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Bands of left archimedean semigroups

By STOJAN BOGDANOVIC* (Nig),
MIROSLAV CIRIC (Nis) and BORIS NOVIKOV (Kharkov)

Abstract. Semigroups having a decomposition into a band of left (or
right) Archimedean semigroups have been studied in many papers. A general theo-
rem characterizing these semigroups has been given by M. S. PUTCHA in [16], and
some special types of such decompositions have been studied by S. BOGDANOVIC
and M. CIRIC [3,4,6,7], P. PROTIC [15,16,17], L. N. SHEVRIN [20] and others.
In the present paper we give some new results concerning these semigroups. By
Theorem 1 we simplify the above mentioned Putcha’s theorem, and using this we
characterize various special types of bands of left Archimedean semigroups.

1. Introduction and Preliminaries

Semigroups which can be decomposed into a band of left Archimedean
semigroups have been studied in many papers. M. S. PUTCHA in [16] proved
a general theorem that characterizes such semigroups. This result we give
here as the equivalence of conditions (i) and (ii) in Theorem 1. Some special
decompositions of this type have been also treated in a number of papers.
S. BoagpANOVIC in [1], P. PROTIC in [15,16] and S. BoGDANOVIC and
M. CIRIC in [3,6] studied bands of left Archimedean semigroups whose re-
lated band homomorphic images belong to several very important varieties
of bands. L. N. SHEVRIN investigated in [20] bands of nil-extensions of
left groups, and S. BoGDANOVIC and M. CIRIC investigated in [4] bands
of nil-extensions of groups. Finally, bands of left simple semigroups, in the
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general and some special cases, were investigated by P. PROTIC in [19] and
S. BoapaNovi¢ and M. CIRIC in [7].

In this paper we give some new results concerning decompositions into a
band of left Archimedean semigroups, in the general and some special cases.
By Theorem 1 we give some new characterizations of these decompositions
in the general case, which are simpler than the one given by M. S. PUTCHA
in [16]. Further we study bands of nil-extensions of left simple semigroups
(Theorem 2) and bands of nil-extensions of left groups (Theorem 3). In Sec-
tion 4 we investigate decompositions which corresponds to various varieties
of bands. All such decompositions will be characterized by Theorems 5 and
6. Some of the results obtained in the paper generalize many results from
the above mentioned papers, and some of them simplify some known results.

Throughout this paper, N will denote the set of positive integers, and
L and D will denote the well-known Green’s relations on a semigroup. For
a semigroup S, Reg(S) and LReg(S) will denote the set of regular and the
set of left regular elements of S, respectively, and for a € Reg(S), V(a) will
denote the set of all inverses of a.

If A is a subset of a semigroup S, then VA= {a € S| (In € N) a” € A}.
A left ideal L of a semigroup S is completely semiprime if for any a € S,
a? € L implies a € L, or equivalently, if /L = L, and it is completely prime
if for all a,b € S, ab € L implies that either a € L or b € L.

The division relations | and | on a semigroup S are defined by
!

alb & (Fz,yecSh)b=zay, alb <& (Bresh)b=uxa,
!

and the relations — and —— on S are defined by

a—b & (meN)alb’, a-5b & (IneN)alb"
l

The relation — on S is defined dually, and the relation ' is defined by

=1 A . Relations - and = on S are defined by L =4 ﬂ(—l>

)"t and - =" N(—=)"!. For an element a € S, A1(a) = {z € S | a LN
x}, i.e. A1(a) = v/ Sa, and the equivalence relation A; on S is defined by

CL)\lb -~ Al(a):Al(b) (CL,bES).
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For a relation £ on a set A, £*° denotes the transitive closure of £. A relation
¢ on a semigroup S satisfies the common multiple property, shortly the cm-
property, if for all a,b,c € S, a&c and b€ ¢ implies ab& c. By a quasi-order
on a set A we mean a reflexive and transitive binary relation on A.

A semigroup S is called Archimedean (left Archimedean, weakly left Ar-

chimedean, t-Archimedean) if a — b (a LN b, ab LN b, a LN b), for all
a,b € S. A semigroup S is called 7-regular (resp. left w-regular, right 7-
reqular, completely w-regqular, intra-w-regular) if for any a € S, some power
of a is regular (resp. left regular, right regular, completely regular, intra-
regular). An ideal extension of a semigroup S by a nil-semigroup is called a
nil-extension of S.

By the following table we introduce notations for some classes of semi-

groups and some varieties of bands which will be used later.

Notation Class of semigroups Notation | Class of semigroups
A Archimedean g groups
A left Archimedean N nil-semigroups
A, right Archimedean TR m-regular
Ay t-Archimedean I7R |intra m-regular
Awi weakly left Archimedean LR left m-regular
LS left simple RaR  |right m-regular
LG left groups CtR completely m-regular
Notation Variety of bands Notation Variety of bands
(@] one-element bands B all bands
LZ left zero bands LN left normal bands
RZ right zero bands RN right normal bands
RB rectangular bands SL semilattices

For two classes X7 and X5 of semigroups, X o Xy will denote the Mal’cev
product of Xy and X5, i.e. the class of all semigroups S on which there exists
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a congruence o such that S/p belongs to X5 and each p-class of S which is
a subsemigroup of S belongs to X;. If X5 is a subclass of B, then X} o A5 is
the class of all semigroups having a band decomposition whose related factor
band belongs to X> and the components belong to X;. Such decompositions
will be called X o Xs-decompositions. On the other hand, if A5 is a subclass
of N, then X; o X, is the class of all semigroups that are ideal extensions of
semigroups from X; by semigroups from Xj.

For undefined notions and notations we refer to [2], [5] and [14].
2. Preliminary Results

In this section we will give several preliminary results.

Various properties of relations L, — and \; were described by the

first two authors in [3] and [11]. Here we describe yet other properties of
these relations.

Lemma 1. If a semigroup S satisfies
(1) (Va,b € S) ab - ab?,
then for any k € N, it satisfies

(2) (Va,b € S) ab — ab®.

PROOF. Suppose that S satisfies (2) for some k € N. Assume a,b € S.
By (1) it follows that ab® = ab*~1b — ab*~16% = ab**1, that is (ab®+1)™ =

zab®, for some m € N, € S'. By the hypothesis, zab 4, zab®, that is
(xab®)" = yxab, for some n € N, y € S', so (ab*+1)™" = yxab. Hence, S
satisfies (2) for k+ 1. Now, by induction we have that S satisfies (2) for any
ke N. O

Lemma 2. If a semigroup S satisfies
(3) (Va,b € §) b> - ab,
then it also satisfies

(4) (Va,b € S) a®b — ab.
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PROOF. Assume a,b € S. By (3) we have a? L, ba, that is (ba)™ =
ra?, for some n € N, z € S!, whence (ab)"™ = a(ba)"b = axa®b, which
gives ab s ab. O

Several conditions equivalent to the transitivity of L were given by
Theorem 5 of [11] and Theorem 6 of [3]. Here we give yet other such condi-

tions. It is interesting to note that the transitivity of LN implies its right
compatibility.

Lemma 3. The following conditions on a semigroup S are equivalent:

(i
(ii

) L is a transitive relation on S;
) L isa right compatible quasi-order on S;
(iii) — =X on S;
(iv) (Va € S) a) a?
(v)
(vi) (Va, bGS)(Vk‘GN)bk—)ab

i) (Va beS)bZ—uzb

) any Ai-class of S is a subsemigroup;

x) VSa is a left ideal of S, for any a € S;

)

V'L is a left ideal of S, for any left ideal L of S.

(v
(VabGS)a—>b = o2 Db,
(
(

(vii

(viii

(i
(x

PrOOF. Note that the equivalence of conditions (i), (iv), (v) and (ix)
is a particular case of Theorem 5 of [11], and the equivalence of (v), (vi),
(vii),, (ix) and (x) is the dual of Theorem 6 of [3]. Therefore, it remains to
prove that the conditions (ii), (iii) and (viii) are equivalent to the remaining
ones.

We will establish the following sequences of implications: (i) = (iii) =
(iv) and (vii) = (ii) = (viil) = (iv).

(i) = (iii). This follows by Lemma 6 of [11].

(iii) = (iv). This is obvious.

(vii) = (ii). By the equivalence of the conditions (vii) and (i) we have
that — is a quasi-order. Assume that a LR b, for a,b € S, and assume an
arbitrary ¢ € S. Then b" = za, for some n € N, x € S', and by (vii) and

Lemma 2 we have that b2*¢ — be, for any k € N. Assume k € N such that
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2k > n. Then (be)™ = yb?*c = yb?*"xac, for some m € N, y € S, whence
ac —4 be. Hence, s right compatible.

(ii) = (viii). Clearly, A; is a right congruence on S. Let A be a A;-class
of S and let a,b € A. Then b\, a, whence b\; b? \j ab, since )\ is a right
congruence, and hence ab € A.

(viii) = (iv). This is obvious. O
We will see that the following lemma is one of the crucial results of the
paper:

Lemma 4. Let £ be a band congruence on a semigroup S. Then the
following conditions are equivalent:

(i) € is contained in —;

(ii) & is contained in \i;

(iii) any &-class is a left Archimedean semigroup.

ProoF. (i) = (iii). Let A be a ¢-class of S and let a,b € A. Then a? ¢ b,

whence a? — b, that is b™ = za?, for some n € N, z € S'. Seeing that &
is a band congruence, za{wxa® = b"¢b, so ra € A and V" = (va)a € Aa.
Therefore, A € A;.

(iii) = (ii). Assume an arbitrary pair (a,b) € £. Let ¢ € Ai(a), that

is a — ¢. Then ¢* = za, for some n € N and = € S', and za,zb € A,
where A is a ¢-class of S. Since A € A;, then there exist m € N and y € S!

such that (za)™ = yab. Therefore, ™" = (xa)™ = yzb, so b L ¢ and
¢ € A1(b). Thus, Aj(a) € Ay(b). Similarly we prove A;(b) C Aj(a). Hence,
Ai(a) = A1(b), so (a,b) € A\;. This proves (ii).
(ii) = (i). This is obvious. O
Lemma 5. The following conditions on a semigroup S are equivalent:
(i) (Va,be S) ab® - ab;
(ii) (Va beS)a—>b = ba — b;
(iii) LN satisfies the cm-property on S;
)

(iv) for any left ideal L of S, V'L is an intersection of completely prime
left ideals of S.

PRrROOF. (i) = (iii). Let a,b,c € S, a L cand b -5 ¢. Then ¢ =
ra = yb, for some n € N, z,y € S, and by (i), (yb)™ = zyb?, for some
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m €N, z € S*, whence

"M = (yb)™ = 2yb? = 2(yb)b = zuab € Sab,

so ab - c.

(iii) = (ii). Let a,b € S and a —L.b. Then b - band a - b, whence
ba — b, by (iii).

(ii) = (i). Let a,b € S. Then b LN ab, so by (ii), ab? L ab.

(iii) = (iv). Since (i) < (ii), then by Lemma 3 we have that L s
transitive, that is Ao e , s0 by Theorem 5 of [11], for each left ideal

L of S, V'L is a completely semiprime left ideal of S, and by Theorem 2 of

[11], it is an intersection of completely prime left ideals of S.
(iv) = (iii). Let a € S. By (iv), V' Sa is a completely semiprime left
ideal of S, so by Theorem 5 of [11], s transitive, i.e. e e

Now, by Theorem 2 of [11], 1, satisfies the cm-property. O

For an equivalence relation ¢ on a semigroup S, by & we denote the
greatest congruence relation on S contained in &. It is well-known that

& ={(a,b) € ¢| (Va,y € S') (way,xby) € £}
On a semigroup S we define a relation n by
anb < (Vx € S') ra—t-zb.

This relation (or, more precisely, its dual) was introduced by P. Proti¢ in
[17], who also proved that 7 is a congruence relation on any semigroup. Here
we prove the following:

Lemma 6. On any semigroup S, n = )\?.

PROOF. Assume an arbitrary pair (a,b) € . If ¢ € Ai(a), that is
¢" = za, for some x € S', n € N, then by anb we have that za—xb, so
(xa)™ € Sxb, for some m € N, which yields ¢ € Sb, so ¢ € A1(b). Thus we
proved Ai(a) C Aq(b). Similarly we prove Aq(b) C Ai(a). Therefore, a A1 b,
which means that n C \;.

n

Let o be an arbitrary congruence relation on S contained in A;. Assume
an arbitrary pair (a,b) € o. Then for any x € S! we have that

(wa,ab) € 0 C Ay € L,



92 S. Bogdanovi¢, M. Cirié¢ and B. Novikov

whence it follows that (a,b) € n. Therefore, o C 1, which was to be proved.
This completes the proof of the lemma. O

At the end of this section we quote four theorems proved by the first
two authors in [6]. They will be used in our further work.

Theorem A. A semigroup S belongs to Ay o SL if and only if a —
b = ab—b, for all a,b € S.

Theorem B. A,; = A 0o RB = A;0 RZ. A semigroup S belongs to

At if and only if isa symmetric relation on S.

Theorem C. L7RNAy =IZrnRNAy = (LSoN)oRB = (LSo
N)oRZ.

Theorem D. 7RNAy = RTRNAy = CiRNAw = (LGoN)oRB =
(LGoN)oRZ.

3. Decomposition Theorems: The General Case

As we noted before, the first characterization of bands of left Archime-
dean semigroups was given by M. S. PUTCHA in [16], and this result we quote
in the next theorem as the equivalence of conditions (i) and (ii). Moreover,
we give several new characterizations of semigroups having such a decompo-
sition.

Theorem 1. The following conditions on a semigroup S are equivalent:
(i) S e A oB;
(ii) (Va € S)(Vz,y € SY) zay—zay;
(iii) n s a band congruence on S;
(iv) (Ya,b € S) a?b - ab & ab - ab?;
(v) (Va,b € S) ab—-ab?.
PROOF. (i) < (ii). This is Theorem 1 of [16].
(iii) = (i). This follows by Lemma 4.

(iv) = (v). Assume a,b € S such that a — b, that is b = zay, for

some m € N, z,y € S*. By (iv) we have (za)?y LN zay, that is (zay)" =
z(za)?y = zwab™, for some n € N, z € S*. On the other hand, by Lemma 1,
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zrab - zxab™, that is (zzab™)* = uzaxb, for some k € N, u € S!, which
gives b = yzzxab, that is ab Lo, Now, by Theorem A, S is a semilattice
Y of weakly left Archimedean semigroups S,, o € Y.

Assume a,b € S. Then ab b ab? i S, and ab,ab?® € S,, for some
a €Y, so by Lemma 11 (¢) of [11], ab L ab? in S,. By Theorem B, s
a symmetric relation on S,, whence ab? s ab.

(v) = (iv). This follows by Lemma 2.

(v) = (ii). Clearly, b2 A, ab, for all a,b € S, so by Lemma 3, - is a
right congruence. Assume a,b,c € S. By (v) and (iv) we have ab—tab? and

ab—1-a?b, and since - is a right congruence, then abc——ab?c. Hence, (ii)

holds.
(ii) = (v). This is clear.
(iii) = (i). This follows by Lemma 4.
(v) = (iii). This follows by Lemma 6. O

As a consequence of the previous theorem we obtain the next corollary.
Note that the characterization of semigroups from A;o B given here is simpler
than the one given by M. S. PUTCHA in [16].

Corollary 1. A semigroup S belongs to A; o B if and only if
a?b—"—ab——ab?, for all a,b € S.

The concept of m-regularity, in its various forms, appeared first in Ring
theory, as a natural generalization of the regularity. In Semigroup theory this
concept attracts great attention both as a generalizations of the regularity
and a generalization of the finiteness and the periodicity. On the other hand,
there are specific relations between the m-regularity and the Archimedeaness,
as was shown by M. S. PuTcHA in [15]. That motivates us to investigate
A; o B-decompositions of m-regular semigroups.

We do it first for intra w-regular and left w-regular semigroups. It
is interesting to note that for left m-regular semigroups only a half of the
condition (v) of Theorem 1 is enough.

Theorem 2. The following conditions on a semigroup S are equivalent:
(i) Se LrRNA; 0 B;

(i) SeInRN A o B;

(i) S € (LSoN)o B;
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(iv) S € LaR and ab? R ab, for all a,b € S;
(v) (Va,b € S)(3n € N) (ab)™ € S(ab®)".

PROOF. (iii) = (i) and (i) = (ii). This is trivial.

(ii) = (i). Since ZTRNA; o B C InRN Ao SL = (ZnRNAy) o SL =
(LR N Ay) o SL = LTR N Ay 0 SL, by Theorems A, B and C, then (iii)
implies (ii).

(i) = (iii). As known, each component of a band decomposition of a
left w-regular semigroup is also left w-regular. By this and by Theorem 4.1
of [15] we obtain (i).

(iii) = (v). Let S be a band I of semigroups S;, ¢ € I, and for each
1 € I, let S; be a nil-extension of a left simple semigroup K;. Then for all
a,b € S, ab,ab® € S;, for some i € I, and (ab)", (ab?®)" € K;, for some n € N,
whence (ab)™ € K;(ab®)™ C S(ab*)™.

(v) = (iv). This is obvious.

(iv) = (i). By Theorem 1 of [10], S is a semilattice Y of Archimedean
semigroups S,, « € Y. I was proved by Theorem 1 of [8] that AN LR =
(LSo RZ)o N, so for any a € Y, S, is a nil-extension of a semigroup K,
which is a right zero band I, of left simple semigroups K;, i € I,.

Assume o € Y, i € I, and set S; = /K;. Further, let i,j € I, a €
Si, b € S;j, and assume m € N such that b™ € K. By (iv) and by Lemma 1,
ab™* —Ls b in S, so by Lemma 11 (c) of [11], (ab)™ = zab™t!, for some
n €N, z € SL. Assume k € N such that (ab)* € K. Then

(ab)**" = (ab)* (zab)b™ € KoSoK; C Ko K; C K;,

so ab € S;. Hence, for any oo € Y, S,, is a right zero band I, of semigroups
Si, 1 € 1, and for any ¢ € I, S; is a nil-extension of a left simple semigroup

K;. Now, by Theorem B, for any a € Y, Lisa symmetric relation on S,
and as in the proof of (iv) = (v) of Theorem 1 we obtain that ab——ab?, for
all a,b € S. Hence, by Theorem 1 we obtain (ii). O

For w-regular semigroups we have the following:

Theorem 3. The following conditions on a semigroup S are equivalent:

(i) Se RTRNA; 0 B;
(i) Se RN A o B;
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(iii) S e CmRNA; o B;

(iv) Se(LGoN)oB;

(v)

(vi)

PROOF. (iv) = (iii) and (vi) = (v). This is clear.

(i) < (iii) and (ii) < (iii). This can be proved similarly as (ii) = (i) of
Theorem 2, using Theorems C and D.

S € R and ab?® — ab, for all a,b € S;
(Va,b € S)(3n € N) (ab)™ € (ab)™S(ab®)™.

(iii) = (iv). This follows by the arguments similar to the ones used in
(i) = (iii) of Theorem 2.

(iv) = (vi). This can be proved similarly as (iii) = (v) of Theorem 2,
using Lemma 1.1 of [9].

(v) = (ii). Let a € Reg(S), a’ € V(a). Then da’a? L, a’a, whence
a € LReg(95), so S is left m-regular, and by Theorem 2, S € A; o B. O

Some other characterizations of semigroups from (LG o N') o B one

can obtain by the results concerning their dual semigroups, given by L.
N. SHEVRIN in [20].

Corollary 2. [4] The following conditions on a semigroup S are equiv-
alent:

(i) S

(i) SeZrRN Ao B;

(iii) Se 7R NA; o By

(iv) S € ™R and a2b—>ab&ab2—>ab forall a,b e S.

€ (GoN)oB;

4. Decomposition Theorems: Special Kinds of Bands

Our next goal is to characterize semigroups from A; oV, for an arbitrary
variety of bands V.

The lattice LV B of all varieties of bands was studied by P. A. BIR-
Jukov, C. F. FENNEMORE, J. A. GERHARD, M. PETRICH and others.
Here we use the characterization of LV B given by J. A. GERHARD and M.
PETRICH in [12]. They defined inductively three systems of words as follows:

Gy = zo21, Hy = 9, Iy = xox1 29,

Gn = :L‘nGn—la Hn = ann—lann—lv In = ann—lxnln—la
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[azy = ayz]
[Gy = H)]=LZ

Figure 1

(for n > 3), and they shown that the lattice LV B can be represented by
the graph given in Figure 1.

Let us give some additional explanations concerning the graph from
Figure 1. Throughout this section, for a semigroup identity u = v, by [u = v]
we will denote the variety of bands determined by this identity. In other
words, this is a shortened notation for the semigroup variety [22 = z, u = v].
For a word w, w denotes the dual of w, that is, the word obtained from w by
reversing the order of the letters in w. In the graph from Figure 1 we have
labelled only the nodes which represent varieties of bands that will appear
in our further investigations.
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The central point of this section is the following theorem:

Theorem 4. Let V be an arbitrary variety of bands. Then

LZ if VelO,LZ];
RB if V€|RZ, RB];
(G = I] if Ve€[SL,[G2= D]
LZoV =
[Gg = 13] Zf Ve [RN, [Gg = Hg]] ;
[GnJrl = n+1] Zf Ve [[én = TnL [Gn+1 = n—i—l]]; n > 2;
[Gn+1 - Hn+1] ’lf V € [[én - FnL [Gn+1 = Hn+1]:|, n Z 3
PRrOOF. Consider the congruence  on a band S. Since \; = - = L

on S, then n = £°. Tt is known that the Green relation £ on S is defined by
(a,b) e L < ab=a & b= ba, whence we conclude that

(5) (a,b) €n < (Yo e S') ra= rarb & xb = zbxa.

But, if xa = xazb and xb = xbza, for any = € S, then for x = a we have
a = ab, and for x = b we have b = ba, so the condition (5) is equivalent to

(6) (a,b) en <& (Vx€S) xa=xazrb & xb= zbza.

Let [V4, V] be some of the intervals of LV B which appears in the
formulation of the theorem. We will prove:

(7) SeVe & S/men,

for any band S.
Case 1: [V4,V2] = [O,LZ]. This case is trivial.

Case 2: [Vi,Vo] = [RZ,RB]. In this case the assertion (7) is an
immediate consequence of the construction of a rectangular band.

Case 3: [Vi,Va] = [SL,[G2 = I]]. This case was considered in the
dual of Proposition II 3.12 of [14].

Case 4: [Vi,Va] = [RN,[Gs = Hs]]. This case was considered in the
dual of Proposition II 3.8 of [14].
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Case 5: [Vq, Vo] = [ég = 1,,[G3 = _[3]]. This case was considered in
the dual of Proposition IT 3.5 of [14].

Note that in all of these cases the Green relation L is a congruence, i.e.
n = L. In other words, for a band S we have that £ is a congruence on S if
and only if S € [G3 = I3].

Case 6: [V4,Va] = rn = 1,,[Gni1 = In+1]], n > 3. Here we have
that ‘/2 == [$n+1G = Jl‘n+1G .CCn+1I ]

Let S be an arbitrary band. Suppose first that S € V5. For 1 <i <n
let the letter z; get a value a; in S. Then the words G,, and I, get some
values u and v in S, respectively. To prove that S/n € Vi = [G,, = I,,], it is
enough to prove that (u,v) € 7.

Assume an arbitrary a € S. If the letter x,, 11 assumes in S a value a,
then by S € V4 it follows au = auav. Since the words G,, and I,, have the
same letters, then (u,v) € D and (au,av) € D. But, any D-class of S is
a rectangular band, whence by au = auav it follows avau = avauav = av.
Therefore, au = auav and av = avau, for any a € S, whence (u,v) € n,
which was to be proved.

Conversely, assume that S/n € Vi. For 1 < i < n+ 1 let the letter z;
get an arbitrary value a; in S. Then the words G,, and I,, get some values u
and v in S, respectively, and (u,v) € i, since S/n € Vi = [G,, = I,,]. But, by
(u,v) € n it follows that a,11u = apyiua,1v, by (6), whence we conclude
that S € [2,411Gy = Tny1l,] = Va. This completes the proof of this case.

Case 7: [V4,Va] = [én =H,,[Gni1 = HnH]], n > 3. This case is
analogous to the previous one.

Considering all the cases we have completed the proof of the theorem.[J

Note that some related results were obtained by E. V. SUKHANOV in
[21] and F. PASTIN in [13].

By a straightforward verification we prove the following lemma:

Lemma 7. Let X be a class of semigroups and let By and Bs be two
classes of bands. Then X o (By o By) C (X 0 By) o Bs.

A particular case of the previous lemma is the well-known result of
A. H. CLIFFORD from 1954 that asserts that X o B = X o (RB o SL) C
(X o RB)oSL, for an arbitrary class X of semigroups. For the class G of all
groups, Go B =G o (RBo SL) is the class of all semigroups that are bands
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of groups, and (Go RB)o SL is the class of all semigroups that are unions of
groups. As known, these classes are different, so Go(RBoSL) G (GoRB)oSL.
This proves that the inclusion in Lemma 7 can be proper.

Using the above theorem and lemma we prove the following:
Theorem 5. Let V' be an arbitrary variety of bands. Then
A, if VelO,LZ];

AjoRZ if V€ [RZ,RB];

Ajo SL if VelSL, G2_12]

Ao RN if V €[RN,
AiolG,=1,] if VG[
Alo[én:Fn] if VG[

AoV =
Gy = Hj));
T Gny1 = n+1]]7 n>2;
n F n+1 = Hn—i—lH; n > 3.

n

G
G

PROOF. One verifies easily that A; o LZ = A;. Further, let [V, V3] be
some of the intervals of the lattice LV B which appears in the formulation of
the theorem, and let V' € [V}, V5]. By Theorem 4 we have that Vo = LZ o V7,
whence

.AlovlQAZOVQ.AZOVQ:AZO(LZOVl)g(AlOLZ)Ovlz.AlOVl,

using Lemma 7. Therefore, A;0V; = A0V = A; o V5, which was to be
proved. O

Finally, we prove the following;:

Theorem 6. Let V be an arbitrary variety of bands and let S be a
semigroup. Then S € A;oV if and only if S/neV.

PROOF. Let S € A; o V. Then there exists a congruence £ on S such
that S/ € V and any &-class of S is in 4;. By Lemma 4 we have £ C Aq,
and by Lemma 6, £ C n. Therefore, S/n is a homomorphic image of S/¢ and
S/¢€ € V, whence S/n € V, which was to be proved.

Conversely, if S/n € V, then by Lemma 4 we have that any 7-class is
in A;, and hence, S € 4,0 V. O

Note that the corresponding results can be obtained for bands of left
simple semigroups and bands of left groups.
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