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ABSTRACT: 1In this paper we consider GUn+1—semigroups
i.e. semigroups with the following condition:

(vxl ,x2, LI ,xn+1)( 3 m) (xlxz' . 'xn+1)m€ <x1>U<x2> U' e U<xn+1>

and we prove that S is a X-regular GU l—semigrouo if and
only 1f S5 1s a Redel’s band of perlodlc nil-extensions of
groups s ( N-groups ) .

1. INTRODUCTION AND PRELIMINARIES

A semigroup S5 1is a U-semigroup if the union of
every two subsemigroups of S is a subsemigroup of S , which
is equivalent with xy¢ (xDOUSy> for all x,y€S . These
semigroups have been considered more a time in conection with
a study of lattices of subsemigroups of some semigroup . S is
a GU-semlgroup if for every x,3y€S there exists m€ z*

- such that (xy)™¢ x> UG s[2] . An other generalization
for U-semigroups is the notion of U -semigroup: S5 1is a
U, -semigroup if x2...xn+1€<xl>U<x?>U...U<xn+l>
for every xl,xz,...,xn+168 ,[6] . In this paper we consider
a semigroup for which the following condition holds:

(¥, Xp 500 w5 %, )0 M) (xyxpeex ™€ G UG P UL L Uxp g 0

Such a semigroup we call GUn+1-semigroup ( generalized Un+l—

semigroup ) .
A semigroup S 1is a Kédei’s band if xy<€ix,y)
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for all x,y&€S . S 1is a SN-regular semigroup if for every
a€ S there exists mé€ 2* such that a® € a®a® . S is a
J-group if S is a nil-extension of a group . The main
result of this paper is the following : S 1s a ( X-)regular
GUn l-semlgroup if and only if S 1s a Redel’s band of peri-

odic ( &-)groups .
For non defined notions and notations we refer to

(1] anda [8].

2. A GU

n+l-SEMIGROUP

DEFINITION 2.1, Let n€2* . A semigroup S is a
generalized U +1 -semigroup or 31mp1y GU 1—sem1group ir. 8
satisfies the follow1ng condition :

(¥) 3 X5y 0003 %, )0 m) (xyxp.0ex )™ (DU DU - Uy D -
A group G 1is a GUn+l—group if G is a GU

n+l—semi—
group .
A GU,-semigroup ( GU,-group ) we call simply GU-

-gsemigroup ( GU-group )

LEMMA 2,1, Every subsemigroup and every homomorphic
image of a GU  ,-semigroup is a GU__,-semigroup .[]

THEOREM 2.1. The following conditions are equivalent:
(i) G is a GU ,,-8Toup ;

(ii) G is a GU-group ;
(iii) G is a periodic group .
Proof. (i)=>(iii). Let G be a GU n+1-8TOUD With

the identity element e . Let x€G ., If n+l=2k , kGZ sthen
e = ((xH®me x) KLY

for some m€Z' , so e€ {x> . If n+l=2k+l , k€Z* , then
there exists n€ z* such that

e = (Cx HF I e GOHULHDHUGD
<xOULH
whence e€ {x ). Thus , in any case G is periodic .
(ii) => (iii) . This is similar with (i)=> (iii).
(iii) =>(4i) and (iii)=>(i) follows immediately.U

Also we obtain the following :
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LEMMA 2,2, ;_e_iz S5 EG.E GUn+1-semigroup and let
E(S8) # ¢ . Then E(S) 1is a Rédei’s band .

Proof. Let e,fCE(S) . Then there exists m€2z"
such that

(ef)® = (e...ef)® € eDULEY = Le,£} .
If (ef)™ = e, then ef = (ef)™f = (ef)” = e . Bimilarly ,
from (ef)™ = f it follows that ef = f . Thus , E(S) is a
Rédei’s band .[]

DEFINITION 2,2, A band Y of semigroups 5 ,X€Y,
is a GUn+1-band of semigroups if for all xi€ sdi ,cXiE;Y ,
i=1,2,...,n+l , there exists m€ z2* such that

m

(X9 X5eeeXp ) €<x1>U<x2>U... U<x1?
for all 0(1,...,0(n+l€Y such that of; ;40(;i for some
1,5€481,2,...,n+1} ,

In a similar way we define a GUn+1-semilattice and

GUn+1-cha1n _o_f semigroups .

DEFINITION 2.3, A band Y of semigroups 5, ,X€Y ,
is a Rédei's band of semigroups if Y is a Rédei’s band .

3, A REGULAR GUn -SEMIGROUP

+1

LEMMA 3,1, The following conditions on a semigroup
S are equivalent:

(i) s is a completely simple GU__,-semigroup ;

(ii) S is a periodic left or right group ;

(iii) S 1is a left or a righi:—zero band of perodie

groups .

Proof. (i)=>(ii). Let S be a completely simple
GU, ,,-semigroup . Then E(8) #¢ and by Lemma 2.2, E(S8) is
a Rédei’s band , whence S 1is a rectangular group ( Theorem
I 3.3, [8] ) . kow by Lemma 2.1. [5] and Theorem IV 3.9.[8]
we have that 8 is a left or a right group . By Theorem 2.1,
S 1is periodic .

(ii)=>(iii). This follows immediately .

(iii)=>(i). Let S be a left zero band Y of
periodic groups G , K€Y , Then E(S) 1is a left zero band .
By Theorem IV 3.9, [8] it follows that S 1is a left group ,
so § 1is completely simple . Let x;€ Gy » & €Y, ;
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is= 1.,2,...,n+1 . Then X XoeeoXp g € Go(]_' so there exists
mE?Z such that

m
(X%5000% )0 = e € (%D

where e 1is the identity element of the group G°(1 . Therefore ,

S 1is a completely simple GUn+1—semig;roup .0

THEOREM 3,1, The following conditions on a semigroup
S are equivalent:
(i) 8 4is a regular GU

n+1—semigroup H
(ii) S is a GU ,,-chain of periodic left and right

groups ;
(i1ii) 8 1is a Rédei’s band of periodic groups ;
(iv) S is a rvegular GU-semigroup ;
(v) S 1is a GU-chain of periodic left and right
groups . - T

Proof. (i) =>(ii), Let S ©be a regular GU_,,-semi-
group . For a€S there exists x€S such that a = axa and
X = xax . By Lemma 2.2. it follows that

(ax)(xa) = ax or (ax)(xa) = xa .

Assume that ax2a = xa , If n+l=2k , k€ z* , then

xa = ((xa)5)m , for every m€Z* ,
€ &xHUL> , for some mé€&zt
If xa = x? for some pEZ+ , then x = xax = x
2 p+l 2.2
X a =X = X , whence ax = ax a = xa , S0 a = axa = 8ax & ,
80 aEaSa2 .If xa=a® for some pE2" , then a = axa =
a?*l ¢ a5a® |, Let n+1=Pk+l , k€Z* , Then

and

xa = (ax)(xa) = ((ax)(xa)*)™® , for every m€ZzZ",

€ (ax>U<a> ULz , for some m€ZzZ* |
= Laxd Uda x> -

If xa = ax , then a = axa = xaa = zaxza2 € aSa2 . If xa = xP

for some pé& z*t , then b4 Xax = xp+1 and x2a = xp+1 = X ,
whence ax = ax2a y SO a = axa = ax2a2 < aSa2 . If xa = aP
for some p(—Z+ , then a = axa = ap+l S aSa2 . Assume that

ax2a = ax ., Then a = axa = ax232 & asaz . Thus , in any cases
a € aSa2 , 50 by Theorem 1V 1.6. [8:‘ it follows that S 1is

completely regular and so S is a semilattice Y of comple=-
tely simple semigroups S, X€Y , Then by Lemma 2.1. and by
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Lemma 3.1. we have that S5, is a periodic left or right
group , for every €Y , It is clear that Y is a chain , so
S is a GUn+1—chain of periodic left and right groups S,
«€Y |

(i1)=>(4i). This implication follows by Lemma 3.1.
and by the definition of the GUn+1-chain of semigroups .

(i1) =>(iii). Let 8 be a GU  ,~-chain { of perio-
dic left and right groups S, X€Y . Then S 1is periodic
and by (i)=>(ii) it follows that S is a GU

n+l
Thus 3 = K , where K_ is a K -class containing
’ e e
e € E(S)

-semigroup.

an idempotent e and X 1is an equivalence relation defined
on S5 by:
aXb <> (Jv,q€z”) &P = b

Let K€Y , Then by Lemma 3.1, it follows that Sy is a left
or a right zero band of periodic groups , whence S is a
band E(Sy) of periodic groups K, e €EE(Sy) .
Let x€K_ , y€K, for some e,f€E(8) . If x,y€S,

for some &Y , then by Lemma 3.1. we have that xy € Ke =
= Kef y 1f Sy 1is a left group , and Xy € Kf = Kef , if
Sy 1is a right group . Let =X€ S, yES(g), o(,(z,E-Y . If

o<<(5 then by Lemma 2.2. 1t follows that ef = fe = e
and xy¢& So((z, =534 , and by

(xy)™ = (e...exy)™ , for all m€z*
- eHUEOUGD , for some mé€Z* ,
= &OUL >

it follows that (xy)"¢ (xD>C Ky » so xy €K, = Ko . The
similar proof we have if (< « . Therefore , S 1is a Rédei’s
band E(S) of periodic groups K, o e€E(S) .

(iii)=>(i). Let S be a Rédei’s band Y of perio-
dic groups Gy, X€Y . Let xi€ Gy for some o €Y,
i=1,2,...,n+1 , Then

m

X Xpe 0o ¥Xpiy € Coqlupe e Bupyy C Guqopevoyyg = Goy
for some k< 11,2,...,n+1} , whence there exists m€Zz* such
that
m .
(q%pevax )7 = eC (%) ,
where e 1is the identity element of a group Go(k . Therefore ,

5 is a GUn+1-sem1group . 5



In a similar way we prove that (iii)=>(iv)=>(v).U

4, A JT-REGULAR GUn+1—SEMIGROUP

THEOREM 4.1. The following conditions on a semigroup
S are equivalent : o -
T (i) 8 is a O-regular GU  ,-semigroup and E(S)
is a left zero band ;
- (ii) 8 1is a retractive nil-extension of a periodic

left group ; T
(iii) 8 is & left zero band of periodic ¥ -groups ;
(iv) 8 is a J -regular GU-semigroup and E(S) is

a left zero band ;
(v) 8 is J-regular and
(#.1) (¥ 5Xp5enes X 1 €8 INELT) (xy%5...%,,0%€ (X D

(vi) s is J-regular and
(#.2) (¥x,y€8)(Imez") (x3)"€¢ (x> .

Proof. (i)=»(iii). Let S be a J-regular GU .-
gsemigroup and E(S) be a left zero band . Then by Theorem
VI 3.2.1, [1] and by Lemma 3.1. we have that B is a nil-
extension of a periodic left group T . Thus , S is periodic
s0 S = %J(S)Ke and by Theorem X 1, [1] we have that

X =T = H and K, » eCE(8) are Ji-groups . Let x€K, ,
yEX, e,fEE(S) , e £# f . Assume that xy€ K_ for some
gEE(8) , i.e. (xy)® = g for some s€2z" . Then we have that
there exists Xk,m€ 2* such that

(3e)¥ = (ye...e)¥¢ {ySULe>
and

(x£)® = (xf...00" € GHOULED .

Let (ye)k = e . Noreover , there exists p€ Z* such that

(ey)P = (e...e;)Pe DU G -
Assume that (ey)®e (y> , i.e. (ey)’ = £ for some rez* .
Then

e = ef = eley)T = (ey)¥ =
which is not possible . Therefore , (ey)p = e . Let yt =f ,
t€Z" . By (ey)® = e it follows that ey€K_ and
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z=(ey)k-leEKe y Jz=e and z€ G, ,

where Ge is the maximal subgroup of Ke . Now we have that

Z -
ye = yee = yyze = y2Z = y2ez = yzyzz = y/zz = ess = quq 1

for every qCZ¥ . Hence

ye = 3z = fz

whence

e = yz = yez = fz" "z = fz~ = t(rz¥) = f(yez)

= fe =

which is not possible . Hence , (ye)ke <y>;Kf . In a si-
milar way we obtain that (xf)®¢ <x>_C_Ke. . Thus , we have
that yeexfﬂ T =G, and xf€ Ken T =G, . Now it fol-
lows that xfye € Ger_C;Ge ( Lemma 3.1. ) so

f(yz) =

)s—l )s-l

g = ge = (xy)% = (x3)% Yxye = (xy xfye = (xy e(xfye) =

= ... = (xfye)® € G, .

Thus , g = ¢ , i.e. xy€K, , so S is a left zero band E(S)
of periodic Jr-groups Ke , e €CE(S) .

(1ii)=»(41i). Let S ©be a left zero band Y of
periodic Ir~groups S, , X€Y , Then S is periodic , E(8)
is a left zero band isomorphic to Y and Sy = Ke if
e €5, E(S) . Thus , S 1is a left zero band E(S) of peri-
odic J-groups Ke , e CE(S) . By Theorem VI 3%,2,1. [1] we
have that © is a nil-extension of a periodic left group T .
Define a function “: 5-—T by

NM(x) = ex if X€K, , e €E(8) .
Let x€K_ , yEKf . Then xyGKef =K, , so
M (xy)

e(xy) = (ex)y = (ex)ey = (ex)efy = (ex)e(fy) =
(ex)(£fy) = V() Y¥(y .

Therefore , ¥ is a retraction , so S 1is a retractive nil-
extension of a periodic left group .

(ii)=(v). Let S Dbe a retractive nil-extension
of a periodic left group T with the retraction ¥ . Let
xl,xz,...,xn+1€ S . Then there exists m€Z* such that

(xy%5...%,,)%€T , s0
(X %peeaxy, )" = Y (kg %peeex, )™ = (\?(xl)...\P(xnd))m .

By Lemma 3,l1. it follows that there exists k€ z* such that
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whence

(3 %pe ek, '™ = (W P (xp) 0 (€ () D

n
Let x{ = e for some e€E(8) and some p€2" . By Lemma
3.1. [7?] we have that

+1
\P(xl) = ex; = x{ € <x1>
so (4.1) holds .
(v)=>(1i). This follows immediately .

In a similar way we prove that (iv) =(iii) =>(vi)

= (iv) . 0O

A subsemigroup T of a semigroup S 1is a retract
of a semigroup S if there exists a retraction of S onto T .

THEOREM 4,2, The following conditions on a semigroup
S are equivalent :

(1) S is a J-regular GU ,-semigroup ;
(i) 8 4is a periodic GU _,-semigroup ;
(ii1) 8 ‘i_s a GUn+1—chain o_f retractive 33’._1—exten-
sions of periodic left and right groups ;
T "(iv) S 1is a Rédei’s band of periodic I -groups ;
(v) ) i‘_s a J-regular GU-semlgroup 3
(vi) s is a periodic GU-semigroup ;

(vii) s 1s a GU-chain of retractive nil-extensions
of periodic left and rlght groups ;

(viii) S contains a retract T which is a regular

GU-semigroup and some power of each element of S 1lies 1n T.
Proof, t, (i) =>(iii). Let S be a J-regular GUn+1
semigroup . . Then E(S) # % and by Lemma 2.2. E(S) is a
Rédei’s band , so by Proposition 1. [3] it follows that
Reg(S) = T is a subsemigroup of S . Now , by Theorem 3.1.
we have that Reg(S) = Gr(S) , so by Theorem X 1. [1] we
have that S 1is a semilattice Y of semigroups Sy, XY

and Sy 1is a nil-extension of a completely simple semigroup
T, for every &Y . By Lemmas 2,1 and 3.,l. we have that
Tx 1is a periodic left or a right group . Since E(S) is a
Rédei’s band , then Y is a chain , so by Theorem 4.1. it
follows that (iii) holds .

g (iii)=>(iv). Let S be a GU  ,~chain Y of
3



semigroups S, €Y and Sy 1is a retractive nil-extension
of a periodic left or right group Ty, X€Y . By Theorem 4.1.
Sx is a left or a right zero band E(§,) of JI-groups K, »
e€ E(S,) . Since S 1is periodic , then S = %} K, . Let

e CE(S)

x€K, , €K, , e€ 8, £€8p, oK £ . Assume that X<p .
Since S is a GU ,-chain of semigroups Sy , X€Y , then

ef = fe = e , Also , ’Wesoqa,= S5« « Let xy€EK_  for some

g€ E(8y) , i.e. (xy)k = g for some k€2Z' . Assume that

E(Sy) is a left zero band . Let (ey)®€ E(8¢) for some t€z*

( since ey€ So((Bﬂ S« ) . Then (ey)t = e(ey)t = e, 50 eyEG, .
Moreover , there exists s€Z% such that

(70)% = (ye...0)%¢c (ydULeD ,

and since jyet S(3d= S« <y>g_Sf5 . o(;“& , then (ye)s = e
and ye&G, . Now we have that

ey = (eyle = e(ye) = ye ,
whence , by this and by Theorem I 4.3. [1] , it follows that

g=ge=(xy)ke=e(xy)k=eg=e .
Thus ::yGKe = Kef . The similar proof we have if E(Sy) is
a right zero band and the similar proof we have if pA<« ,
Therefore S 1is a Rédei’s band E(S) of J-groups K,
e €E(R) .

’

(iv)=> (ii). Let S ©be a Rédei’s band Y of periodic
J-groups Sy, oCY . Then S is periodic . Let x;€ Sy ,
«; €Y , 1 =1,2,.0.,0+1 . Then o oX5eea0(p, = Ky for
some kE{l,Z,...,n+l} , SO
XyXpe s X,

n+l €s k °
Since S"‘k is power joined , then there exist 1:,sEZ+ such
that
(xlx2...xn+l)t = x}s(E {Xe D oo
Therefore S 1is a periodic GU_,,-semigroup .

(ii) =»(i) . This follows immediately .

In a similar way we prove that (v)=>(vi) =(vii)
= (iv)

(iv) => (viii). Let S be a Rédei’s band Y of
periodic Ji-groups S, AEY . Then it is clear that S is
periodic , E(S) is a Rédei’s band isomorphic to Y and that
39



S=K, if e€58, (1E(S) . Thus S is a Rédei’s band E(S)
of periodic Ji-groups K_ , e£E(S) . Define a function

e
W: s—1T , T = Reg(S) by
(x) = ex if x€K_ , e€E(8) .

Let xEKe , yEKf . Then xyeKef . If ef = e , then
Plxy)

efxy = exy = {(ex)ey = (ex)efy = (ex)(fy) =
NGOGy .

If ef = f , then by Theorem I 4.3. [1] we have that

M (xy) = efxy = xyef = xyf = xfyf = xefyf = (ex)(fy) =

= POYH .

Hence , \P is a retraction . By Proposition 1. [3] , Lemma
2.1, we have that T = Reg(S) is a regular GU-semigroup ,
and by Jl-regularity it follows that some power of each ele-
ment of S lies in T .

(viii)=>(iv). Let S contains a retract T which
is a regular GU-semigroup and some power of each element of
S 1ljies in T . By Theorem 3.1. it follows that S is
periodic . Let Y: S—T be a retraction and let T be a
Rédei’s band Y of periodic groups Go y €Y ( this follows
by Theorem 3.1,). Let we denote

so(=\P"1(Go() , ogxy .

Then S, is periodic semigroup with exactly one idempotent ,
s0 B is a nil-extension of a periodic group , for every
A€Y . Also , 5 is a Rédei’s band Y of semigroups Sy,
<€y .0

REMARK, In Theorem 4.2, (viii) the retract T and
the retraction \P are not uniquely determined . For example ,
it is not hard to see that E(S) is also a retract with the
retraction \Y with the following representation :
WYi(x) = e if  x€K_ , e€E(S) .

By the proof of Theorem 4.2, we have that statements of this
theorem holds for E(S) and for this retraction .
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EXAMPLE 4,1. The semigroup S given by the follow-
ing table

X e f
X e e b4
e e e e

£ X e by
is a U-semigroup but Reg(3) = {e,f}- is not an ideal of S

since xf = x ¢ Reg(8) .

EXAMPLE 4,2. The semigroup S given by the follow-
ing table

f f £ f £

8 ) g &) g

is & nil-extension of a left zero band , but 8 1is not a
GU-semigroup .

EXAMPLE 4.3, The semigroup S given by the follow-

ing table
e - f oy X
e e e e e
f f £ £ £
g e f g x
x f e X g

is a chain of GU-semigroups , but S is not a GU-semigroup .
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REDEI-JEVA TRAKA PERIODIGKIH J]-GRUPA

U ovom radu se razmatraju GUn+1—polugrupe sy t.3.
polugrupe sa sledeiom osobinom :

(Vxl,xg,...,xn+l)(flm) (xlxz...xn+1)m ¢ <x1>LJ<x2>LJ...LJ<xn+1>
i pokazujemo da S jeste J-regularna GUn+1-polugrupa ako i
samo ako S Jeste Rédei-jeva traka perididkih nil-ekstenzija
grupa ( Ji-grupa ) ,
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