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ON §-SETS IN 1—SPACES

V. Renuka Devi and D. Sivaraj

Abstract

We consider a collection of subsets of a set X defined in terms of a function
on p(X), called the y—open sets, which is not a topology but we show that
some of the results established for topologies are valid for this collection. In
particular, we define dy—open sets in a y—space and characterize its proper-
ties. Also, we discuss the properties of y—rare sets and characterize §,—open
sets in terms of y—rare sets.

1. Introduction and Preliminaries.

Let X be a nonempty set and I' = {7 : p(X) — p(X) | v(4) C v(B) whenever
A C B}. Also, the subcollections, I'1 = {y € I' | y(X) = X} and I's = {y € T |
v(v(A)) = v(A) for every subset A of X} of I' are defined in [3]. If v € T, a subset
A of X is said to be y—open if A C v(A) [3]. The complement of a y—open set
is y—closed. The family of all y—open sets is denoted by p.. In [3, Proposition
1.1], it is established that () € p, and arbitrary union of members of 1, is again in
ti~. Collection of subsets of X satisfying these two conditions is called a generalized
topology in [4]. X need not be y—open [3] and so @ need not be y—closed. X is
~v—open if v € T'; [3]. The intersection of two y—open sets need not be y—open
[3]. The y—interior of A is the largest y—open set contained in A and is denoted
by i, (A). Therefore, A is y—open if and only if A = i, (A). The smallest y—closed
set containing A is called the y—closure of A and is denoted by ¢, (A). Therefore,
A is y—closed if and only if A = ¢,(A). In [3], it is established that ¢, € T'y, i, €
Iy, iy0cy =iycy €T9, cyiy €T9 and X — i, (A) = ¢, (X — A). A subset 4 of X is
said to be y—semiopen [5] if there exists a y—open set G such that G C A C ¢, (G).
The complement of a y—semiopen set is said to be y—semiclosed. It is easy to
verify that A is y—semiopen if and only if A C ¢yiy(A) and A is y—semiclosed if
and only if i, (A) = i,cy(A) C A. Recall that, a subset A of X is said to be y—dense
if X = ¢y(A). o(v) is the family of all y—semiopen sets, m(y) = {A C X | A C
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iycy(A)} is the family of all y—preopen sets [4], a(y) ={A C X | A C iycyiy(A)}
is the family of all yao—open sets [4], B(y) = {A C X | A C ¢yiycy(A)} is the
family of all yB—open sets [4] and b(y) = {A C X | A C ¢yi,(A) Uiyey(A)} is
the family of all yb—open sets [7]. The interior and closure operators of these
generalized topologies are respectively denoted by, i, and ¢,, i; and ¢, i, and cq,
ig and cg and i, and ¢p. It is clear that pu, C a(y) C o(y) Un(y) C b(y) C B(y).
In [7], a new family of functions defined on p(X), denoted by Ty, is introduced.
IFy={yeT|Gny(A) Cv(GNA) for every y—open set G and A C X}. If vy € Ty,
then the pair (X, i) is called a y—space. In [7, Example 2.2], it is established that
i~ is not a topology on X even if v € I'y but the intersection of two y—open sets
is y—open. It is interesting to note that in a topological space (X,T), if i is the
interior operator, then i € I'y and the i—space is nothing but the topological space
(X, 7). The following lemma will be useful in the sequel.

Lemma 1.1. If (X, uy) is a y—space, then the following hold.

(a) If A and B are y—open sets, then AN B is a y—open set [7, Theorem 2.1].
(b)iy(ANB) =i,(A) Niy(B) for every subsets A and B of X [7, Theorem 2.3(a)].
(¢) ey (AUB) = cy(A)Ucy(B) for every subsets A and B of X [7, Theorem 2.3(b)].
(d) ey(eo(A)) = cy(A) for every subset A of X [7, Theorem 2.5(f)].

(€) tyey(in(A)) = iyey(cn(A)) = iycy(A) = in(cy(A)) for every subset A of X [T,
Theorem 2.7(f)].

(f)cy(ix(A)) = cyiycy (A) for every subset A of X [7, Theorem 2.7(v)].

g) If X is a nonempty set, A is a subset of X and v € T', then iy(cs(A)) = iycy(A)
[7, Theorem 2.4(e)].

—~

2. More results in v—spaces

In this section, we establish some of the properties of i, and ¢, in a y—space
and also we prove that i, € I'y. Also, we characterize y3—open sets, y—locally
closed sets and y—preopen sets.

Theorem 2.1. If (X, p) is a y—space, then the following hold.

(a) If G is y—open and A C X, then GN i, (A) =1i,(GNA) and so iy € I'y.

(b) If G is y—open and A C X, then G Ncy(A) C ¢y (G N A).

(c) iy(AUF) Ciy(A)UF where Fis y—closed and A C X.

(d) e(AUF) = cy(A) UF where F is y—closed and A C X.

(e) If G is y—open and D is y—dense, then c(G N D) = ¢, (G).

Proof. (a) Let G be y—open and A be any subset of X. Then GNi,(A) is a y—open
set by Lemma 1.1(a), such that GNi, (A) C GNA. Therefore, GNi,(A) C i, (GNA) =
iy(G) Niy(A) = GNiy(A), by Lemma 1.1(b). Therefore, G N i, (A) = i, (G N A).
Since the set of all i, —open sets coincides with the set of all y—open sets, it follows
that ify ey

(b) Let € GNe¢y(A) and U be an arbitrary y—open set containing z. Since U NG
is a y—open set containing z and = € ¢, (A), (UNG)NA # 0 and so UN(GNA) # 0
which implies that « € ¢, (G N A). Therefore, G N cy(A) C ¢, (GNA).

(¢) Now X — i, (AUF) =cy (X —(AUF)) =c,(X-A)N(X-F)) Dc,(X—4)N
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(X —=F), by (b). Therefore, X —i,(AUF) D (X —iy(A)N(X—F) = X —(i5(A)UF)
and so i,(AUF) Ciy(A)UF.
(d) Now X —c,(AUF) =iy(X —(AUF)) =i, (X -ANX-F))=i,(X—-4)N
(X-F)=X—-cy(A)N(X—-F) =X —(cy(A)UF) and s0 cy(AUF) = cy(A)UF.
(e) Since GND C G, ¢y(GND) C ¢y(G). By (b), cy(GND) D cy(D)NG =G
which implies that ¢, (G N D) D ¢,(G) and so ¢y (G N D) = ¢cy(G).

The following Theorem 2.2 shows that the intersection of two ya—open sets is
a ya—open set and the intersection of a y—semiopen (resp. y—preopen, y3—open,
~vb—open) set with a ya—open set is a y—semiopen (resp. y—preopen, yS—open,
~vb—open) set. We will use Lemma 1.1(a), Lemma 1.1(b) and Lemma 1.1(c) in the
following Theorem without mentioning them explicitly.
Theorem 2.2. If (X, u.,) is a y—space, then the following hold.
(a)GN A is y—semiopen (resp.y—preopen, yB—open, vb—open) whenever G is ya—
open and A is y—semiopen (resp.y—preopen, y3—open, yb—open).
(b)G N A is ya—open whenever G and A are ya—open.
Proof. (a) Suppose G is ya—open and A is y—semiopen. Then GNA C iy¢yi,(G)N
Cyiy(A) C ey (iyCying(G) Ny (A)) = yiy(cyiy(G) Niy(A)) C cyigey (iy(G) Niy(A)) =
CyiyCyiy(G N A) = cyiy(GN A). Therefore, GN A is y—semiopen.

Suppose G is ya—open and A is y—preopen. Then G N A C iycyiy(G) N
iy Cy (A) = iy (Cyin (G) Ny ey (A)) C iyey (in(G) Ny ey (A)) = iyeyig(in(G) Ny (A)) C
inCyiyCy(iy(G) N A) Ciyey(GNA) and so GN A is y—preopen.

Suppose G is ya—open and A is yf—open. Then G N A C iycyiy(G) N
CylinCy(A) C ey (ineyiy(G) Niyey(A)) = cyiy(cyig(G) Niyey(A)) C eyiqey(iy(G) N
iy Cy(A)) = CyigCyiy(iy(G) Ny (A)) C cyiycyiyey (G N A) = cyiyey (G N A) and so
G N Ais yB—open.

Suppose G is ya—open and A is yb—open. Then GN A C GN (¢yiy(A4) U
ivcy(A)) = (GNeyiy(A)U(GNiyey(A)) C eying(GNA)Uiye (GNA) and so GNA
is vb—open.

(b) Suppose G and A are ya—open. Then G N A C iycyiy(G) Niyeyiy(A) C
iy (Cyiy (G) Miyeyin(A)) C iyey(iy(G) Niyeyiy(A)) = iycyiq(iy(G) N eyiy(A)) C
iy CyinCy (i (G) N iy(A)) C iyeyiqyeyin(GNA) = iyeyia(GNA) and so GN A is
~ya—open.

Theorem 2.3. If (X, p.,) is a y—space, G is y—open and A C X, then the following
hold.

A) Ci(GNA).
A) Cig(GNA).

) ) Cip(GNA).
)GNco(A) Ceo(GNA).
A) Ceo(GNA).
h)GNer(A) Cer(GNA).
1) GNeg(A) C eg(GNA).
)G Ney(A) Cap(GNA).
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Proof. (a) Let G be y—open and A be a subset of X. Then G Ni,(A) is a
~v—semiopen set by Theorem 2.2(a), such that G Ni,(4) C G N A. Therefore,
GNiz(A) Ci,(GNA).

Similarly, we can prove (b), (c) (d) and (e).

(f) Let z € GNco(A) and U be an arbitrary o—open set containing x. Since U NG
is a o—open set containing x and = € ¢, (A), (UNG)NA # 0 and so UN(GNA) # ()
which implies that € ¢, (G N A). Therefore, G N ¢, (A) C ¢ (GN A).

Similarly, we can prove (g), (h), (i) and (j).

The following Corollary 2.4 shows that if v € T'y, then i, € 'y and Theorem
2.3(b) above is also true for ya—open sets. The proof follows from Theorem 2.2(b)
and the fact that the set of all ya—open sets coincides with the set of all i, —open
sets.

Corollary 2.4. If (X,u,) is a y—space, G and A are subsets of X, then the
following hold.

(a) ia(GNA) =iy(G)Nig(A).

(b) If G is ya—open, then G Nig(A) =i (G N A).

(C) iq € T'4.

The following Corollary 2.5 follows from Theorem 2.3.

Corollary 2.5. If (X,p,) is a y—space, A C X and G is y—open, then the
following hold.

(a) ¢ (GNey(A)) = e (GNA).

(b) ca(GNea(A)) =ca(GNA).

(¢) ex(GNer(A)) = e (GNA).

(d) e3(G N 5(A)) = cal(G N A).

(e) es(GNep(A)) = ep(GNA).

Let X be any nonempty set and v € I'. A subset A of X is said to be y—regular
[3] if A = «(A). The following Theorem 2.6 shows that the intersection of two
iycy—regular sets is again a i,c,—regular set and Theorem 2.7 below gives charac-
terizations of yvG—open sets in y—spaces.

Theorem 2.6. If (X, ) is a y—space, and A and B are ic,—reqular sets, then
AN B is aiycy—regular set.

Proof. Suppose A and B are i, c,—regular sets. Now ANB = i,c,(A)Niycy(B) =
iy(cy(A) Necy(B)) by Lemma 1.1(b) and so icy(A) Niyey(B) D iyey (AN B). Since
the intersection of two y—open set is a y—open set, by Lemma 1.1(a), AN B =
iv(ANB) Ciyc (AN B). Therefore, AN B = i,c,(AN B) which implies that AN B
is i,cy—regular.

Theorem 2.7. If (X, uy) is a y—space and A is a subset of X, then the following
statements are equivalent.

(a) A is yB—open.

(b) cy(A) = cyiyey(A).

(¢) e ( ) is cyiy—regular.

(d) There is a y—preopen set U such that U C A C ¢y(U).

(e) cy(A) is y—semiopen.

(f) ¢x(A) is y—semiopen.
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() cx(A) is 6 open.
Proof. The equivalence of (a) and (b) is clear.

(a)=(c). If Ais yB—open, then c,(A) = ¢,iyc,(A) and so ¢y (A) is ¢,i,—regular.
(¢)=(d). Let U = ir(A). Then U is a y—preopen set such that U C A. Now
cy(U) = c4(ix(A)) = cyiycy(A), by Lemma 1.1(f). Therefore, ¢, (U) = ¢,(A) and
soU C AC ey (D).

(d)=(a). Suppose U is a y—preopen set such that U C A C ¢, (U). Then ¢, (U) =
cy(A). Since U is y—preopen, U C iyc,(U) andso A C ¢, (A) = ¢, (U) C ¢yiyey(U) C
Ciycy(A) and so A is yG—open.

(c) implies (e) is clear.

(e)=(f). Suppose c,(A) is y—semiopen. Now i,cy(A) = iycs(A), by Lemma
1.1(g) and so iycy(A) C co(A) C cy(cs(A)) = cy(A), by Lemma 1.1(d). There-
fore, iycy(A) C ¢;(A) C ¢y (A) C cyiycy(A). Since iyc,(A) is y—open, c,(A) is
y—semiopen.

(f)=(a). Suppose c¢,(A) is y—semiopen. Then, A C ¢, (A) C cyiy(co(A)) =
cyiycy(A), by Lemma 1.1(g) and so A is y8—open.

(a)=(g). Suppose A is yS—open. Since every y—open set is a y—preopen set,
cr(A) Ccy(A) Ceyiyey(A) = cyiqey(cr(A)), by Lemma 1.1(e) and so (g) follows.
(g)=(a). Suppose cr(A) is yf—open. Then A C cz(A) C cyiycy(cx(4)) =
Ciycy(A), by Lemma 1.1(e). Therefore, A is y5—open.

Let X be a nonempty set and v € I'. A subset A of X is said to be y—locally
closed if A= G N F where G is y—open and F is y—closed. Since X is y—closed,
every y—open set is a y—locally closed set. The following Theorem 2.8 gives a
characterization of y—locally closed sets, the proof is similar to the proof of the
characterizations of locally closed sets [1] in any topological space and hence is
omitted. Theorem 2.9 shows that for v—dense sets, the concepts y—open and
~v—locally closed on the subsets of X are equivalent.

Theorem 2.8. Let X be a nonempty set, v € I' and A be a subset of X. Then the
following statements are equivalent.

(a) A is y—locally closed.

(b) A= GnNecy(A) for some y—open set G.

(c) cy(A) — A is y—closed.

(d) AU (X —cy(A)) is y—open.

(e) ACiy(AU(X —cy(4))).

Theorem 2.9. Let X be a nonempty set, v € I' and A be a y—dense subset of X.
Then the following statements are equivalent.

(a) A is y—open.

(b) A is y—locally closed.

Proof. Enough to prove (b) implies (a). Suppose A is y—dense and y—locally
closed. Then A = G N ¢y (A) for some y—open set G. Therefore, A=GNX =G
and so A is y—open.

The following Theorem 2.10 gives decompositions of y—open sets in y—spaces.
Theorem 2.10. Let (X,p,) be a y—space and A be a subset of X. Then the
following statements are equivalent.

(a) A is y—open.
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(b) A is ya—open and y—locally closed.
(¢) A is y—preopen and y—locally closed.
Proof. It is enough to prove that (c) implies (a).
(¢)=(a). Suppose A is y—preopen and y—locally closed. Since A is y—preopen,
A C iycy(A). Since A is y—locally closed, A = G N ¢, (A) for some y—open set G.
Now A= ANiycy(A) = (GNey(A)) Niyey(A) = GNiyey(A) =iy (G Ney(A4)), by
Lemma 1.1(b). Therefore, A = i,(A) which implies that A is y—open.

The following Theorem 2.11 gives characterizations of y—preopen sets in a
~y—space.
Theorem 2.11. Let (X, py) be a y—space and A C X. Then the following state-
ments are equivalent.
(a) A € m(y).
(b) There is an iycy—regular set G such that A C G and cy(A) = ¢, (G).
(c) A= GND where G is a iycy—regular set and D is a y—dense set.
(d) A=GnND where G is a y—open set and D is a y—dense set.
Proof. (a)=(b). If A € 7w(v), then A C iycy(A) C ¢y(A) which implies that
cy(A) C cyiyey (A) C ey(A) and so cyiyey(A) = ¢y (A). Let G =iycy(A). Then A C
G and iy¢,(G) = iycyiycy(A) = iycy(A) = G which implies that G is i,c,—regular.
Also ¢ (G) = ¢yiycy(G) = ¢y (A).
(b) =(c). Let G be an i,c,—regular set such that A C G and ¢,(A) = ¢,(G). Let
D =AU(X —G). Then A= GnND where G is i, c,—regular. Now ¢, (D) = ¢y (AU
(X—G)) = &, (A)Ue, (X —G) = &, (G)Ue, (X —G) = ¢, (GU(X—G)) = e (X) = X.
Hence D is y—dense.
(c)=(d). The proof follows from the fact that every i,c,—regular set is a y—open
set.
(d)=(a). Suppose A = GN D where G is y—open and D is y—dense. Now G =
GNX =GnNey(D) Cey(GND) and so G =1iy(G) Ciyey(GND) =iycy(A) which
implies that A C i4¢,(A). Hence A € m(7).

3. 0,—open Sets

Let X be a nonempty set, v € I' and A C X. A is said to be d,—open or
A €4, if and only if i, c,(A) C cyiy(A). In topological spaces, the set of all 6;—open
sets coincides with the set of all 6—sets [2]. The y—boundary of a subset A of X
denoted by bd(A), is given by bd,(A) = ¢y (A) —i,(A) = ¢, (A) Ny (X — A). A
subset A of X is said to be py — rare if iycy(A) = 0. In topological spaces, the set
of all p;—rare sets coincides with the set of all nowhere dense sets. Every p,—rare
set is a d,—open set, since iycy(A) = 0 C ¢yiy(A). It is easy to show that every
~—closed set is a d,—open set. The following Theorem 3.1 gives some properties of
f~—Tare sets.
Theorem 3.1. Let X be a nonempty set and v € I'. Then the following hold.
(a) 0 is py—rare.
(b) Subset of a py—rare set is a py—rare set.
(c) If A is a py—rare set, then bd,(A) is a p,—rare set.
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Proof. (a) If M, = U{A | A € p,}, then ¢yiy(X) = ¢y(M,) = X and so X —
C4i(X) = 0 which implies that ¢, (0) = 0.

(b) The proof is clear.

(c) Since A is p—rare, iycy(A) = 0. Now iycy(bdy(A)) = iycy(cy(A) —iy(A4)) =
b (e3(A) 1 (X — i (A)) C (e (A) g (X — i (A))) C iy (4) 0. Therefore,
bd(A) is a py—rare set.

The following Theorems 3.2, 3.3 and 3.4 deal with 1, —rare sets and y—boun-
dary of subsets of X in a y—space, which are essential to characterize ,—open sets
in Theorem 3.9. Also, in a y—space, one can easily prove the formulas 1 to 15 in
[6, Page 56].

Theorem 3.2. Let (X,p,) be a y—space and A and B be subsets X. Then the
following hold.

(a) If A is y—open, then bd,(A) = cy(A) — A is py—rare.

(b)bd, (AU B) C bd,(A) Ubd.,(B).

Proof. (a) iycy(cy(A) = A) = iycy(cy (A) N (X = A)) Ciy(cy(A) Ny
iy Cy(A) Niyey (X — A) =iyey (A) Niy (X — A) = iy (A) N (X — ¢y (4))
(b) bdy(AUB) = ¢, (AUB)Ncy (X —(AUB)) = ¢y (AUB)N(cy (X —A)Ney

(e (A) Uy (B) 1 (e (X~ A) ey (X — BY) = (ex(A) 1 (e3(X - 4) ey (X — B)
(e3(B) 1 (e (X — A) ey (X = B))) € (65 (A) Ny (X — A)) U (e (B) N ey (X — B)) =
bd(A) U bd(B).

Theorem 3.3. Let (X, p,) be a y—space. If A and B are p—rare subsets of X,
then AU B is also a p,—rare set.

Proof. iy¢, (AU B) = iy(cy(A) U cy(B)), by Lemma 1.1(c) and so iy¢y (AU B) C
incy(A)Ucy(B) = 0Uc,(B) by Theorem 2.1(c). Therefore, iyc,(AUB) C iycy(B) =
0 and so AU B is p,—rare.

Theorem 3.4. If (X, py) is a y—space, G is y—open and both A — Gand G — A
are p—rare, then B — H and H — B are p,—rare, where H = X — ¢y(G) and
B=X-A.

Proof. Since A—c,(G) C A—G and A—G is p,—rare, A—c,(G) is py—rare. Since
cv(G) —A=(G—-A)U((cy(G) — G) — A), by Theorem 3.1(b) and Theorem 3.3,
cy(G)—Ais py—rare. Now B—H = B—(X —¢y(G)) = (X—A)N¢y(G) = ¢y (G)—A
and H— B = (X —¢,(G)) — B = (X —¢/(G)) — (X —A) = A—¢,(G). Therefore,
B — H and H — B are 1, —rare.

The following Theorem 3.5 shows that every y—semiopen is a J,—open set and
the complement of a ¢, —open set is a ¢, —open set. Theorems 3.6 and 3.8 give more
properties of §,—open sets.

Theorem 3.5. Let X be a nonempty set and v € I'. Then the following hold.

(a) If A is y—semiopen, then A € 6.,.

(b) If A€ d,, then X — A € 0,.

Proof. (a) If A is y—semiopen, then A C c¢,i(A). Now, iycy(A) C iycycyiy(A) C
cyiy(A) and so A € 0,,.

(b) A € 4, implies that iycy(A) C cyiy(A) and so X — ¢yiy(4) C X —iycy(A)
which in turn implies that i, (X —i,(4)) C ¢y (X — ¢y(A4)) and so iycy (X — A) C
cyiy(X —A). Hence X — A €é,.

Theorem 3.6. Let (X, py) be a y—space. If A € 6, and B € é,, then AN B € §,.
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Proof. A,B € ¢, implies that iyc,(A) C cyiy(A) and iycy(B) C c¢yiy(B). Now
inCy(ANB) C iy (cy(A)Ney(B)) = iycy(A)Niycy(B) by Lemma 1.1(b). Since A € 6.,
it follows that icy (AN B) C ¢yiy(A) Niyey(B) C cy(iy(A) Niyey(B)), by Theorem
2.1(b). Since B € 6§, incy (AN B) C ¢y(iy(A) N eyiy(B)) C cyey(ig(A) Niy(B)) =
cy(iy(A)Niy(B)) = cyiy(ANB). Hence iycy (ANB) C cyiy(ANB) and so ANB € §,.
Corollary 3.7. Let (X, ) be a y—space. If A € 6, and B € 0., then AUB € 0.
Proof. The proof follows from Theorem 3.5(b) and Theorem 3.6.
Theorem 3.8. Let (X, 11y) be a y—space and A and B be subsets of X such that
A €dy. Then iycy (AN B) = iycy(A) Niyey(B).
Proof. Since i cy(A)and i,c,(B) are y—open sets, i,c(A)Niycy(B) is also y—open
by Lemma 1.1(a) and so iycy(A) Niyey(B) = iy (iyey (A) Niyey (B)) Ciy(cyig(A) N
ivcy(B)), since A € 6.,. Therefore, iycy(A) Niyey(B) C iyey(iy(A) Niyey(B)) C
inCy(iy(A) N ey (B)) C iyeyey(ig(A) N B) C iyey(A N B). Also, iycy(AN B) C
iy(cy(A) Ney(B)) = iycy(A) Niyey(B). Hence iyc (AN B) = zch(A) Niycy(B).
Theorem 3.9. Let (X, py) be a y—space and A C X. Then the following are
equivalent.
(a) A €d,.

) A s the union of a y—semiopen set and a [,—rare set.
c) A is the union of a y—open set and a p—rare set.
d) bd,(A) is py—rare.
e) There is a y—open set G such that A — G and G — A are p,—rare.
f) A= BN C where B is y—semiopen and C is y—closed.

) A= BN C where B is y—semiopen and C is ya—closed.
(h) A= BnNC where B is y—semiopen and C' is y—semiclosed.
Proof. (a)=(b). A = (ANcyiy(A) U (A — cyiy(A)). Let B = AN cyiy(A)
and C = A — ¢yi,(A). Then i,(A) C B and B C cyiy(A) which implies that
B C ¢,i(B) and so B is y—semiopen. Now C'Niy(A) = (A —cyiy(A))Niy(A) =0
and ¢, (C) Niy(A) = ¢y (A — cyiy(A)) Niy(A) C (cy(A) — iyeyiy(A)) Niy(A) = 0.
Again, by Lemma 1.1(b), iyc,(C) = iycy(A — cyiy(A)) Ciy(cy(A) —iycyig(A)) =
iyCy(A) —Cyineyiy(A) = iyey (A) —cqyiy(A), since cyiy € T'e. Since A € 0, i4¢4(C) C
Cyiy(A) — cyiy(A) = 0 and so C is p—rare.
(b)=(c). Suppose A = B U C where B is y—semiopen and C is p,—rare. Since
B is y—semiopen, there exists a y—open set G such that G C B C ¢,(G) and so
B=GU(B—-G).Since B—G C ¢y(G) — G and ¢, (G) — G is py—rare by Theorem
3.2(a), B — G is py—rare. Therefore, A= GU (B — G)UC and so (c) follows from
Theorem 3.3.
(c)=(d). Suppose A = GUB where G is y—open and B is j.,—rare. Now bd (A)
bd,(G U B) C bd,(G) U bd(B), by Theorem 3.2(b). By Theorem 3.2(a), bd,(G
is py—rare and by Theorem 3.1(c), bd(B) is piy—rare. By Theorem 3.3, bd, (G)
bd(B) is p—rare and so bd.,(A) is p—rare.
(d)=(e). Suppose G = iy(A). Then G — A = ) and A -G = A —i,(A) C
cy(A) —iy(A) =bd,(A). G is the required y—open set such that G — A and A -G
are [i,—rare.
(e)=(f). Suppose G is a y—open set such that G — A and A — G are p,—rare sets.
If H=G —cy(G— A), then H is a y—open set such that H C A and so H — A is
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(
(
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cZ
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py—rare. Moreover, A—H = A—(G—c,(G—A)) = (A-G)Uc,(G—A). Since G- A
and A — G are p—rare, it follows that A — H is piy—rare. Thus A= HU (A - H),
union of a y—open set and a ., —rare set which is nothing but (c). f B=X — A
and K = X —c,(H), then B — K and K — B are p,—rare by Theorem 3.4. Thus
K is a y—open set such that B — K and K — B are p,—rare. Therefore, by (c),
B =UUR where U is y—open and R is p1,—rare. Hence A = (X —U)N (X — R)
where X — U is y—closed. Now, ¢,i,(X — R) = X —iycy(R) = X andso X — R is
vy—semiopen. Therefore, A is the intersection of a y—closed set and a y—semiopen
set.

(f)=(g). The proof follows from the fact that every y—closed set is a ya—closed
set.

(g)=-(h). The proof follows from the fact that every ya—closed set is a y—semiclosed
set.

(h)=(a). Suppose A = BNC where B is y—semiopen and C' is y—semiclosed. Now
inCy(A) = iycy (BN C) Ciyey(cyiy(B) N C) Ciy(cyiy(B) Ney(C)) = iycyiy(B) N
14y (C) C cyiny(B) Niyey (C) C ey (iy(B) Niyey(C)) = ey (iy(B) Niy(C)), since C is
vy—semiclosed. Therefore, iycy(A) C ¢yiy (B NC) = cyiy(A). Hence A is ,—open.
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