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ON A-LACUNARY STATISTICAL
ASYMPTOTICALLY EQUIVALENT SEQUENCES

Metin Basarir and Selma Altundag

Abstract
This paper presents new definitions which are a natural combination of
the definition for asymptotically equivalence A—lacunary statistically con-
vergence. Using this definitions we have proved the S} (A)-asymptotically
equivalence analogues theorems of [5] and [6].

1 Introduction

Let w be the set of all sequences of real or complex numbers and [, ¢ and
co be, respectively, the Banach spaces of bounded, convergent and null sequences
x = (zy) with the usual norm ||z|| = sup |zk| .

k

The idea of difference sequences was introduced by Kizmaz [1]. In 1981,
Kizmaz defined the following sequence spaces

loo (A) = {z=(z): Az €lx},c(A) ={z = (zx): Az € ¢}
co(A) = {x=(ap): Ax € cp}

where Az = (Az) = (z; — z1+1) and showed that these are Banach spaces
with norm ||z, = |z1| + ||Az], -

We call these sequence spaces A—bounded, A—convergent and A—null se-
quences.

Subsequently difference sequence spaces has been discussed in Colak [2], Et
and Basgarir [3].

The idea of statistical convergence was introduced by Fast [8] and studied by
various authors (see [9], [10], [11]). A sequence x = (1) is said to be statistically
convergent to the number L if for every € > 0

1
lim —p({k<n:|lzy—L|>¢€})=0

n—oon,
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where p({k <n:|xy — L| > e}) denotes the number of element belonging
to {k <n:|zx — L| > e}. In this case, we write S —limx = L x — L(S) and
S denotes the set of all statistically convergent sequences.

By a lacunary 6 = (k.); » = 0,1,2,... where kg = 0, we shall mean an
increasing sequence of non-negative integers with k, — k.1 — oo as r — oo.
The intervals determined by 6 will be denoted by I. = (k.—1,k.] and h, =
k, — kr_1.The ratio kfil will be denoted by ¢,

In 1993, Marouf [12] presented definitions for asymptotically equivalent se-
quences and asymptotic regular matrices. In 2003, Patterson [13] extend these
concepts by presenting an asymptotically statistically equivalent analog of these
definitions and natural regularity conditions for nonnegative summability ma-
trices. Furthermore, asymptotically equivalent sequences has been studied in
[14], [15], [16], [17], [18] and [19].

This paper presents new definitions which are a natural combination of the
definition for asymptotically equivalence and A—lacunary statistically conver-
gence. In addition to these definitions, some connections between A—lacunary
statistical asymptotically equivalence and A—lacunary asymptotically equiva-
lence have also been presented.

2 Definitions and notations

Definition 1 Two nonnegative sequences , y are said to be asymptotically
equivalent if

lim— =1
k Yk
(denoted by = ~ y),[12].

Definition 2 Two nonnegative sequences x, y are said to be statistical
asymptotically equivalent of multiple L provided that for every e > 0

1
lim ,u({kgn: xk—L‘ 26}) =0
n—oon, yk:
(denoted by x B y) and simply statistical asymptotically equivalent, if L=1,

[13].

Definition 3 A sequence x = (x,,) is said to be A-statistically convergent to L
if for every e >0

1
lim —p({k <n:|Azx, — L| >¢e})=0.

n—oon,

We denote the set of these sequences by S (A),[4].
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Definition 4 Let 6 be a lacunary sequence. A sequence x = (x,,) is said to be
A—lacunary statistically convergent to L if for every e >0
({kel :|Axp— L| >¢}) =0.

Jm

We denote the set of these sequences by Sg (A),[5].

Definition 5 A sequence x = (x,,) is said to be A—Cesaro summable to L if

n

We denote the set of these sequences by (o1) (A), [5].

Definition 6 A sequence x = (x,,) is said to be strongly A— Cesaro summable
to L if

1 n
lim — Az, — L] = 0.
nff;ongl e — I

We denote the set of these sequences by |o1| (A), [5].

Definition 7 Let 6 be a lacunary sequence. A sequence x = (x,,) is said to be
strongly A—lacunary strongly convergent to L if

.1
Jim 2= Az — L] =0.
kel,

We denote the set of these sequences by Ny (A), [5].

Definition 8 A sequence x = (x,) is said to be strongly A—almost convergent
to L if

1 n
lim = " [Azgpm — L] =0

n—oon
k=1

uniformly in m. We denote the set of these sequences by |AC|(A), [5].

Following this definitions which are given above, we shall now introduce
following new notions A—asymptotically equivalence, A—statistical asymptot-
ically equivalent of multiple L, A—lacunary statistical asymptotically equiva-
lent of multiple L and A—lacunary asymptotically equivalent of multiple L,
A—Cesaro asymptotically equivalent of multiple L, strongly A—Cesaro asymp-
totically equivalent of multiple L, strongly A—almost asymptotically equivalent
of multiple L.
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Definition 9 Two nonnegative sequences x, y are said to be A—asymptotically
equivalent if

(denoted by x L ).

Definition 10 Two nonnegative sequences x, y are A—statistical asymptotically
equivalent of multiple L provided that for every e > 0

lim1u<{k< ‘A;”’“—L' }>=0
n—oomn,

L
(denoted by x T y) and simply A—statistical asymptotically equivalent,
if L=1.

Definition 11 Let 6 be a lacunary sequence. Two nonnegative sequences x, y
are A—lacunary statistical asymptotically equivalent of multiple L provided that

for every e >0
limhlu<{kel ‘A‘T’“L’ }) =0

L
(denoted by x %6 ()

equivalent, if L=1.

y) and simply A—lacunary statistical asymptotically

Definition 12 Let 6 be a lacunary sequence. Two nonnegative sequences x, y
are A—lacunary strongly asymptotically equivalent of multiple L provided that

JH&;T Z

A:rk
Ay

0

i (

Ny (A
(denoted by = ‘~ ) y) and simply A—lacunary strongly asymptotically
equivalent, if L=1.

Definition 13 Two nonnegative sequences x, y are A—Cesaro asymptotically
equivalent of multiple L provided that

g1 L
(denoted by x () (&)

if L=1.

y) and simply A—Cesaro asymptotically equivalent,
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Definition 14 Two nonnegative sequences x, y are A—strongly Cesaro asymp-
totically equivalent of multiple L provided that

L
(denoted by x ol &

equivalent, if L=1.

y) and simply A—strongly Cesaro asymptotically

Definition 15 Two nonnegative sequences x, y are A—strongly almost asymp-
totically equivalent of multiple L provided that

n

.1
i 2

k=1

Axk—i—m
Ayker

~1]=0

Aclt(a
uniformly in m (denoted by x lc @) y) and simply A—strongly asymptot-

ically equivalent, if L=1.

3 Main results

Theorem 1 If x and y A—bounded sequences are A—statistical asymptotically
equivalent of multiple L then they are A-Cesaro asymptotically equivalent of
multiple L.

SE(A
Proof. Suppose x, y are in [ (A) and z A y. Then we can assume that

A
Ay L‘ <M
Ayy
for almost all k. Given € >0
1w /A 1en|A
2 (a-r)) = axla
nk:l Yk nk:l Yk
1 < A 1 A
-2 Y Eden X aey
n . P Yk n . o Yk
A%Z—L >e A%‘—L <e

P L
Thus z ) y. A
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Theorem 2 Let § = {k,} be a lacunary sequence with liminf ¢, > 1 then

sE@Ay . 5¢(A)
x ~ "y impliesx ~ .

Proof. Suppose first that liminf g, > 1 then there exists a § > 0 such that
qr > 14 0 for sufficiently large r, which implies that

D‘

1)
s 2
kr — 1456

L
If ) y then for every € > 0 and for sufficiently large r we have
1 A{Ek 1 A.’Ek
— k<k,.:|——L| > > — kel.:|——1L
krﬂ <{ N ‘Ayk ' N 6}> ~ ky <{ © ’ ‘ })
J ;

This completes the proof. W

Theorem 3 Let 6 = {k,} be a lacunary sequence with limsup ¢, < oo then
Sg(A) Lo SE(A)
°~" g implies . ~ ~ 7 .

Proof. If limsupg, < oo then there exists B>0 such that ¢, < B for all r.

L
Let x So. () y and g7 > 0. There exist R>0 and € > 0 such that for every j > R

A; h1u<{kel ’AI’CL‘ })<61.

We can also find K > 0 such that A; < K for all j=1, 2, ... . Now let n be
any integer with k,_1; < n < k., where r > R. Then
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: T T CCEL Sl Bk B )
— k<n:|-——L| >¢ < k<k.:|——L| >¢
n' < N ‘ Ay N = ke . - Ayy,
1 T
= kel,:|——L|>¢
e ({eens |t 1244
1 Axy, })
+ kely:|-—— —L| >¢
e (fee el

kl A:L'k
= kel :|— —
kr_1ky a <{ ch Ay

e kely:|— —L|>¢
kr_1 (kz - kl)“ 2 Ay,
+...+ kelp:|— —L| >¢
kr_1 (kr — kr—1) . T Ay

kr —k,._1 Axy,
i — el =R >
- )ﬂ({kef ‘A L‘ g})

kr—l (kT - kr—l Yk
k1 ko — k1
kr—l vt k'r'—l ?
kr —knp— k —k
+~-~+MAR+MAR+1
krfl krfl
kr - kr—l
e ———A,
+ + T
k k. —k
< {suij} L {SupA]} i
i>1 kr_1 >R kr_1
< KFR L oB
krfl

Since k. — oo we have kk—}jl — 0. This conclude the proof. W
Theorem 4 Let 0 ={k-} be a lacunary sequence with

1 < liminf ¢, <limsupg, < oo then

SE@) sT(A)

x Yy &=z ~ .

Proof. The result clearly follows from Theorem 2 and Theorem 3. W

Theorem 5 Let 0 = {k,} be a lacunary sequence then
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L L
(i) If = No (&) y then x 85, Y
L L
(i) If x,y are A—bounded and x o) y then x Nel{A) y
(#i) Under the condition that x, y are A—bounded, we have the equivalence
S5(A) Ng(A)
z '~ yNleo(A) =2 "~ yNie(D).

L
Proof. (i) Ife>0and z No (&)

y then
A A A
Z;’“—L‘ 3 M—L‘>su({keb:‘ﬁ—L‘>s}).
ker, | SV kel Yk
2:”: —L >e
S5(A )
Therefore z ~°~
(ii) Suppose x,y are in [ and x ( ) y.Then we can assume that
[P
for almost all k. Given ¢ > 0
Axk ’ 1 Amk ‘ 1 Axk ‘
I Y e e
" kel, Ay T kel Ay hr kel, Ak
Q?T];; L >e %%’;—L <e
M Al‘k
< = kel :|=* _p .
< oelfrerserze) -
L
Therefore x Ne (&) Y

(iii) This immediately follows from (i) and (ii).
In order to show that the converse of Theorem 5 (i) is not generally true, we
now give the following example. Wl

Example 1 Take L=1, let = {k,.} be given and define Axy, to be

1,2,...,[\/5];

fork=k 1+ 1L k14+2,....k_1+ [\/m ; and Axy, = 1 otherwise (where
[ ] denotes the greatest integer function) and Ayx = 1 for all k. Note that x is
not A—bounded.

Further, for e > 0, we have

A vV,
,u({ke]r:’xk—llze}):[]ﬁO as r — oo,
Ayk r

. Se(A . . . )
i.€., T o )y. On the other hand, since I,. is the union of the intervals

(kp—1+i,kp—1 +i+1] fori=0,1,..., [Vh| — 1 we have
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A"”’“—1‘—0+1+2+...+([\/ﬂ—1)— [\/E]([gm—l).

Ay,

>

kel,

A
Hence z %) y (x,y are not simply Ng(A)—asymptotically equivalent).

Note that any A—bounded, A—lacunary statistical asymptotically equiva-
lent of multiple L sequences are A—Cesaro lcunary asymptotically equivalent
of multiple L.

Theorem 6 For every lacunary 0 = {k,}

[ACIE(A) Ng (D)
x  ~ yimpliesx ~ .

lAC|E(A) .
Proof. Ifx " "~ "y and € > 0 there exist N > 0 and L such that

m—+n
1 Az;
— E Ax —L’ <e
Wty | 2V

form>N, m=0,1,2,....
Since 6 is lacunary, we can choose R > 0 such that » > R implies h,, > N and

NE(A
consequently 7, = 7= 3 ‘ﬁizf — L‘ < e. Thus = o (. )y. -
"5 | B

To show the converse of Theorem 6 is not generally true, we have to obtain

L L
z and y sequences that x NollA) y and x ‘ACLO(A) y. Take L = 1 and define

Az = (Az;) by

2a kr—l <1 S kr—l + [\/ hr]
1, otherwise

and Ay; =1fori=1,2,....

Then =z« No(&) y since

AIEi =

1
2

i€l

Ami_l’:hlr[m}

Ay;

(where [ ] denotes the greatest integer function), which converges to 0 as r — oo.

Theorem 7 Let 6 = {k,} be a lacunary sequence

lolP(a) Ny (A)
~ "y impliesx '~ "y

o1 -(8)

(i) liminf ¢, > 1 then x

NF(A
(ii) limsup g, < oo then x A y implies x Y

NZ(A E(a
(11) 1 < liminf g, < limsup ¢, < oo then x ol )y o g1 )y
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Proof. (i) Suppose liminf g. > 1. There exists 6 > 0 such that ¢, > 1+ § for
sufficiently large r. We have

h,. 1)
s 7
S )
Now write
1~ [Any ‘ L~ [Aae g b1y [Ane
krk::l Ayk o krk:elr Ayk kr hr kel Ayk
) 1 A(Ek
= Thoh 2 Ay
1+ ker, | Yk

o1 |t . . NF(A
from which we deduce that z loa| (&) y implies = o) Y.
This completes the proof.
(ii) If lim sup g, < oo then there exists M > 0 such that ¢, < M for all r. Let
L
(

5>0,xN9~A)yandTi:%z )2;’: —L’.WecanthenﬁndR>OandK>O
2 :

such that supr; < e and 7; < K for all i = 1,2, ... .Then if ¢ is any integer with
i>R
k.1 <t < k., where r > R, we can write

t k.,
Ax; Ax;
- L _
DRl Xl -
1 Az; Ax;
S D R I o) B PURED ol Fo i)
=1 \ien €l i€l
_ k1 ko — k1
B krflTl_’_ krfl 2
k}R — kR—l kR+1 - kR
=+ .. Ty TR ke TR+1
kr_k'rfl
ot
r—1
k - —
< {supn} R —|—{supn}k kR
i>1 ) kr—1 i>R kr_1
< K PR +eM.
kr—l

Since k,_; — 00 as t — oo, it follows that 1 Z A"”‘ L‘ — 0 and conse-

quentlyx‘ 1‘ @ )
(iii) The rebult clearly follows from (i) and (ii). W
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