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ALMOST CONVERGENCE OF DOUBLE SUBSEQUENCES

Fikret Cunjalo

Abstract

Almost-convergence of double sequences (subsequences) is equivalent to
almost Cauchy condition. If the set of all almost convergent subsequences
of a sequence S = S, is of the second category, then S is convergent in
the simple sense. For the sequence S = Sy, which almost converges to L,
Lebesgue measure of the set of all its subsequences which almost converge to
L is either 1 or 0.

Introduction

The concept of almost convergence of sequences of real numbers S = S, was
introduced and firstly studied by G.G. Lorentz [3].
A sequence S = S, almost converges to L if for every € > 0, there exists N € N,

n—1
such that % > Sk—i — L’ < g for Vn > N and Vk € N. We write f —1im S = L.
i=0

F. Moricz and B.E. Rhoades [4] have expanded the definition of almost conver-
gence to double sequences of real numbers S = (S,,,). The sequence S = (Spm)
almost converges to L, if for Ve > 0, 3N € N, such that

1 p—1g—1
EZZSnJri,mﬁLj —Li<e

i=0 j=0

for Vp,q > N and V(n,m) € N x N. We write f —lim .S = L.
We denote by X the set of all double sequences of 0’s and 1’s,namely,

X ={z = (Tnm) : Tom € {0,1}, n,m € N}

In [4] F. Moricz defined the concept of a subsequence of a double sequence.
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Let S = (Snm) be a double sequence and © = () € X. Then, by S(x) we

: =1 .
denote a double sequence defined as folows: S, (z) = { fm"’ z"m , which
b nm
we call a subsequence of the sequence S.
For example, for
_ | S31 S32 S33 _ 1 0 1
5= 821 S22 S23 3 X = 0 1 1
S11 S12  S13 1 1 0
we have
S(z) = §31  * 533

Mapping  — S(z) is a bijection from the set X to the set of all the subsequences
of sequences S = (Sum).

In[2], Lebesgue measure on the set of all subsequences of the given sequence
is defined. Due to the bijection of the set X and the set of all subsequences of a
given sequence, under Lebesgue measure on the set of all subsequences we consider
Lebesgue measure on the set X.

Let B be the smallest o-algebra of subsets of the set X which contains all sets
of the form:

{z = (Tpm) € X : Tnm =01, ., Tngmy, = Ak}, A1,-..,05 € {0,1}, k € N.

There exists the unique Lebesgue measure P on the set X, such that:

1
P({x=(xnm) € X : Tpm =1, ., Tnym, = Qk}) = o

where ay,...,a; € {0,1}, k € N.
Results
We introduce the concept of almost convergence of double subsequences.

Definition 1. Let v € X and S = (Snm) be a double sequence of real numbers.
The subsequence S(x) of the sequence S almost converges to L, if for Ve > 0,3N €
N, such that:

p—lg—1
> 2 [Snvimts ¢ Tatimeas = 1]
i=0 =0

p—1lq—1

Z Z Tn+i,m+j

i=0 j=0

for¥p,q € N and V(n,m) € N x N for which xpm, = 1.

—Li<e
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Definition 2. The subsequence S (x) of the sequences S is almost Cauchy, if
for
Ve > 0,3k € N, such that:

pplqpl pplqpl
[Sn1+i.ml+j : $n1+i,ml+j:1] [Sn2+7'.m2+j3 $712+i,m2+j:1]
i=0 j=0 i=0 j=0
_ SE,
pplqpl pquPl
Tny+imy+j Tng+i,mo+j
i=0 j=0 i=0 j=0

for Vp1,p2,q1,92 > k and V (n1, m1) , (ng, mg) € NxN, for which @y, 1, =1, Tpom, =
1.

The equivalence between these two concepts is established in

Theorem 1. Let © € X and S = (Snm) be a double sequence. The subsequence
S(x) of the sequence S is almost convergent if and only if it is almost Cauchy.

Proof. We denote

p—lq—1
Yo 2 [Sntimts ¢ Tnyimaj = 1]
i=0 j=0

DP9 (sx) =

n,m p—1q—1
> Tn4i,m+j
i=0 j=0

Assume that the subsequence S(z) is almost convergent. Then, Ve > 0, 3k € N,
such that

|D5){,?n(3$) — L| < g

for Vp,q > K and V(n,m) € N x N for which z,,, = 1. Therefore,

ni,mi ng,msa + =€

| DRt (sz)—DE2% (s)|<|DEVE (sz)—L| + | DP2 % (sz)—L|<

| ™

for Vp1,p2,q1,92 > k and V (n1, m1) , (na, ma) € NxN, for which @, 1, =1, Tpom, =
1. Thus, the subsequence S(x) is almost Cauchy.

Now assume that the subsequence S(x) is almost Cauchy. Then, Ve > 0, 3k € N,
such that

€
DR, ()~ Dz, (s)] < & 1)
for Vp1,p2,q1,92> k and V (n1, m1) , (ng, mg) € NxN, for which @, 1, =1, Zpom, =
1

Taking n1 = no = ng and m; = mg = my in relation (1), we obtain that

(Db, (sx));oqiol is a Cauchy sequence, and therefore convergent.
Let plLHOlO Dpa . (sx) = L. Then, Ve >0, 3k; € N, such that |[D2:2, (sz) — L| <
q—00

5 for Vp,q > K. Tt follows that

|DP4 (sx) — L| < | DR (sx) — DE4, . (sx)| + | DR, (s¥) — L| <

no,MmMo m0,M0
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for Vp,q > max(K, K;) and V(n,m) € N x N for which z,,, = 1 Therefore, the
subsequence S(z) is almost convergent.

In particular, if ., = 1 for V(n,m) € N x N then the subsequence S(x) is equal
to the sequence S. Therefore, Theorem 1 is also true for sequences

The set X equiped with the metric d : X x X — R, d(z,s) = E E |T"2ﬂ+f’n’”’“|,

n=1m=1
T = (Tpm), Y = (Ynm) € X, is a complete metric space. Therefore, X is of the second

category.

Let X' = {x € X : 3n,m > k such that z,, = 1}.

The sets {x € X : In,m > k such that z,,, = 1},k € N are dense everywhere
in X. Hence, Xy = {x € X : 2, = 0za Vn,m > k}, k € N, are nowhere dense in
X.

Since X\X' = :le Xk, X\X’ is of the first category. Therefore, X’ is of the

second category.

Theorem 2. Let a sequence S = (Spm) be divergent in the simple sense.
Then the set:

U={xe X :S(z) is almost convergent}

is of the first category.
Proof: Theorem 1 implies U = {z € X : S (z)is almost Cauchy}.
The set U can be writen in the form:

o0 oo o0 o0 1
U= lolkgl ﬂk ﬂl {x cX: |D§§11 ‘3,1“( x)— Dgg’ggz(sxﬂ < l} (2)
=1lR= =k n1=
z;:k né:l
=k mi=1
ga=Fk M2=1
where
p—1

Z [ n+im+j ° Tntimtj = 1]

=0

Dyt (sx) =

—1qg—1

Z Z Tn4i,m+j

i=0 j=0

Since the sequence S is convergent, we have two cases:
I) There exists a subsequence (S’ng,my);;l of the sequence S such that

lim Sy, m, = F00, hm ng = lim mgy = oo
g0 g,Mg oo g—00

IT) There exist a,b € R such that liminf S,,,, < limsup Sy, =b. Let T = {z €
X : Zpm = 1 for finitely many (n,m)}. The setT is everywhere dense in X'.

I Let k and [ = [y > 3 be fixed.
For arbitrary y € T, Iny, m1,p1,q1 € N, p1,q1 > k, such that {(n,m) : ypm =
1} C{(m,m):mi <n<my+p;, m <m<m+aq}
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Due to the structure of the subsequence (S’ng mg)oo of the sequence S,

g
Iny, mi1,p1,q1 € Nand Jy' € T given by

tnp<n<ni+p,mi<m<m+q

Ynm *
y = 1: (n,m) = (ng,mg),n2 < ng < ng +pa,mg < my < Mg + go (3)
0 : for other (n,m)

such that 1
(D2t (') = Dit, (s1)] = - )

ni,mi no,ma l

(=)

Let z € X’ with the property z,,, = x/,,, on the set

nm

{(n,m):m; <n<my+p,m<m<m+aq}U
U {(n,m):mz <n <mg+pa, me<m<mg+qa}.

Then the relation (4) is true. Therefore, the set of all such z contains open
neighborhood of y € T" which does not intersect the set

o) o) 1
n N {Jc e X' ‘Dfﬁ%l( x)— Dr2® (s )‘ < lo} (5)
pa=k n2=1
q =k M1= 1
go=k M2= 1

Therefore, the set (5) is nowhere dense. Hence, the set U is of the first category.

IT Let k and | = Iy > 32 be fixed. For arbitrary y € T there exist

P1,4q1,n1,m1 € N; p1,q1 > k, such that

{(n,m) : Tpm =1} C{(n,m) : my < n<mi+p;, mi <m < mi+aq},
|Dpds (sy) —al = 2 v | DR (sy) — b|

Let, for exzaumple|D”1 a1 (gy) — a‘ > Then due to the structure of the sub-

ny,mi

sequence (Sngmg) _, of the sequence S Hy € T given by (3) such that

ni,mi

|Dp17q1 (sy —a} < 1
Iy’

It follows that [DEV% (sy') — DF292 (sy')| > .

With the procedure like in I), we conclude that every y from the dense set T
has an open neighborhood which does not intersect the set (5). Therefore, the set
(5) is nowhere dense and the set U is of the first category.

A subset F of the set X is a tail set if it is true that: z € E = 2’ € E, where
2’ € X with the property z/,,, # nm for most finitely many (n,m).

The following lemma is well known.
Lemma Let E C X be a measurable tail set. Then, P(E) =1 or 0.

Theorem 3. Let a sequence S = (Spm) almost converge to L and let

Up = {z € X : S(z) almost converges to L} .
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Then P (Ur) =1 or 0.

Proof: Let x € Up be arbitrarily chosen and let y € X have the property:
Ynm = Tmm for n > ng V. m > mgy. Then for Ve > 0, AN € N, such that:
|Dﬁ:2n(sy) — Dk (sz)| < £ and |D§;:‘,Zn(sx) — L| < £ for Vp,q > N and ¥(n,m) €
N x N Zpm = Ynm = 1. Then |D§’l:‘{n(sy) —L’ < e for V(n,m) € Nx N, ypm = 1.
Therefore, the subsequence S(y) almost converges to L. Thus, Uy, isa tail set.

The set Uy, has the form:

Ur=n U A N QCEX"D”’Q(sx)—L|<1
L-_l:1N=1pg=Nﬁum:1 ' m 1]

Since {x € X : |D2? (sx) — L| < }} are obviously measurable sets, then Uy is

n,m

a measurable set. Therefore, due to Lemma, P (Ur) =1 or 0.

In [1] Connor has proved that almost every sequence of 0’s and 1’s is not almost
convergent.

The following theorem confirms the existence of almost convergent double se-
quences, for which almost every subsequence is not almost convergent. This is
analogous to the result in [6] about single sequences.

Theorem 4. Let the sequence S = (Snm) be a sequence of 0’s and 1’s which
almost converges to r. If 0 <r <1 then the set

U, ={z € X : S(z) almost converges to r}

s of Lebesgue measure zero.
Proof: Since the sequence S almost converges to r, IN € N such that:

n—1n—1

% Z Z Skt > g

i=0 j=0

for Vn > N and V (k,l) € N x N.
Let

k . .
T, ={z € X : Tgntikntj = Skntikntj, 0<i<n,0<j<n}.

2,11,2 = 00, the Borel-Cantelli

18

Then P (T}) = Ly for Vk € N. Since Y- P (T}) =

k=1 k=1

lemma gives us:

P (HmsupTT’f) =1 for Vn € N.

k—oo

Let

k—oo

T, = limsuprf and T = ﬂ T,
n=1

Then P(T) = 1.
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Let € T and n > N. Then = € T* for some k € N and has more than gnQ of
ones in the block [kn, (k + 1)n) x [kn, (k + 1)n).

Therefore
n—1ln—1
Z Z [SknJri,knJrj  Tkndikntj = ]-]
i=0 j=0 _1
p—1g—1 -
> > Thn+i,kn+j
i=0 j=0

and with that subsequence S(z) is not almost convergent to r for 0 < r < 1. Hence,
P(U,) =0.
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