b™eE (S)
and there exists neZ* such that - - |

5 ’ (ab)nfk.:anfkabn+k .

for every keZ™, ic

(aby? =a?*1p?
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for every peZ*, p=n+1. Now we have that

%(ab) (ab)m___(ab)nm nm+ lbnm (g(a) 4 (b)

o smce nmzn+ 1. Thus € is a retraction, so 5i is a retractive nil- cxtcnsxon*’"

of a rectangular band. : - s

THEOREM 5.3. 4 semigroup S is a retractive nil-extension of aleft
- zero band Ifand only lffOf' every a,beS there exists nEZ"‘ such that

(5.3) - (aby =a®*t,

Proof Let S be a retractive nil-extension of a. lcft zero band E with

the retraction €. Then S is perxodxc Reg (S)=E=E(S), so S is a union

of nil-semigroups and by Lernmd 3.1. it follows that % has the represen- S
tation o : , o

o ﬂ‘g(x)ﬁj‘e' i xeK,, eeE -
Let a,beS. Then there exists neZ™* such that (ab)'n o°, b*eE, 50
(@)= (b)) =(¢ (@) =% (1) =7 (2) % (1) =
=% (@) =a"=a?"*!, | |
since E is a left zero band. Th.us (5.3) holds.

Conversely, let (5.3) holds. Then for every aeS there exists neZ™*

such that a®"=ga?""?, so S is periodic. Let xeS and e€E (S). Then there
exists neZ* such that

(ex)ri = eZn +1 ;.e.

.-
-

Moreover, there exists meZ™* such that -
. (ex)2m__(ex)2m+ 1

whcncc (ex)z"‘eE (S) and (ex)” *(ex)z”‘ for every peZ™, p>2m Now we
obtain that

(ex)sz"%ez"=e_ “y
and . N - e
(ex)*™ "1 = (ex)™ ex _ eex = ex.
So ex#(ex)zmeE‘(S), and by this it follows that ex=e Now

xe=xee = x (ex) e={xe)%. Thus, E(S)_i's an ideal of S and E(S) is a left
zero band. & ‘ o

Deﬁne a function ¥: S—+E(S)
€ (x)=e if xeK, eEE(S)
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1

'jfLet a,beS. Then there exists neZ™* such that (ab)?, a"eE(S) and there _

‘exists meZ* such that
; (abjr=a?m1,
Then . .
 Gab)=(ab) =(ab)"=a" " V=" = 4 (0) =% (a) € (b).
_Therefo‘re,S is a retractive nil-exteasion of a left zero band. O

THEOREM 54, 4 sef}zigroup S is a retractive nil-extension of an

) IR-band (semilattice of singular bands) if and only if for every a,beS and

x,yeS" there exists neZ” such that | N
(5 4) e x(ab)n-H:y=xan.+kbn+kyxbnfkan+ky
. C T x'(ab)"“y=_.xb"“‘a"+"yxa””b"_“y

for every keZ*,

or

Proof. Let S be a retractive nil-extension of an LR-band E with the

.rctraction €. Then S is periodic and Reg (S)=E=E(S), so S is a union

of nil-semigroups and by Lemma 3.1. we have that ¢ has the representa-

#@v’fmﬂm M e FE NP T e rrse mewy ey

" x (ab)" y=a{ab)" yxbay or  x (ab)™ y=xbayx (ab)™ y.
Moreover, there exists neZ™* such that (ab)", a”, b"c E, and then € (a)=a",

€ (b)="5" and % (ab)={ab)"=%¥ (a) % (b) = a"b"-Let x (ab)™ y=x (ab)" yxbay.

Then ‘ : ‘ : ,
£ (b7 pre 3 ()P 5 (xbag)? <

for every seZ*. Since thére exists peZ* such that (xbay)PeE, then
x(ab)™ y=x{ab)" y(xbay)PeE, 50 | - ‘

x(ab)™ y =€ (x(ab)"™ y) = (x(ab)" y (xbay)") =
=% (x}(€ (ab)" € (¥ (x) € (b)€la)¢ () =
=¥ (%)% @)% (1)) E(@E ()=
=€ (b€ () ()A€ ()=
=% (xa"b"yxb"a"y)=xa"b"yxb"a" f’
and . e _
x(ab)" y=% (x(ab)" y) =€ (x)(¥ (ab))" € () =
=% (x)€(ab)€ ()= (x) (@b € )=
=% ((ab)"y)=x(ab)"y.

o
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. Hence x(ab)"y= xa"b"yxb”a”y, and since (ab)"**=(ab)", a"**=a",
. b =b" for every keZ*, then the fist identity from (5.4) holds. In a’
similar way we prove that, if x (ab)™ y = xbayx {(ab)™ y the second identity -
from (5.4) holds. Thus, in any cases (5.4) holds.
Conversely, let (5.4) holds. Then for every x,a,yeS there exists
- meZ" such that xa?™y=(xa*"y)?, so by Theorem 4.1. we have that S is -
a nil-extension of a band E. Let e,/eE. Then by (5. 4) it follows that
ef=efe or ef=fef, so E is an LR-band. -

Dcf’ncafunctlon%SeE by B
¢(x)=¢ if xeK, ecE.

Let a,beS. Then there exists meZ*, m>2 such that (ab)™, a™, b’"eE, and -
€ (ab)=(ab)", €{a)=a™ € (b)=b" Moreover, by (5.4) it follows that -

~ there exists neZ* such that

(@B * =R or (abyth o prt gkt
for every keZ™, i.e. | o |
(ab)P=a?bPa® or (ab)=b’alh?
forevery peZ™*, p2n+1. Now we havc that
| % (ab)= (ab)"‘—-(ab)’""—a’"”b”‘" ”"‘—a”‘b’"
or
fg(ab)=(ab)m=—_(ab)m-_.-ib'"fm"bm"—bm .

- Let a™=e¢, b" =/, e,feE(S). Assume that ef=efe. Let (ab)™ =€ (ab) =
=b"a"b"=fef. By ef=efe it follows that fef=(fe)?* =fe. Hence, (ab)™=fe.
In a similar way we prove that af=ef or af=fe (since afeE, then
(af ) =af for every keZ™). Assume that af=fe. Then

ef—- mf___ m. laf_ m= lfe___ m— Zafe am™= 2fee am- 2fe_
=...~—afe = fee=fe=af. | "

Hence, af=ef. Similarly we show that be——fe Now we have that-
abe=afe=efe=ef and — -

fe=fee=(ab)" e=(ab)"~ ! abe=(ab)" "' ef =(ab)" " ? abef =
=(ab)""?eff =(ab)""2ef=...=abef=ef,
~ whence (ab)"=ef, s0 .' S o
& (ab)=(ab)" =ef =€ (@) (b).

The similar proof we have in the other cases. Therefore % is a retraction,
so § is a retractive nil-extension of an LR-band. O
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COROLLARY 5.1. A semigroup Sisa retractwe m! extenszon ofa-'. -

semilattice of left zero bands if and only szor every a,beS and x,yeS'
‘there exists neZ* such that . &

| x(ab)n-é-ky:xan+kbn+k}'{,xbu_y+-ian+ky o |
for every keZ™, " - R _' ]

THEOREM 5.5. 4 semigroup S is a retractive nil- extension of an

"R-band if and only if for every a, bES and x, yeS! there exists neZ* such
- that :

(55 x(byy= (xa"y)z' oF x(ab ry= (xb"y)2 .

; Proof. Let S be a retractive nil-extension of an ‘R-band E thh the
retraction €. Then § is periodic and Reg(S)=E=E(S), so S is a union of ;=
nil-semigroups and by Lemma 3.1. % has the représentati'on - -

(x) e if xeK, E

Let a,beS and x ,yeSt. Then thcre exists neZ+ such that a", b, (ab) €E,
50 |

(ab)' =% (ab))=(¥ (ab)y ~ @ (ab)=% () %(b)za’*b_", |

Aand since E is an R-band and an ideal of S, _theln it follows (5.5).

Conversely, let (5.5) holds. Ther for every aeS there exists neZ*
-such that a®*1=a?"*2 50 S is periodic. Let xe§ and eeE(S). Then

xe=x{ee)'  , for every neZ*, o |
=(x¢"* ., for some neZ* (by (5:5)); .
=(x€)2, | | .

and in a similar way we obtain that.(ex) =ex., Thus E(S) is an ideal of

S. Let ¢,feE(S). Then (ef )"=ef for- every nEZ* 'S0 by (5 5) it follows
that E(S) is .an R-band. .-

Define a function €:S—-E(S) by o ‘
Ex)=e if xEK eeE(S) —

Let a,beS. Then there exists meZ* such that g™ ,b™ (ab)"eE(S). Let

a"=e, b"=f, e, feE(S). By (5.5) it follows that thcre exists neZ™* such
that (ab)"=a*" or (ab)"=b*".

Assume that ef =e. Let (ab)"=b?". Then (ab)”‘":bz’"”:f. Moreover
| af=(af)* ~ , forevery keZ”,
=g , for some keZ™ (by {5.5)),
=e - (since afeE(S))
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or | _
af=(af)* , for cvery keZ*,
—f2x , for some keZ* (by (5.5)),
=f o

Assume that af=f. Then a'f=/ for every teZ*, so e=ef=/. Hence
~af=e In a similar way we obtain that bee{e, f}. Let be=e. Thcn
abe=ae=¢ 5o (ab)f’e e for every peZ™. Now we have that

.ww”=ﬂaﬁamef=wMMfwwaﬁwr"cwe
L =(ab)yte=e. |

Let be= f Then abe=af =e 50 (ab)" ¢ for cvcry peZ+ 'and sumiar]y we
obtam that (ab)’“"—e Thus, |

(ab)™=e=ef.
The similar prdof we have if ef =f. Therefore
% (ab) = (ab)™ = (ab)™ = ¢f% (a )% (b)

_ Thus, ‘~’€ is a retraction, so S is a retractwe ml extensmn of an R-band

E(S).
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NIL-PROSIRENJE REGULARNE POLUGRUPE

S. Bogdanovié i M. Cirié, Beograd

Sa d rz aj
U clanku su dane neke karakterlzdcue nil- promrenja regu]armh
polugrupa. Nadalje, karakteriziraju se retraktivna nil-prodirenja nekih
specijalnih tipova regularnih polugrupa. :
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