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ON THE SIMULTANEOUS IMPROVING
K INCLUSION DISKS FOR POLYNOMIAL ZEROS*

Dusan M. MiloSevi¢ and Miodrag S. Petkovié

Abstract

A modification of the iterative method of Borsch-Supan type for the si-
multaneous inclusion of polynomial zeros is considered. The modified method
provides the simultaneous inclusion of k& (of n > k) zeros, dealing with & inclu-
sion disks of these zeros and the point (unchangeable) approximations to the
remaining n — k zeros. It is proved that the R-order of convergence of the con-
sidered method is two if kK < n and three if K = n. Three numerical examples
are given to illustrate convergence properties of the presented method.

1 Introduction

Iterative methods for the simultaneous determination of complex zeros of a given
polynomial, realized in complex interval arithmetics, are very efficient device to er-
ror estimates for the given set of approximate zeros. In general, inclusion methods
produce resulting disks or rectangles containing complex zeros. In this manner, the
upper error bounds, given by the radii of disks or semidiagonals of rectangles, are
obtained automatically. The price to be paid in order to achieve the above advan-
tages of interval methods is the increase of numerical operations in each iterative
step.

In some applications it is not necessary to calculate all zeros of a polynomial.
The aim of this paper is to present a modification of the interval method for the
iterative simultaneous inclusion of polynomial zeros, proposed in [3]. This mod-
ification enables the simultaneous inclusion of k (1 < k < n) zeros of a given
polynomial of degree n using the disks containing the wanted zeros and the ini-
tial “point” approximations of the remaining n — k zeros. It is worth noting that
these point approximations remain unchangeable in the course of iterative process.
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The main subject of the paper is the convergence analysis of the proposed modified
method, including computationally verifiable initial conditions for the guaranteed
convergence.

The presentation of the paper is organized as follows. The basic properties of
circular complex arithmetic, necessary for the development and convergence analysis
of the presented method are given at the end of Introduction. In Section 2 we derive
the modified method, while the convergence analysis is given in Section 3. The
numerical examples that illustrate convergence properties of the presented algorithm
are given in Section 4.

A circular closed region (disk) Z := {z : |z — ¢| < r} with center ¢ := mid Z
and radius r :=rad Z will be denoted by the parametric notation Z := {¢;r}. The
following properties are valid in circular complex arithmetic:

Zl :l:ZQ = {Clﬂ:CQ;T‘1+T‘2},
a-{agr} = Aaglalr} (a€C),
Zy-Zy = Accoslei|re + |ea|r + rira},

ze{gry <= |z—¢ <
{c1;7}N{ea;ra} =0 <= |e1 —ca|l > 11+ 1o,
{c1;m} C{easm} <= e —co| <ro—11.

The inversion of a non-zero disk Z = {¢;r} is defined by the Mébius transfor-
mation

2=t =i p et 0F2) (L.1)

where the bar denotes the complex conjugate. Then the division of disks is given
by

Zy:Zo=21-Z3" (0¢ Zs).
If F' is a circular complex function and the implication
71 C Zy = F(Zy) C F(Z5)
holds, then F' is an inclusion isotone function. In particular, we have
z2€7Z = F(z) e F(2). (1.2)

More details about circular arithmetic can be found in the books [1], [5] and
[7]. Throughout this paper disks in the complex plane will be denoted by capital
letters.

2 Derivation of the inclusion method

Let

n
P(Z) :zn+a1zn*1+...+an_lz+an = H(Z*CJ)
J=1
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be a monic polynomial of degree n > 3 with simple real or complex zeros (i, ...,(,
and let z,...,z, be approximations of these zeros. Let us consider the rational
function P
z) —Q(z
R(s) - P2 -QG).
Q(2)
where

Q@) = [1 -2

The rational function R(z) has the following development into elementary fractions

R(z) = P(Zégzz?(Z) _ ‘ ZIj/ij’ (2.1)

j=1

where
W, =——2— (jel,:={1,...,n}).

From (2.1), putting z = (;, we obtain for any zero

W = 1.
2.

i T

Hence we single out ¢; and obtain the fixed point relation

Wi

ST
1+ 1
;Ci_zj

e

Assume that we have found disjoint disks Z; = {z;;r;} (¢ € I,,) such that (; € Z;
for each i € I,,. Using the inclusion property (1.2), from the fixed point relation
(2.2) we construct the iterative interval method

m m W(m)
Zm ) = pm) i (iel,) (2.3)

for the simultaneous determination of the inclusive disks for all zeros of the poly-
nomial P, proposed in [3]. This method can also be derived from the family of
simultaneous methods of the third order presented in [4].

From the iterative formula (2.3) we observe that the determination of the new
inclusion disk of the zero (; requires only disk Z; and the point approximations
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of the remaining zeros. This enables us to construct the modified method for the
simultaneous inclusion of k& (k < n) zeros of P using the disks containing the wanted
zeros and the initial unchangeable point approximations of the rest n — k zeros.
Assume now that we have found k disjoint disks Z” = {z{”;+{} (i € I} ==
(0) (0)

{1,...,k}) containing the zeros (i, . . . , (x and the “point” approximations z; /, ..., zn
to the zeros (g1, - .., C,. From the fixed point relation (2.2) we obtain the iterative
method for the simultaneous inclusion of k zeros (1, ..., (i of the polynomial P
(m)
ZIm ) = ) Wi (2.4)
K] (3 k W(m) n W(m) 9 .
- J - J
1) b 2 e
=t Zi 3 j=k+1 i 3
fori e I, and m=0,1,..., where
P(z{™)
(m) _ J -
Wj - k n (.7 - 11 7k)»
m m m 0
TLG™ =) T G =)
A7 A=k+1
Wj(m) _ (2 ) (G=k+1,...,n)

A=k+1

3 Convergence analysis

In this section we give the convergence analysis of the interval method (2.4). In the
sequel we will always assume that n > 3.

Let us suppose that we have found n disjoint disks 7O = {zgo);rgo)} (iel,)

K2

containing the zeros (i,...,(,. For all m = 0,1,... let us introduce the following
notation
rM = max Tgm)7 d= max 7’1(0),
1<i<k k+1<i<n
(m) _ _(m) )
€ = % -G
(m) _ ; (m) _ (m)| _ (m)
A = min, {[57 -] -},
i
m . 0 m m
" = min {[o 2" M)
k+1<j<n
P = min{p{™, pi™},
_ : 0 _ ) _ .0
p =i {57 -4

i#]
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Lemma 3.1 The following estimates

(m) ), (m) pm)\ k-1 d \""F
’W ‘<a aj = (14— 14+ — (j=1,...,k

P1 P2
and
=m)| o (m),  (m) r(m £ d\""
‘Wj ’SaQ d, as z( pgm)) (1+p3> (G=k+1,...,
hold for m =0,1,... .
Proof. First, for j =1,...,k we estimate
k (m) n (m)
m m —Cx | | _C/\|
‘Wj( )’ = () C;!H (m) _ m)’ H _Z(O)‘
A2 A=k+1 A
m) n (m) )
el 5™ == |24 — 2|41y
= m’H o0 II =
/\ 1 | | A=k+1 |Z] Z) ’
<

(m) k-1 d n—~k
rm (141 1+ —— < a{™pm,
j (m) (m) 1
P1 P2

Similarly, for j = k+1,...,n we have

W(m) _ | { = |(O) CA|
| J ‘ - CJ H (0) H (0) 0)|

— ZA| A=k+1 |ZJ
;é

n (0)

(o
0) ’Z — "+ |2 =2 [+ 7y
< 0|H (o)A (m) H ’ © _ 0)
A=1 ’ 22 | A=kl | |
A#]
(m) n—k—1
< d<1+r(m)) <1+d> —a{"d. m
12} P3

Estimating the denominator in (2.4) yields for ¢ € I

k (m) n (m)
) (mgvj R <0>W e
;;1 Zg Z’L j=k+1 % j 21
k (m) _ 1\, (™) (1.(m))2
c Z W (k 1ay (r )
— (m) _ (m)’ (m)y2
=i i (P1 )
= W(m) (n— k)agm)r(m)d
+ Z 0 _ (m)’ 2
, . (m)
Jj=k+1 ZJ (Pz )

n)

13
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where
k (m) n 7 (m)
W W
(m) _ J J
U = Z m) __(m) +4Z L0 _ ()
3;1 ] ) j=k+1 <y i
(m) d
BM = (k—l)agm)%—i—(n—k)agm) iz
m m
(n™) )

In regard to the above relations, the inclusion method (2.4) can be written in
the form

v 1— {ugm); 7a(m)B(m)} ’
The center of the disk in the denominator is bounded by

m m W
Z( +1) _ Z( ) i (i € I},).

k (m) n 7 (m)
W W
|1—U1('m)| > Z ‘ (|m) Z ‘37(‘?71)
i=t ‘ j=k+1 |Zj % ’
(m) d
P1 P2

Now, we are able to state the convergence theorem of the method (2.4).

Theorem 3.1 Under the initial conditions
PO > 4(n—1)r® (3.1)

and

ps>4(n—1)d, d<r® (3.2)
the method (2.4) is convergent.

Proof. First, under the initial conditions (3.1) and (3.2) we estimate the quantities
from Lemma 3.1 for m = 0,

(0) k—1 d n—~k 1 n—1 4
(0) r =
<1 + (0)) (1 + (0)> < (1 + (n = 1)) <3 (3.3)
P1 P2

(0)\ k-1 d\"F 1 n—1 4
O _ (147 142 14— : 3.4
i = ( +pg°>) (5) <) <5 60

Using the inequalities (3.1) — (3.4) we obtain the bounds

and

r©® o _d

pgo) P2

-2 >1-(k—1)al®"
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and )
(0) ©g 1
rOBO) = (k — 1)6150)(7"(0))2 +(n— k:)ago) 7"(0) 2 <55 (3.6)
(P1 ) (Pz )
According to this we get
41
1 w 390 0 1 o
rg):rad e < 320 T§)<*T§). (3.7
{l—u( );T’(O)B(O)} 9_1 5
25 400

Using a geometric construction and the fact that the disks Zi(m) and Zi(mH)

must have at least one joint point (the zero (;), for i € I}, the following relation can
be derived (see [2])
" 2 p{™ =) — gyt (3.8)

Using the initial condition (3.1) and the inequalities (3.7) and (3.8) (for m = 0),
we find

(0)
pgl) > pgo) — 7O 3 > 4(p — 1)r@ — O _ 3% > 5r) (4(n -1)—1- g),
wherefrom it follows
pgl) > 4(n—1)r®, (3.9)

The inequality (3.7) of the form () < () /5 points to the contraction of the new
circular approximations Zfl), A ,gl).

Using the definition of p;, the initial condition (3.1) and (3.9), we have for
arbitrary pair of indices i,5 € I (i # j)

|z§1) - z§1)| > p(ll) > 4(n—1)r® > 200 > 7’1(1) + rgl).

Therefore the disks Z{l), ey Z,il) produced by (2.4) are pairwise disjoint.

Similarly to the relation (3.8), using a geometric construction and the fact that
the disks Zi(o)7 el Zi(m) must have at least one common point, for i € I we obtain

the following inequality
s = pf — 2r(m), (3.10)

According to (3.10) (for m = 1) we estimate
2
pe) 2 py” —2rV > p — =@ s ) O (3.11)

and ©
2 2
ps?) = pf? =2 > 4fn = )r© — T > 50 (400 —1) - g),

wherefrom it follows
P8 > a(n — 1)r®, (3.12)
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Similarly as before, for arbitrary pair of indices i € I', and j =k+1,...,n we
have
\zgl) - z§0)| > pgl) > péo) — 7O > 4(n —1)r©@ — O 5 @) 4 g,

Therefore the disks Z:El), R Zlil), Z,g(fp R 7(LO) are pairwise disjoint.

From the relation (3.9) and (3.12) we conclude that the initial condition (3.1)
holds for m = 1, in other words
P > 4(n —1)r®. (3.13)

Let us now estimate the quantities from Lemma 3.1 for m = 1. Using the
inequality (3.11) we obtain

1) k-1 d\"" AN d "
- () () () )
P1 P2 & S

and using the initial conditions (3.1) and (3.2) we estimate

) 1 k-1 1 n—k 4
1+ — 1+——- - 3.14
M <(+4(n—1)> (+4(n—1)—1> <3 (3:-14)
and
(1)\ k-1 d\"F 1 n—1 4
) ) e
as’ =1+ 1+ < (14 < -. (3.15)
2 oD 03 ( A(n — 1)) 3

In a similar way we estimate the center and radius of the disk in the denominator
of the inclusion formula (2.4) for m = 1. Using (3.1) and the bounds (3.14) and
(3.15), we obtain

&y d _ 3
1 —ulV > 1= (k= 1aP s = (n - k)af) —— > 2 (3.16)
PtV i) o
and )
(1) )
rOBO = (k- 1)amu T N A B (3.17)
1 (p(l))2 2 (p(l))Q 20
1 2
Finally we find
1
r® < 5r§1). (3.18)

Since ) < (1) we conclude from (3.10) that the inequality (3.11) holds for
m = 2, that is,
2 0
py = py 1.
Since the estimates (3.14) — (3.18) coincide with the bounds (3.3) — (3.7), we
conclude that the inequality (3.13) holds for the index m = 2. Let us note that the

generated disks Z§2), ey Z,(CQ), Z,i(_)gl, ceey Z,(LO) are pairwise disjoint.
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Repeating the above procedure and the argumentation for arbitrary index m >
1, we can derive all above relations for the index m + 1. Since these relations
have already proved for m = 1, by mathematical induction it follows that, if the
conditions (3.1) and (3.2) hold, they are valid for all m > 1. In particular, we have

"™ > a(n —1)r(m (3.19)
and m)
m

p(m+1) < TT (3.20)

In addition, we note that the inequality (3.19) means that the estimates (3.14) —
(3.18) hold for each m = 1,2, ... . Finally, from (3.20) we conclude that the sequence
{r(™)} monotonically converges to 0, in other words, the inclusion method (2.4) is
convergent under the initial conditions (3.1) and (3.2). m

Theorem 3.2 Let (Z1,...,7,) =: (Z§O),...,Z7(LO)) be initial disks such that (; €

Z; (i € I,) and let {ZZ-(m)} denote the sequences of the disks obtained by the iterative
formula (2.4). Then, under the conditions (3.1) and (3.2), for eachi € I, (1 <k <
n) and m =0,1,... we have

1° ¢ ez™;

2° the R-order of convergence of the iterative process (2.4) is two if k < n and
three if k =n.
Proof. We will prove the assertion 1° by induction. Let (; € Zi(m)
i € Ij. According to (2.4) we obtain

for any m and

(m)
Gez™ - Wi — zm+D),
B L D
1— < I J)
m m 0 m
2 R

Since (; € Zi(o) it follows by induction that (; € ZZ-(mH) for each m =0,1,... .
Let us prove now the assertion 2°. From the relation (2.4) we estimate
a{™ (r(m)? plm)
[T () (Bm)

P g 70 (3:21)

Since
(m) d O(d) k<n
B = (k— Da{™ " 4 (n — k)af™ 2:{ ’ |
m m orm), k=
(pg )) (pé )) (rtm)) n

we conclude from (3.21) that the R-order of convergence of the method (2.4) is two
in the case when £ < n and three when £ =n. m
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4 Numerical examples

The inclusion method (2.4) have been tested on a number of polynomial equations.
Experimental results coincide very well with the theoretical results concerning the
convergence speed of the interval method (2.4). Besides, these results show that
initial approximations can be chosen under weaker conditions compared to (3.1)
and (3.2). It is worth noting that only “point” approximations z,(:l)l, ey z,(lo) are
sufficient in the implementation of the method (2.4) unlike the use of inclusion disks

Z,(;i)l, ceey ,(LO) employed in the convergence analysis.

Example 4.1 To find the circular inclusion approximations to the zeros of the
polynomial

f(2) =22 +32% =327 — 920 + 325 + 92 + 9923 + 29722 — 1002 — 300,

we implemented the interval methods (2.4). The exact zeros of f are (; = —3,
Co3==%1, (45 = £2i¢, (6,7 = =2+ and (g9 = 2+ . The initial disks were selected
to be ZZ.(O) = {250);0.3}, with the centers

A = 31401, 2V =-12-01i, 2= 12+0.1i
AP = 01-21i, 2= 01+19 2 =-19+11i
AV = —19-09i, 2V = 21+11, Y= 19-009.

The radii of the inclusion disks produced in the first three iterative steps are given
in Table 4.1, where the denotation A(—q) means A x 1079.

ey ) 3
" 1.02(=2) | 6.75(—8) | 1.45(—23)
ra | 258(—2) | 3.46(—7) | 9.26(—23)
rs | 2.25(—2) | 8.33(=7) | 5.35(—21)
ra | 7.96(—3) | 1.69(—8) | 3.02(—25)
rs | 8.59(—3) | 7.94(—8) | 5.14(—23)
re | 1.28(—2) | 1.73(=7) | 1.12(—22)
rr | 1.61(—2) | 1.63(—7) | 3.31(—23)
rs | 845(—3) | 1.05(—7) | 1.70(—22)
re | 1.22(—2) | 2.80(—7) | 1.29(—21)

Table 4.1 The radii of inclusion disks

In finding inclusion disks of the first five zeros (k = 5), we obtain the radii in
the first three iterative steps given in Table 4.2.
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ey ) 3
" 1.02(—=2) | 2.40(—6) 1.64(—14)
ra | 258(—=2) | 9.25(—6) 1.45(—13)
rs | 2.25(—2) | 2.74(=5) | 2.01(—11)
rs | 7.96(—3) | 3.48(—7) | 4.04(—16)
rs | 8.59(—3) | 1.71(—6) | 2.34(—14)

Table 4.2 The radii of inclusion disks

From Table 4.1 we can observe the cubic convergence of the interval methods,
while the convergence is quadratic when only a part of inclusion disks is calculated,
see Table 4.2. This is in accordance to the assertion of Theorem 3.2.

Example 4.2 To find the circular inclusion approximations to the first four zeros
of the polynomial

f(z) = 2% —(4+60)2% — (18 — 3i)2" — (45 — 63i)25 + (377 + 324i)2°
—(158 + 11284)2* + (18 — 3i)2® + (45 — 637)2% — (378 + 324i)2
+(162 + 11344)

b

we implemented the same interval method (2.4). The exact zeros of f are (12 = £1,
Zzz3a =+1, (s =3+31, (g =443, ( =—-3—-3i, (g =—3+3i and {9 = 3. The
initial disks were selected to be Zi(o) = {z§°); 0.5}, with the centers

AV =12-01, 2V =-11+02i, 2 =01+12 2" =02-009.

The initial approximations of the remaining zeros are taken equidistantly on the
circle 2 + y?> = 4. The radii of the inclusion disks produced in the first three
iterative steps are given in Table 4.3. The presented entries point to the quadratic
convergence.

D) ) 3
| 244(=1) | 3.01(=2) | 2.20(—4)
Ta 1.30(—1) | 2.40(—3) 1.83(=7)
rs 1.78(=1) | 9.01(=3) | 7.49(—6)
T4 1.67(—1) | 9.72(—3) 1.03(—5)

Table 4.3 The radii of inclusion disks

Example 4.3 To find the circular inclusion approximations to the zeros of the
polynomial

f(z) = 2204219 12217 4+ 12426 + 268215 — 43221 4 2784213
+1302212 4 3471021 — 91824210 + 3246962° — 32753802°
+62097227 — 97222562° — 227059225 — 10568472
—283039512° + 31394251222 — 257049002 + 308458800,
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we implemented the interval method (2.4). The exact zeros of f are: (12 =1+ 2i,
234 = —1E£2, (56 = £2, (7,8 = 1, (9,10 = 3£ 24, (11,12 = =3+ 21, (13,14 = 2 £ 34,
C15,16 = =2+ 3¢, (17,18 = £34, (19 = 3 and (29 = —4. The initial disks were selected

to be Zi(o) = {zgo); 0.3}, with the centers

AV = 11422 V= 12-21 2V =-12+21i
AV = —12-21, 9= 22401, ¥ =-21+0.1i
AV = 02409, V= o02-11, "= 31+19i,
AY = 32-19i 29 =-32+19i 29=-32-19,
AV = 22429 9= 22-29 V=_-22+29,
AV = 22-29i Y= o02+31 ¥=-02-29,
AV = 32-01, 20 =-42-01i

The radii of the inclusion disks produced in the first three iterative steps, are
given in Table 4.4.

ey ) 3

" 518(—2) | 2.53(=5) | 1.02(—15)
Ta 5.66(—2) | 6.45(—5) | 1.69(—14)
T3 5.35(—2) | 3.55(—5) | 1.29(—15)
ra | 5.02(—2) | 225(—5) | 1.07(—15)
rs 721(—2) | 7.49(=5) | 9.51(—15)
T6 214(—2) | 2.06(—6) | 2.59(—18)
= 6.51(—2) | 5.72(—=5) | 2.23(—15)
T8 7.62(—2) 1.16(—4) | 3.71(—14)
To 141(=2) | 1.19(=6) | 4.52(—19)
o | 1.93(—2) 1.98(—6) | 6.59(—19)
11 120(—2) | 2.53(=6) | 1.40(—18)
ra | 1.97(—2) | 3.10(=6) | 9.06(—18)
ris | 2.86(—2) | 8.12(—6) | 9.66(—17)
ra | 340(—2) | 857(—6) | 1.21(—16)
ris | 3.25(—2) | 7.23(—=6) | 3.12(—17)
re | 3.26(—2) | 9.77(—6) | 5.63(—17)
rir | 3.67(—2) | 8.94(—6) | 9.37(—17)
rs | 5.34(—2) | 4.72(=5) | 6.65(—15)
ro | 2.32(=2) | 3.86(—6) | 2.52(—17)
rao | 1.27(—2) 1.42(=7) | 1.24(—21)

Table 4.4 The radii of inclusion disks
In finding inclusion disks of the first seven zeros (k = 7), we obtain the radii in
the first three iterative steps given in Table 4.5.
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ey ) 3

| 5.18(=2) | 2.71(—4) | 2.44(—9)
ra | 5.66(—2) | 6.71(—4) | 5.97(—8)
rs | 5.35(—2) | 4.91(—4) 1.83(=8)
rs | 5.02(=2) | 2.24(—4) 1.67(—9)
rs | 7.21(—2) | 1.13(=3) | 2.81(-8)
re | 2.14(—2) | 2.46(—5) 1.31(—11)
re | 651(—2) | 4.79(—4) | 5.99(—9)

Table 4.5 The radii of inclusion disks

Asin Example 4.1, from Table 4.4 and 4.5 we can observe the cubic and quadratic
convergence of the interval methods (2.4), respectively.
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