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INFLATIONS OF A BAND OF MONOIDS

MIirosLAV CIRIC AND STOJAN BoGDANOVIC

Abstract. In this paper constructions of inflations of bands of monoids by
systems of homomorphisms are given.

Using the method from [3] we give constructions for inflations of bands of
monoids in the general case, and also in some special cases (inflations of Rédei’s
bands of monoids). Moreover, some characterizations for inflations of bands of
groups and for a Rédei’s bands of groups are given.

Let T be a subsemigroup of a semigroup S. A homomorphism ¢ of S onto
T isa retraction if ¢(t) =1t forall t€T. A semigroup S isan inflation of a
semigroup 7' if T is a subsemigroup of S, S? C T and there exists a retraction
of S onto T. By G. we denote the maximal subgroup of a semigroup S with
the identity e. A band E is a Rédei’s band if ef € {e, f} for all e, f € E.
Let < be a quasiorder (i.e. reflexive and transitive binary relation) on a set X.
Then z <y < <y A ax#y, xz,yc€ X. Let S;, i € I be a family of
semigroups with pairwise disjoint sets of elements and let < be a quasiorder on
the index set I. A system ¢;; of homomorphisms of S; into S; defined for all
1,7 € I such that ¢ < j we call the system of homomorphisms over the quasiorder
<. If, besides that, the following properties hold:

(1) i is the identical automorphism of S; for every i€,

(i) @ij o ik = Pik if 1< j<k,
then the system ;; we call the transitive system of homomorphisms over <. In
this paper we will use the following quasiorders defined on a band I:

<1 & ji=i, 1<2j & ij=1, i,jeI.
If I is a Rédei’s band and a relation <3 is defined on I by

then by Lemma 1. [8] it follows that <3 is also a quasiorder on I.
For undefined notions and notations we refer to [1] and [7].
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THEOREM 1. Let I be a band. To each i € I we associate a semigroup
Si such that S;NS; = if i #j. Let S; be an inflation of a monoid G; with
the identity e;, i € I. Let ¢;; and 1;; be systems of homomorphisms over <,
and <o, respectively, for which the following properties hold:

(1) wi; and ;; are the identical automorphisms of S;, for every i€ I;
(2) Pij © Pik(sk) = pir(sk)wiz(e;) i<i1j<1k,
3) Vij o Yi(sk) = Yiz(e;)vin(sk) i<oj<ok.

Let (a;;) be an I xI-matriz over S =U{S;|i€ I} suchthat a;j € Sij, aii =e;
and

(4) Pijh,ij(@ijij,j(85)) @ik = @i jkigh,ik(Pik,g(S5)azk)
for every i,j,k € I. Define a multiplication x on S =U{S; | i€} by:
(5) 8i * 85 = ij,i(8i)aijij i (s5) 5 5; €8i, $; €85j .

Then (S,*) is an inflation of a band of monoids.
Conversely, every inflation of a band of monoids can be so constructed.

PROOF. Let the conditions of this Theorem hold. Then by Theorem 1. [3]
(G,*) is a band of monoids, where G = U{G; | i € I'}. That (S,%) is a semigroup
we prove in a similar way as in the proof of Theorem 1. [3]. For s; € S;, s; € 5}
we have that Si* S5 = @ij7i(si)aij¢ij7j(sj) S SijSijSij - Gi]‘, SO 52 = (G. Let
¢; +S; — Gy, i € I, be a retraction. Then for s; € S;, @i(s;) = eis; = s;e;.
Define a mapping ¢: S — G by:

d(x) = ¢ () it z€S5;,iel.
Let s; € 5;, S5 € Sj. Then
B(si) * @(s5) = di(si) * ¢;(s5)
= piji(Pi(5:))aijvij,;(95(s;))
= @iji(siei)aijij ;(e;s;)
= Pizi(8:)piji(ei)aijibiz(e;)ij,;(s5)

= @iji(si)aivij ;(s;) by (2) and (3),
=5;%5; = ¢i;((si % 85) since s; *s; € Gyj,
= d)(SZ' * 5]) .

Therefore, ¢ is a retraction of S onto G, so S is an inflation of a band of
monoids G.

Conversely, let S be an inflation of a semigroup G, let G be a band I of
monoids Gy, i € I, and let ¢:S — G be a retraction. Let S; = ¢~ 1(G;), i € I.
Then S isaband I of pairwise disjoint semigroups S;, ¢ € I, and for every i € I,
S; is an inflation of a monoid G;. Clearly, ¢(z;) = e;z; = x4, x; € Sy, @ € 1.
Define mappings ¢;; and w;; of S; into S; over <; and <j, respectively, by

S; ifi=j Sq ifi=j
Sﬁl](sy)_ { sjei lfl#j ’ 1][}”(5])7 { €Z‘Sj lfl#j ’
Immediately we show that ¢;; and 1t;; are homomorphisms. It is clear that
a;; = e;e; € Gy; and that a; =e; for all 4,7 € I. Using the fact that

pij(s5) = sje; = ¢(s5)d(er) = sjejei = pij(sje;) = pij(d(s))) ,
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and, analogously, that ;;(s;) = ¥(¢(s;)), then by Theorem 1. [3] we have that
the conditions (2),(3) and (4) hold. For s; € S;, s; €.S; we obtain that
si8j = @(8)0(s5) = wiz,i(P(si))aijijj(d(s5))
= @iji(si)ai¥ij(s;) - O

ExaAMPLE 1. The semigroup given by the following table
| €& Xi € Tj

€; €; €; € €
xZ; €; €; €j €
€;j €; €; €; €
Z; €; €; €; €

is an inflation of a band of groups and the multiplication on S is determined by
the following homomorphisms

€j Iy €, I; . . .
= o= 1< <117
Pij (ei xz) ) w]z <€j €j) ) ( 1] 1 ) 5

and a;; = aj; = ej, aj; = a; = e;. Clearly, this representation of homomorphisms
@i; and 1;; is different to the representation of its in Theorem 1. Therefore,
systems of homomorphisms are not determined uniquely.

By the following theorem we give the construction of an inflation of a band of
monoids different to the construction from Theorem 1. This other construction
give the connection between systems of homomorphisms and retractions.

THEOREM 2. Let I be a band. To each i € I we associate a semigroup
Si such that S;NS; = if i#j. Let S; be an inflation of a monoid G; with
the identity e;, i € I. Let ;5 and 1 be systems of homomorphisms over <
and <s, respectively, for which the following properties hold:

(6) for every i €1, @i =1 is a retraction of S; onto Gy;
(7) ©ii © Yij = Pij O Pji = Pij » 1<17,

(8) Yii © Py = i 0P = Pij i<2],

9) pij o pjk(sk) = wir(sk)pij(e;) i<1j<1k,

(10) Yij o Vi (sk) = Yij(ej) (k) 1<pj<z2k.

Let (aij) be an IxI-matriz over S =U{S; |i € I} suchthat a;; € Sij, aii = é€;
and

(11) Pijk,ij (@i Vij5(55))ij e = @i jkije,jk (k. (55)a5k)
for every i,j,k € I. Define a multiplication x on S by:
(12) S; * 85 = wij,i(si)aijwijd(sj) s S; € Si7 S5 € Sj .

Then (S,*) is an inflation of a band of monoids.
Conversely, every inflation of a band of monoids can be so constructed.

PROOF. Let conditions of this Theorem hold. As in the proof of Theorem 1.
we obtain that S? = G = U{G; | i € I}, that (S,x) is a semigroup and that
(G,*) is a band of monoids. Define a mapping ¢ : S — G by:
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For s; € §;, s; € S; we have that
P(si)p(s5) = pii(si)j;(s;)
= ©ij,i © Pii(8:)aigig ;0 ¥j(s5)
= Piji(si)aijthij j(s;) = si* s
= $ijij(si * 55) = @(si % 55) -
Therefore, ¢ is a retraction of S onto G, so S is an inflation of a band of
monoids G.

Conversely, let S be an inflation of a band I of monoids G;, i € I. In a
similar way as in the proof of Theorem 1. we determine semigroups S;, ¢ € I. If
we define mappings ¢;; and 1;; over <; and <, respectively, by

pij(sj) = sjejei,  ij(s;) = eiejs;

then easily we prove the statements (6)-(12). O

THEOREM 3. Let I be a band. To each i € I we associate a semigroup S;
such that S;NS; = if i # j. Let S; be an inflation of an unipotent monoid
Gi. Let @;; and i be transitive systems of homomorphisms over <; and
<o, respectively. Let (a;;) be an I x I matriz over S = U{S; | i€ I} such
that a;; € Sij, ai; is the identity of G; and the condition (4) holds. Define a
multiplication * on S by (5). Then (S,x) is an inflation of a band of unipotent
monotds.

Conversely, every inflation of a band of unipotent monoids can be so con-
structed. O

THEOREM 4. A semigroup S 1is an inflation of a band of groups if and only
if
(13) ab € a?bS N Sab? |
for all a,beS.

ProoOF. Let S be an inflation of a semigroup T with a retraction ¢ of
S onto T, and let T be a band I of groups G;, i € I. Let a,b € .S, and
let ¢(a) € Gi, ¢(b) € Gj, for some i,j € I. Since ab, a*b, ab*> € T, we then
obtain that ab = p(ab) = ¢(a)p(b) € Gij, a®b = p(a?b) = (¢(a))?p(b) € G;; and
ab® = p(ab?) = p(a)(p(b))? € G;j. Therefore,

ab € a2bGijab2 C a2bSab? .

Conversely, let (13) holds. Then by Theorem 1. [3] it follows that S is an
inflation of an union of groups 7. Let a,b&€ T andlet a He, b H f, for some
e, f € E(S), where H is the Green’s relation on 7. Then

ab=a%a"1b € a®>(a71)%bS = ebS = efbS C efT ,
ab = ab=1b? € Sa(b=1)%b? = Saf = Saef C Tef ,
ef =a"taf €ata’fS =afS =ab bfS Cab b?fS = abfS C abT ,
ef =ebb™! € Seb?b~! = Seb = Seaa™'b C ea’a”'b = Seab C Tab .
Therefore, ab H ef, so H is a congruence. Hence, T is a band of groups. [
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Rédei’s bands of semigroups are the interesting class of semigroups, with very
important applications. For one of its see [7,Chapter V]. Here we consider inflations
of Rédei’s bands of monoids and inflations of Rédei’s bands of groups.

THEOREM 5. Let I be a Rédei’s band. To each i € I we associate a monoid
S; with the identity e; such that S;NS; = if i #j. Let @;; and 1;; be
systems of homomorphisms over <1 and <o, respectively, for which the following
properties hold:

(14) wij and ;; are the identical automorphisms of S;, for every i€ I;
(15) @ij o pik(sk) = ir(sk)piile;) ,  i<1j<ik,

(16) Vij o Yjk(sk) = Yij(e)in(sk) 1<2j<2k.

(17) Vij o 0jk(sk) = Vi (sk)ij(ej) , i1<oj <ok, i<ok,

(18) @ij © Yjk(sk) = vij(ej)pin(sk) i<1j<ik i<k,

Define a multiplication * on S =U{S; | i€ I} by:

(19) Si % 85 = 0ij,i(8:)0ij5(55) s; €8, s, €855 .

Then (S,*) is a Rédei’s band of monoids.
Conversely, every Rédei’s band of monoids can be so constructed.

ProOF. Let s;€8;, s; € S; and s, € Sp. Then

(si % 85) * sk = (i5,i(8i)i5,5(85)) * sk
= Qijk,ij (0i5,i(51)%ij,5(85)) Vi, (sk)
= Qijh,ij © ij,i(81)Pijk,ij © Viji(55)Vijk,k(Sk)
= Vijk,i(5:)Pijh,ij(€ij)Pijh,ij © Vij.j (55)Vijkk (k)
= Qijk,i(51)Pijk.ij © Vijj(55)Vijkk(Sk)
si * (85 % 5K) = Si * (Qjn,(85)¥jk.k(sk))
Pijk,i(50)Vijr ik (P, (55) ik k (5k))
= wijk,i(sigwijk,jk 0 Pk, (85)Vijk,jik © Yk (Sk)
)

= Qijk,i(8:)Vijk,jk © Pk, (5)Vijk, ik (€jr)Vijh,k (sk)
= Qijk,i(51)Vijk,jk © Pjk,j(55)Vijrk(5k) -
Now we distinguish the following cases:
(¢) if ij =j = jk, then ijk=1ij =74, so
Pijk,ij © Vijj = 05 © Vij = Vi © Pjj = Vijk,jk © Pk
(ii) if ij =4, jk =k, then ijk=jk=kFk, so
Pijk,ij © Vijj = Prj © Vjj = Vik © Prj = Yijk,jk © Pjk,j 3
(ii6) if ij =i, jk = j, then ijk =1ij =i, so
Pijkij © Vijj = Pii © Va5 = hij 0 055 = Yij ik © Vjk,j
(iv) if ij =i, jk=Fk, ik=1i, ie. i <27, i <ok, k <y j, then ijk =ik =1, so
by (17) it follows that
Pijh,ij © Vij,j(85) = @ii 0 Yiz(s5)
Vijhjk © Pikj(55) = Vi © rj(s5) = Vi (si)vir(er)
whence

(si % 55) * s = 5035 (55)Vin (5) = 83235 (8)7)Vin (ex) ik (sk)
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=5; % (85 % 8) ;
(v) if ig=14, jk=k, ik=k, le. i<9j, k<17, k<y4, then ijk=1ik =k, so
by (18) it follows that

Pijk,ij © Vijj(55) = ki 0 Vij(s;) = erilei)eri(s;)
Vijk,gk © ik, (55) = rk 0 pij(s5) = wri(s))
whence
(si*55) * Sk = Pri(8:)Pri(ei)rj(s5)sk = ri(si)er;(s;)sk

= 5; * (8 % 51) .
Therefore, (S,#) is a semigroup and, clearly, S is a Rédei’s band I of monoids
Si; 1 € 1. Let e; be the identity of S;, ¢ € I. Define mappings ¢;; and 1
over <; and <y, respectively, by:

pij(s5) = sjei,  ij(s;) = eis; .

Then by the proof of Theorem 1. [3] we have that ¢;; and ;; are homomorphisms
and that (14),(15) and (16) hold. In a similar way we prove (17) and (18). Finally,
SiSj = Si€iS; = S;€4;Sj = S€4j€4;S; , if Z] =1 s
SiSj = Si€585 = §i€4;Sj = S;€ij€ijS; , if ’Lj :_] s

so, in any cases,

81‘8]‘ = Sieijeiij = @ij,i(si)wij,j(sj) (: S; * Sj) . D

THEOREM 6. Let I be a Rédei’s band. To each i € I we associate a
semigroup S; which is an inflation of a monoid G; with the identity e;, such
that S;NS; = if i#j. Let @;; and ;; be systems of homomorphisms over
<1 and <5, respectively, for which the following properties hold:

(20) for every i €1 ;; =1 1s a retraction of S; onto Gy;

(21) ©ii O Pij = Pij O Pjj = Pij 1<17,
(22) Yii 0 Yij = ij oz = iy i1 <2],
(23) ®ij o pik(sk) = vin(sk)pij(e;) i<ij<ik,
(24) Yij o Yjk(sk) = Yij(e)ir(sk) i<gj<ok.
(25) Yij 0 Yjk(sk) = Vi (sk)ij(ej) 1<9j <ok, i<ok,
(26) pij o Yik(sk) = wiz(e)pir(sk) i<i1j<ik i<k
Define a multiplication * on S =U{S; | i€ I} by:

Si %85 = ©ii.(8:)Wi5,5(85) si€8;, s, €855 .

Then (S,*) is an inflation of a Rédei’s band of monoids.
Conversely, every inflation of a Rédei’s band of monoids can be so constructed.

PrOOF. Let s; €S5;, s; €S5; and s € S. Then

(8% 85) * Sk = Qijk,ij © Pij,i(5:)Pijk,ij © Vijj(55)Vijkk(Sk)
= Qijk,i(51)Pijk,ij(€i)Pijh,ij © Viji(85)Vijuk (k)
= Qijk,i(51)Pijk.ij © Pij,ij © Viji(55)Vijk (k)
= Qijk,i(81)Pijk,ij © Vijj(5;)Vijn(sk)

S % (85 % Sk) = Pijii(8i)Vijh.jk © Pik, (85)Vijnk(sk)) -
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Now we have the same cases as in the proof of Theorem 5. and in cases (i), (i%)
and (i4i) we have similar proofs. Let we consider the case (iv). Then
Gijk,ij © Vijj = Pii © Vij = Vij
Yijk,jk © Pik,j = Yik © Pkj
whence
si* (55 sk) = @ii(5i)Vik © i (55)Vin(sk)
= @ii(8:)¥i;(85)in(er)ir (sk)
= pii(s:)ij (85) ik © Vir(sk)
= @ii(8:)%ij (s5) i (sk) = (si % 55) * s .
The similar proof we have in the case (v). Thus, (S,*) is a semigroup. Let
G = U{G; | i € I}. By Theorem 5. it follows that (G,x) is a Rédei’s band of
monoids. In a similar way as in the proof of Theorem 2. we shows that S is an
inflation of G.
Conversely, let S be an inflation of a band I of monoids G;, i € I, with
the retraction ¢. Using methods and definitions from the proof of Theorem 2, we
easy prove that conditions (20)-(26) hold. Let s; € S;, s; € S;. Then

555 = ¢(8i)9(85) = sieie;s;

N { $i€4€;€;€55; = S5;€,€4j€;5€5S55 if Z] =1 y

sieiejejejsj = sieieijeijejsj if Z] :j 5
= piji(8:)¢ij5(s5) (= sixs;). O

REMARK 1. If ¢;; and 1);; be systems from Theorem 6. and we put that
a;j =Yi(e;) ifi<og, aijj=jle) ifj<ii,
then we can prove that systems ¢;; and 14;; and the matrix (a;;) satisfy the

conditions of Theorem 2, so Theorem 6. is a special case of Theorem 2. In this
way we obtain, also, that Theorem 5. is a special case of Theorem 1. [2].

REMARK 2. If ¢;; and 1;; be systems from Theorem 6. then in the case
1<y j and i<y j we obtain that ;; =1;;. Clearly, that holds also for systems
of homomorphisms from Theorem 5.

THEOREM 7. A semigroup S is an inflation of a Rédei’s band of groups if
and only if for all a,b €S one of the following conditions holds:
(27) ab€ a’Sa®> A a®>€Sb;
(28) abe b?Sv? A b2 caS .

PrOOF. Let S be an inflation of a semigroup 7 with the retraction ¢ of
S onto T andlet T be a Rédei’s band I of groups Gy, i € I. Let a,b€ S
and let ¢(a) € Gi, p(b) € G, for some 4,5 € I. If ij =1, then

ab = p(ab) = p(a)p(b) € Gy = Gi

a? = p(a®) = (p(a))® € Gy
whence
ab € a’G;a? and a2 € abGab ,
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so (27) holds. If ij = j, then in a similar way we prove that
ab € bszb2 and b% € abGjab ,
so (28) holds.

Conversely, let for all a,b € S one of the conditions (27) and (28) holds.
Then a? € a®>Sa?,i.e. a® isregular for all a € S. By hypothesis and by Theorem
3.1. [4] we have that S is a semilattice Y of semigroups S,, a € Y, and for every
a €Y, S, is a nil-extension of a left or a right group K,. Let a &€ S,, b€ Ss
for some «a,3 €Y, andlet a® € Ge, b? € Gy for some e, f € E(S). Assume
that (27) holds, i.e. that ab= a?ua® and a® = vb for some w,v € S. Then it
is easy to verify that a8 = fa = «, so by Lemma 1. [5] it follows that

ab = a?ua?® = ea’ua’e € eS,e = G, .
and a?b = a(ab) € G,, so

e € Sa’b = Svb?

whence ef =e. Therefore,
(29) ab € Gy .
In a similar way we show that by (28) it follows that (29) holds and ef = f.
Hence, S? is a Rédei’s band FE(S) of groups G, e € E(S). Define a mapping
0:8— 5% by:

o(z)=ze if2? €., ec E(S).
Let a,b€ S, a®? € G, b* € Gy. Then by (29) it follows that ab € G.r, so by
Lemma 1. [6] we obtain that

o(ab) = abef = eabf = aebf = p(a)p(b) ,
if abe G, (for ef =e), and
p(ab) = abef = efab = eabf = aebfp(a)p(b) ,

if abe Gy (for ef = f). Therefore, S is an inflation of a Rédei’s band of groups.
O

COROLLARY 1. A semigroup S is an inflation of a Rédei’s band of periodic
groups if and only if
ab € {a)® U (b)?
for all a,be S. O

COROLLARY 2. Let I be a Rédei’s band. To each i € I we associate a group
Si such that S;NS; = if i # 7. Let ;5 be a transitive system of homomorphisms
over the quasiorder <s3. Define a multiplication x on S =U{S; |i€ I} by:

si* 85 = $iji(si)pijj(sj) . si € Si, 55 €55
Then (S,*) is a Rédei’s band of groups.
Conwversely, every Rédei’s band of groups can be so constructed. [

COROLLARY 3. Let I be a Rédei’s band. To each i € I we associate an
inflation S; of a group G; such that S;NS; = if i # 5. Let @;; be a system
of homomorphisms over the quasiorder <sz for which the following properties hold:
(1) for every i €1 4 is a retraction of S; onto Gj;
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(171) ©Pij O Pjk = Pik 1<37<3k.
Define a multiplication * on S =U{S; | i€ I} by:
si % 55 = iji(8i)@iji(s;) »  si € Si, 55 €55
Then (S,*) is an inflation of a Rédei’s band of groups.
Conversely, every inflation of a Rédei’s band of groups can be so constructed.

Proor. This follows by Theorem 6, Remark 2. and by the fact that homo-
morphic image of an idempotent is an idempotent. [
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