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A GENERAL COMMON FIXED POINT THEOREM
FOR MULTI-MAPS SATISFYING AN IMPLICIT
RELATION ON FUZZY METRIC SPACES

S. Sedghi, K. P. R. Rao and N. Shobe

Abstract

In this paper, we give a common fixed point theorem for multi-valued
mappings satisfying an implicit relation on fuzzy metric spaces.

1 Introduction and Preliminaries

The theory of fuzzy sets was introduced by L.Zadeh [21] in 1965.George and Veera-
mani [5] modified the concept of fuzzy metric space introduced by Kramosil and
Michalek [10].Grabiec[6] proved the contraction principle in the setting of fuzzy
metric spaces introduced in [10].For fixed point

theorems in fuzzy metric spaces some of the interesting references are [2-4,6,7,11,14,
15,17-20].Mishra et.al[11] and Cho et.al[3] proved some common fixed point theo-
rems for four single valued self maps on fuzzy metric spaces using a special type
of contractive condition. In this paper we prove a common fixed point theorem for
four maps of which two are multi valued satisfying the same type of contraction
condition under implicit relation without using the following condition

tlim M(z,y,t) =1
for all z,y in X.

Definition 1.1. A binary operation * : [0,1]x[0,1] — [0, 1] is a continuous t-norm
if it satisfies the following conditions

1. * is associative and commutative,

2. % is continuous,
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3. ax1=ua forallac|0,1],
4. axb < cxd whenever a < c and b < d, for each a,b,c,d € [0,1].

Two typical examples of continuous t-norm are a*b = ab and a*b = min {a, b}.
Definition 1.2 ([5]). A 3-tuple (X, M, ) is called a fuzzy metric space if X is
an arbitrary (non-empty) set, x is a continuous t-norm and M is a fuzzy set on
X2 x (0,00), satisfying the following conditions for each x,y,2 € X and each ¢ and
s> 0,

1. M(z,y,t) >0,

2. M(z,y,t) =11if and only if z =y,

3. M(z,y,t) = M(y,x,t),

4. M(z,y,t)« M(y,z,8) < M(x,z,t+s),

5. M(xz,y,.): (0,00) — [0, 1] is continuous.

Lemma 1.3 ([6]). Let (X, M,x) be a fuzzy metric space. Then M(z,y,t) is
non-decreasing with respect to ¢, for all =,y in X.
Definition 1.4. Let (X, M, %) be a fuzzy metric space. M is said to be continuous
on X? x (0,00) if
nh_)rréo M (%, Yn,tn) = M(z,y,t)

whenever a sequence {(,,, Yn,t,)} in X2 x (0,00) converges to a point
(2,9,t) € X% x (0,00), i.e., whenever

lim M(zp,x,t) = lim M(yn,y,t) =1and lim M(z,y,t,) = M(z,y,t).

n—oo n—oo n—oo
Lemma 1.5 (Proposition 1 of [13]).Let (X, M, %) be a fuzzy metric space. Then
M is continuous function on X2 x (0, 00).
Lemma 1.6 . Let (X, M, *) be a fuzzy metric space. If we define E s : X% -
RT U{0} by

Eyyv(z,y) =inf{t : M(xz,y,t) >1— A}

for each A € (0,1) and =,y € X , then we have
(i) For any p € (0, 1) there exists A € (0,1) such that

Eom(z1,2n) < Ex vz, x2) + Ex m(z2,23) + -+ + Ex m(2n—1, 20)

for any x1,x9,...,x, € X.
(#) The sequence {z,,} is convergent in fuzzy metric space (X, M, *) if and only
if Ex pr(zp,x) — 0. Also the sequence {z,} is Cauchy sequence if and only if it is
Cauchy with E)\JV[.
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Proof. (i) For every u € (0,1), we can find a A € (0, 1) such that

n

I=N*x1=XN*-—-x(1=-XN)>1—pu

by triangular inequality we have

M (21,20, Ex pm(21, 22) + Exv(x2,23) + - + Ex m(@n—1, T5) + nd)
> M(x1,x2, Expr(z1,22) 4 0) %k M(2p—1,Tn, Ex m(Tn—1,2n) +6)

n

>A=XN)x1=XN)x--x(1=X)>1—p

for every § > 0, which implies that

Eum(xi,xn) < Exy(21,22) + Exv(22,23) + -« + Ex pm(@n—1,2,) + nd.

Since § > 0 is arbitrary, we have
Eyv(x1,2n) < Expm(21,22) + Ex (22, 23) + - 4+ Ex p(@n—1,20).
(ii). Note that since M is continuous in its third place and
Eyxm(z,y) =inf{t : M(z,y,t) >1— A},

we have
M(zp,z,n) >1— X< E\ p(2n,2) <n

for every n > 0.

O

Lemma 1.7 . Let (X,M,*) be a fuzzy metric space. If sequence {z,} in X exists

such that for every n € N |

M(xp, Tpy1,t) > M(xo, 21, k™)
for every k > 1, then the sequence {z,} is a Cauchy sequence.
Proof. For every A € (0,1) and x,,,2p+1 € X, we have

Exm(Tnt1,2n) = inf{t © M(zpg1,20,t) > 1— A}
inf{t : M(zg,x1,k™t) >1— A}

IN

inf{kin : M(xg,21,t) >1— A}

1
kfninf{t : M(J?Q,l‘l,t)>1—)\}

1
= kjE,\M(ﬂJo,m)-



4 S. Sedghi, K.P.R.Rao and N. Shobe

By Lemma 1.6, for every p € (0,1) there exists A € (0, 1) such that

E/L,M(:Ena Im) S E}\,M(‘TTM xn—i—l) + E)\,M('Tn-&-la xn+2) + -
+EAxMm(Tm—1,Tm)

IN

= Ex (0, 1) + it B (20, 1) + - + et Ea v (20, 1)

Ex (o, 1) Z}n:_nl w — 0.

Hence sequence {z,} is Cauchy . O

Throughout this paper, CB(X) is the set of all non-empty closed and bounded
subsets of X. For A, B € CB(X) and for every ¢t > 0,denote

M(A, B,t) = sup{M(a,b,t);a € A,b € B}
and

om (A, B,t) =inf{M(a,b,t);a € A,b € B}.

If A consists of a single point a, we write dy; (A, B,t) = dp(a, B,t). If B also
consists of a single point b, we write dps(A4, B,t) = M(a,b,t).
It follows immediately from the definition that

dm(A,B,t) = om(B,At) >0,
dm(A,Bt) = 1<= A= DB=/a},
for all A,B in CB(X).

The following definition was given by Jungck and Rhoades [9].

Definition 1.8.The mappings [ : X — X and F : X — CB(X) are weakly
compatible if they commute at coincidence points, i.e., for each point » in X such
that Fu = {Iu}, we have FIu = I Fu.

Implicit relations on metric spaces have been used in many articles ([1, 8, 12, 16,
18]).

Let 7 be the set of all continuous functions 7' : [0,1]> — [—1,1]
satisfying the following conditions:

(T1): T(t1,--- ,t5) is increasing in t; and decreasing in to,- -+ , 5.

(T2 ):T(u,v,v,v,v) > 0 implies that u > v, Vv € [0,1) and Yu € [0,1].
Remark 1.9. It easy to see that T'(v,v,v,v,v) > 0 implies that v = 1. If v # 1, by
(Ty) , T(v,v,v,v,v) > 0 implies that v > v, is a contradiction. Thus v = 1.
Example 1.10.Let 7T : [0,1]° — [~1,1], be defined by T'(t1,ta,t3,t4,t5) =
ty — (min{ta, t3,t4,t5})" for some 0 < h < 1.

2 THE MAIN RESULT

Now we give our main theorem.
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Theorem 2.1. Let F,G be mappings of a complete fuzzy metric space (X, M, *)
with t xt =t for all t € [0,1] into CB(X).Also f,g be mappings of X into itself
satisfying:

(i) Fx C g(X), Gz C f(X) for every x € X,

(ii) The pairs (F, f) and (G, g) are weakly compatible,

(iii) there exists a constant k € (0,1) such that

1 ( om(Fz, Gy, kt), M(fx, gy, t), M(fz, Fz, t), M(gy, Gy, 1), '\
M(fz, Gy, at) * M(gy, Fz, (2 — a)t) =7

for every x,y in X , for every t > 0 and o € (0,2) , where T € T. Suppose that
one of g(X) and f(X) is a closed subset of X, then there exists a unique p € X

such that {p} = {fp} = {gp} = Fp = Gp.

Proof. Let xy be an arbitrary point in X. By (¢), we choose a point z; in X such
that yo = gr1 € Fxg. For this point z; there exists a point x5 in X such that
y1 = fxo € Gxy, and so on. Continuing in this manner we can define sequences
{z,} and {y,} as follows

Yon = GTon+1 € FZon,  Yont1 = fTony2 € GTont1,

forn=0,1,2,---.
Let dp(t) = M (Yms Ymt1,t),t > 0.
Step 1: Putting x = x9,,y = 2,11 in (iii) we have

6M (F$27L7 G$2n+17 kt), M(fo'm gTon+1, t)v
T M(fx2n;FxQnat)aM(g:an-&-l;G:r2n+1;t)7 2 0
M(fran, Groni1, at) *x M(grany1, Faon, (2 — a)t)

From (717),
T M(y2n7y2n+17kt)aM(yQTl—l,an;t)aM(an—l;anat)a >0
M(y2n, Yon+1, t); M(y2n717 Yon+1, Oét) * M(y2n7 Yon, (2 - Oé)t) -

Put @ =1+ ¢, where ¢; € (k,1). Since
M (y2n—1,Y2n+1, (1 + q1)t) = M(y2n—1,Y2n,t) * M(y2n, Y2nt1, q1t),
and T is decreasing in t5, we get
T(don(kt), dan—1(t),don—1(t), dan(t), don—1(t) * dan(git)) > 0. (1)

If dgn (t) < dgn_l(t)7 then since dgn(qlt) * d2n_1(t) Z dQn(q1t) * dgn(qlt) = dgn(qlt)
and from (77)in inequality (1), we have

T (dan(kt), don(qit), don(q1t), don(q1t), d2n(qit)) > 0.
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From (T3) we have day, (kt) > dan(git). It is a contradiction.
Hence doy,(t) > dap—1(t) for every n € N and V¢ > 0. Now from (1) and (7})we
have

T(dan(kt), d2n—1(q1t), don—1(q1t), don—1(q1t), d2n—1(q:t)) > 0. (2)

Step 2: Putting @ = 29,y = ¥2,—1 and @ = 1 — go where ¢ € (k, 1) in (iii) we can
show that

T'(dan—1(kt), dan—2(q2t), d2n—2(gat), d2n—2(qat), d2n—2(g2t)) = 0. (3)
Let ¢ = min {q1,q2}.Then ¢q € (k, 1) and from (2), (3), (T1) we have
T(dn’ (kt)7 dnfl(qt)a dnfl(qt)v dnfl(qt)’ dnfl(qt)) = 0.

From (T3),we have d, (kt) > d,—1(qt) , for every n € N. That is,

q q\n
M(ynvyn+17t) Z M(ynflvmi Et) 2 o 2 M(y()7y17 (E) t)

Hence by Lemma 1.7 {y, } is Cauchy and the completeness of X, {y,}
converges to p in X. Thus

lim y, = lim Yo, = lim gxon11 =p € lim Fxa,,
n—oo n—oo n—oo n—oo
and
lim y, = lm y2py1 = lim fronio =p€ lim Grayyr.
n—oo n— 00 n—o0

n—o0

Suppose that g(X) is closed . Then for some v € X we have

p=gvegX).
Step 3: Putting & = x9,,y = v and « = 1 in (iii) we get

(SM(Fxgn,G’U,k?t),M(f.’Ian,g’U,t),M(fl‘Qn,F.Z'Qn,t), >0
M(gv, Gu,t), M(fxa,, Gu,t) * M(gv, Fxay,t) ‘

By (T1), we have

T (SM(an»vakt)vM(anflvg(Uﬂt%M(y2n717y2’nat)7 > O
M(QUanyt%M(Z]%flvavt) *M(gvayQ’n)t) ’

On making n — oo we have
T((SM(pv G'U, kt)7 M(p7 gv, t)? M(papv t)a M(pa G'Ua t)7 M(pa GU7 t)

*M(p,p,t)) > 0.
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Thus by (11) we get,
T(0m(p, Gu, kt), 1,1, 65 (p, Gu, t), dpr(p, Gu, t) x 1) > 0.
Since T is increasing in ¢; and decreasing in to, ..., t5,we get
T(0p1(p, Gu,t),0p1(p, Gu, t), 001 (p, Gu, t), 001 (P, GU, t), dps (p, Gu,t)) > 0.

Thus by Remark1.9, we have dp(p, Gv,t) = 1. Hence Gv = {p} = {gv}. Since
(G, g) is weakly compatible pair we have Ggv = gGv, hence Gp = {gp}.
Step 4: Putting x = x9,,y = p and o = 1 in (iii) we get

5M(F=T2n7Gp7 kt)aM(fon;gpa t)vM(fx2n>Fx2n7t)a >0
M(gpa Gp7 t)vM(fonprv t) *M(QZ% F‘T2nat) -

By (T1), we have

( M(an;gpa kt)7M(y2n—lvgp7t)aM(an—l,anyt)a ) >0
M((gp, gp,t), M (y2n—1,9p,t) * M(gp, Y2n,t) -

On making n — oo, we get

T(M(p, gp, kt), M(p, gp,t), M (p,p,t), M(gp, gp,t), M (p, gp,t) + M (gp,p,t)) > 0.
Thus,

T(M(p,gp,t), M(p,gp,t), M(p,gp,t), M(p,gp,t), M(p,gp,t)) >0,

by Remark 1.9, we have M(p, gp,t) = 1, hence gp = p. Therefore, Gp = {p}.
Step 5: Since Gp C f(X),there exists w € X such that {fw} = Gp = {gp} = {p}.
Putting z = w,y = p and o = 1 in (iil) we get

( 5M(Fw7Gp7kt)7M(fw7gpat)7M(fw7Fwat)a ) >0
M(gp, Gp,t), M(fw,Gp,t) x M(gp, Fw,t) -

Thus we have
T((SM(Fw,pv kt)7 M(papa t), M(pa Fw> t)a M(p7p7 t)7
M(p,p,t) * M(p, Fw,t)) > 0.

Hence by (T1), we get
T(5M(Fwap7 t)a(;M(Fwapv t),(;M(p, Fw7t)55M(Fw7p7 t),(;(p, Fw7t)) > 0.

So again by Remark 1.9 we have dp(Fw,p,t) = 1. Hence Fw = {p}. Since
Fw = {fw} and the pair {F, f} isweakly compatible, we obtain Fp = Ffw =
[Fw={fp}.

Step 6: Putting z = p,y = z2,41 and a = 1 in (iii) we can show as in

Step 4 that fp = p so that Fp = {fp} = {p}.

Thus Fp = Gp = {fp} = {gp} = {p}. Uniqueness of common fixed point follows
easily from (iii). Similarly the theorem follows when f(X) is closed. O
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Corollary 2.2. Let F,G be mappings of a complete fuzzy metric space (X, M, *)
with t xt = t into CB(X) for all t € [0,1].Also f,g be mappings of X into itself
satisfying:

(i) Fx C g(X), Gz C f(X) for every x € X,

(ii) The pairs (F, f) and (G, g) are weakly compatible,

(iii) there exists a constant k € (0,1) such that

_f M(fz,gy,t), M(fz, Fz,t), M(gy, Gy, 1), \"
5M(F”C’Gy’“)2(mm{ M(fz, Gy, ot) * Mgy, Fz, (2 — a)t) })

for every z,y in X ,for everyt >0, a € (0,2) and 0 < h < 1. Suppose that one of
9(X) and f(X) is a closed subset of X, then there exists a unique p € X such that

{r} = {fr} = {9p} = Fp = Gp.

Proof. The Corollary follows easily from Theorem 2.1 , if we define
T(t1,ta,t3,t4,t5) = t1 — (min{ta, t3,t4,t5})" in Theorem 2.1, where
0<h<l O

Now we give the following Corollaries when F' and G are also single valued
mappings.

Corollary 2.3. Let (X, M,x*) be a complete fuzzy metric space with txt =t for all
t €10,1].Also let F, G, f,g be mappings of X into itself satisfying:

(i) F(X) Cg(X), G(X) € f(X),

(ii) The pairs (F, f) and (G, g) are weakly compatible,

(iii) there exists a constant k € (0,1) such that

 M(fx,gy,t), M(fz, Fx,t), M(gy, Gy, 1), "
M(Fz, Gy, kt) > <m1n { M(fx,Gy,at) * M(gy, Fx, (2 — a)t) })

for every x,y in X , for everyt >0, a € (0,2) and 0 < h < 1. Suppose that
one of g(X) and f(X) is a closed subset of X, then there exists a unique p € X
such that p = fp=gp = Fp = Gp.
Corollary 2.4. Let (X, M, x) be a complete fuzzy metric space with t xt =t for all
t €[0,1].Also F,G, f, g be mappings of X into itself satisfying:

(i) F(X) Cg(X), G(X) € f(X),

(ii) The pairs (F, f) and (G, g) are weakly compatible,

(iii) there exists a constant k € (0,1) such that

M(Fz,Gy, kt) > (M (fz, gy, t)"

for every x,y in X , for every t > 0 and 0 < h < 1. Suppose that one of g(X)
and f(X) is a closed subset of X, then there exists a unique p € X such that
p=[fp=gp=Fp=Gp.
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Proof. The Corollary follows easily if we define T'(t1,to,t3,t4,t5) = t1 — to" in
Theorem 2.1, where 0 < h < 1. O

Now we give an example to illustrate our main Theorem 2.1.

Example 2.5. Let (X, M,x) be a fuzzy metric space, in which X = [0,1], a*xb =
min{a, b} for all a,b € [0,1] and

M(z,y,t) = ———

(v ) =73 |z —yl

for allt > 0.

Define the maps F,G, f,g on X as follows: Fx = Gz = {1} and fo = =,
gr = % for all x € X. Define T(t1,ta,t3,t4,t5) = t; — (min{ta,t3,t4,t5})".
Then for any h,k € (0,1), the inequality

- M(fz,gy,t), M(fx, Fz.t), M(gy, Gy, 1), \\"
M(Fz, Gy, kt) > (mm{ M(fz,Gy,at) * M(gy, Fz, (2 — a)t) })

is satisfied for all x,y in X , for every t > 0 and for every a € (0,2) , since the
L.H.S. of the inequality is 1. Clearly all conditions in Theorem 2.1 are satisfied.
Also 1 is the unique common fized point of F, G, f and g.

Acknowledgement: The authors are thankful to the referee for his valuable
suggestions in preparing this paper.

References

[1] I. Altun, H. A. Hancer and D. Turkoglu, A fized point theorem for multi-
maps satisfying an implicit relation on metrically convex metric spaces, Math.
Communications 11 (2006), 17-23.

[2] Y. J. Cho, Fized points in fuzzy metric spaces, J. Fuzzy Math. 5 (1997), 949-
962.

[3] Y. J. Cho, H. K. Pathak, S. M. Kang and J. S. Jung, Common fized points of
compatible maps of type () on fuzzy metric spaces, Fuzzy Sets Syst. 93 (1998),
99-111.

[4] R. Chugh and S.Kumar, Common fized point theorems in fuzzy metric spaces,
Bull. Cal. Math. Soc. 94 (1) (2002), 17-22.

[5] A. George and P. Veeramani, On some result in fuzzy metric space, Fuzzy Sets
Syst. 64 (1994), 395-399.

[6] M. Grabiec, Fized points in fuzzy metric spaces, Fuzzy Sets Syst. 27 (1988),
385-389.



10

[7]

[10]

[11]

[12]

[13]

[17]

[18]

[21]

S. Sedghi, K.P.R.Rao and N. Shobe

O. Hadzic and E. Pap, A fized point theorem for multi valued mappings in
probabilistic metric spaces and an application in fuzzy metric spaces, Fuzzy
Sets Syst. 127 (2002), 333-344.

M. Imdad, S. Kumar, M. S. Khan, Remarks on some fized point
theorems satisfying implicit relation, Rad. Math. 11 (2002), 135-143.

G. Jungck and B. E. Rhoades, Fized points for set valued functions without
continuity, Indian J. Pure Appl. Math. 29 (3) (1998), 227-238.

I. Kramosil, J. Michalek, Fuzzy metric and statistical metric spaces, Kybernet-
ica 11 (1975), 326-334.

S. N. Mishra, S. N. Sharma and S. L. Singh, Common fized points of maps in
fuzzy metric spaces, Internat. J. Math. Math. Sci. 17 (1994), 253-258.

V. Popa, A general coincidence theorem for compatible multivalued mappings
satisfying an implicit relation, Demonstratio Math. 33 (2000), 159-164.

J. Rodriguez Lépez, S. Ramaguera, The Hausdorff fuzzy metric on
compact sets, Fuzzy Sets Sys, 147 (2004), 273-283.

R. Saadati, A. Razani, and H. Adibi, A common fized point theorem in L-fuzzy
metric spaces, Chaos, Solitons and Fractals, chaos.(2006),
01-023.

S. Sharma, Common fized point theorems in fuzzy metric spaces, Fuzzy Sets
Syst. 127 (2002), 345-352.

S. Sharma, B. Desphande, On compatible mappings satisfying an
implicit relation in common fixed point consideration, Tamkang J. Math. 33
(2002), 245-252.

B. Singh and M. S. Chauhan, Common fized points of compatible maps in fuzzy
metric spaces, Fuzzy Sets Syst. 115 (2000), 471-475.

B. Singh and S. Jain, Semi compatibility and fized point theorems in fuzzy
metric space using implicit relation, Internat. J. Math. Math. Sci. 16 (2005),
2617-2629.

B. Singh and S. Jain, Semi compatibility, compatibility and fized point theorems
in fuzzy metric space, J. Chung Cheong Math. Soc. 18 (1) (2005) 1-22.

R. Vasuki, Common fized points for R-weakly commuting maps in fuzzy metric
spaces, Indian J. Pure Appl. Math. 30 (1999), 419-423.

L. A. Zadeh, Fuzzy sets, Inform and Control 8 (1965), 338-353.



A general common Fixed Point Theorem for multi-maps 11

Address

S. Sedghi: Department of Mathematics, Islamic Azad University-Ghaemshar Branch,
Iran,
E-mail: sedghi_gh@yahoo.com

K. P. R. Rao: Department of Applied Mathematics, Acharya Nagarjuna University-
Nuzvid Campus, Nuzvid-521201, Krishna Dt., A.P., India
E-mail: kprrao2004@yahoo.com

N. Shobe: Department of Mathematics, Islamic Azad University-Babol Branch,
Iran
E-mail: nabi_shobe@yahoo.com



