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Majorization for certain subclasses of analytic functions involving the
generalized Noor integral operator
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Abstract. In the present investigation, we study the majorization properties for certain classes of multi-
valent analytic functions defined by using the generalized Noor integral operator. Moreover, we point out
some new or known consequences of our main result.

1. Introduction

LetAm(p) denote the class of functions of the form

f (z) = zp +

∞∑
k=m

ap+kzp+k (p,m ∈N = {1, 2, ...}) (1)

which are analytic in the open unit diskU = {z : |z| < 1} . In particularA1(p) ≡ A(p) andA1(1) ≡ A.LetS∗p(γ)
andKp(γ) be the subclasses ofAm(p) consisting of all analytic functions which are, respectively, p−valently
starlike and p−valently convex of order γ(0 ≤ γ < p). Also, we note that S∗1(γ) ≡ S∗(γ) and K1(γ) ≡ K (γ)
are, respectively, the usual classes of starlike and convex functions of order γ

(
0 ≤ γ < 1

)
in U. In special

cases, S∗1(0) ≡ S∗ and K1 ≡ K are, respectively, the familiar classes of starlike and convex functions in U.
Suppose that f (z) and 1(z) are analytic in U. Then we say that the function 1(z) is subordinate to f (z) if
there exists an analytic function w(z) in U with |w(z)| ≤ |z| for all z ∈ U, such that 1(z) = f (w(z)), denoted
1 ≺ f or 1(z) ≺ f (z). In case f (z) is univalent inU we have that the subordination 1(z) ≺ f (z) is equivalent
to 1(0) = f (0) and 1(U) ⊂ f (U).

For functions ft ∈ Am(p) given by

ft(z) = zp +

∞∑
k=m

ap+k,tzp+k (t = 1, 2; p,m ∈N), (2)
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Email addresses: mcaglar25@gmail.com (Murat ÇAĞLAR), orhanhalit607@gmail.com (Halit ORHAN), edeniz36@gmail.com

(Erhan DENİZ)
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we define the Hadamard product (or convolution) of f1 and f2 by

(
f1 ∗ f2

)
(z) = zp +

∞∑
k=m

ap+k,1ap+k,2zp+k =
(

f2 ∗ f1
)

(z).

Let f (z) and 1(z) be two analytic functions inU. Then we say that the function f (z) is majorized by 1(z)
inU (see [8]), and write

f (z)≪ 1(z) (z ∈ U), (3)

if there exists a function φ(z) analytic inU, such that∣∣∣φ(z)
∣∣∣ ≤ 1 and f (z) = φ(z)1(z) (z ∈ U). (4)

It may be noted that the notion of majorization (3) is closely related to the concept of quasi-subordination
between analytic functions inU.

For real or complex numbers a, b, c not belonging to the set {0,−1,−2, ...} , the hypergeometric series is
defined by

2F1(a, b; c; z) = 1 +
ab
c

z
1!
+

a(a + 1)b(b + 1)
c(c + 1)

z2

2!
+ .... (5)

We note that the series in (5) converges absolutely for all z ∈ U so that it represents an analytic function
inU.

The authors (see [4]) introduced a function (zp
2F1(a, b; c; z))(−1) given by

(zp
2F1(a, b; c; z)) ∗ (zp

2F1(a, b; c; z))(−1) =
zp

(1 − z)λ+p (λ > −p), (6)

which leads us to the following family of linear operators:

Iλp,m(a, b; c) f (z) = (zp
2F1(a, b; c; z))(−1) ∗ f (z) (7)

where f (z) ∈ Am(p), a, b, c ∈ R\Z−0 = {0,−1,−2, ...} , λ > −p, z ∈ U. It is evident that I1
1,1(n + 1, c; c) = In

is the Noor integral operator. The operator Iλp,1(a, 1; c) = Iλp (a; c) was defined recently by Cho et al. [3],
I1
p,1(n + p, c; c) = In,p was introduced by Liu and Noor [7] ( see also [10]) and Iλp,1(a, λ + p; c) = Ip(a; c) was

investigated by Saitoh [11]. By some easy calculations we obtain

Iλp,m(a, b; c) f (z) = zp +

∞∑
k=m

(c)k(λ + p)k

(a)k(b)k
ap+kzp+k, (8)

where (κ)n denote the Pochhammer symbol defined by

(κ)0 = 1 and (κ)n = κ(κ + 1)...(κ + n − 1), n ∈N.

It is readily verified from the definition (7) that

I0
p,m(a, p; a) f (z) = f (z) and I1

p,m(a, p; a) f (z) =
z f ′(z)

p
, (9)

z
(
Iλp,m(a, p + λ; a) f (z)

)′
=
(
λ + p

)
Iλ+1
p,m (a, b; c) f (z) − λIλp,m(a, b; c) f (z), (10)

z
(
Iλp,m(a + 1, b; c) f (z)

)′
= aIλp,m(a, b; c) f (z) − (a − p)Iλp,m(a + 1, b; c) f (z) (11)

By using the linear operator Iλp,m(a, b; c) f (z),we now define some subclasses ofAm(p) as follows:
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Definition 1.1. A function f ∈ Am(p) is said to be in the class Sλ, jp,m(a, b, c;γ; A,B), if and only if

1
p − γ

z
(
Iλp,m(a, b; c) f (z)

)( j+1)

(
Iλp,m(a, b; c) f (z)

)( j)
− γ + j

 ≺ 1 + Az
1 + Bz

(z ∈ U) , (12)

where λ > −p, −1 ≤ B < A ≤ 1, 0 ≤ γ < p, j ∈ N0 = N ∪ {0} and the real numbers a, b, c are not belonging to the
set {0,−1,−2, ...} .

We note that Sλ,0p,1 (a, λ+ p, a;γ; 1,−1) ≡ S0,0
p,1(a, p, a;γ; 1,−1) = S∗p(γ) and S1,0

p,1(a, p, a;γ; 1,−1) ≡ Kp(γ) are the
classes of p-valently starlike and p-valently convex functions of order γ in U, respectively. In particular,
we denote Sλ, jp,m(a, b, c;γ; 1,−1) by Sλ, jp,m(a, b, c;γ). Furthermore, S1,0

1,1(k + p, c, c;γ; A,B) is the class introduced
and studied by Cho [2]; S1,0

p,1(k + p, c, c;γ; A,B) is the class introduced and studied by Patel and Cho [10];

Sλ,0p,1 (λ + p, b, c;γ; A,B) is the class introduced and studied by Srivastava and Patel [12].
In [12], authors obtained their subordinate relations, inclusion relations, the integral preserving proper-

ties in connection with the operator Iλp,m(a, b; c) f (z) the sufficient conditions for a function to be in the class
Sλ,0p,m(a, b, c;γ; A,B).

A mojorization problem for the class S∗ have been investigated by MacGregor [8], and Altıntaş et al.
[1] generalized this result for p−valent starlike functions of complex order. Recently, Goyal and Goswami
[5] and Goswami et al. [6] extented these results for the fractional derivative operator and a multiplier
transformation, respectively. In the present paper we investigate a majorization problem for the class
Sλ, jp,n(a, b, c;γ; A,B), and we give some special ceses of our main result obtained for approciate choices of the
parameters a, b, c, γ,A,B, j, λ, n and p.

2. Majorization problem for the class Sλ,jp,m(a, b, c; γ; A,B)

We begin by proving the following main result.

Theorem 2.1. Let the function f ∈ Am(p), and suppose that 1(z) ∈ Sλ, jp,m(a, b, c;γ; A,B). If
(
Iλp,m(a, b; c) f (z)

)( j)
is

majorized by
(
Iλp,m(a, b; c)1(z)

)( j)
inU for j ∈N0, then∣∣∣∣∣(Iλ+1

p,m (a, b; c) f (z)
)( j)
∣∣∣∣∣ ≤ ∣∣∣∣∣(Iλ+1

p,m (a, b; c)1(z)
)( j)
∣∣∣∣∣ for |z| ≤ r1, (13)

where r1 = r1(p, γ, λ,A,B) is the smallest positive root of the equation∣∣∣(λ + γ)B − (γ − p
)

A
∣∣∣ r3 − (λ + p + 2 |B|) r2 −

(∣∣∣(λ + γ)B − (γ − p
)

A
∣∣∣ + 2
)

r + λ + p = 0, (14)

where λ > −p, −1 ≤ B < A ≤ 1, 0 ≤ γ < p.

Proof. Since 1(z) ∈ Sλ, jp,m(a, b, c;γ; A,B),we find from (12) that

1
p − γ

z
(
Iλp,m(a, b; c)1(z)

)( j+1)

(
Iλp,m(a, b; c)1(z)

)( j)
− γ + j

 = 1 + Aw(z)
1 + Bw(z)

, (15)

where w(z) is analytic inU,with w(0) = 0 and |w(z)| < 1 for all z ∈ U. From (15), we get

z
(
Iλp,m(a, b; c)1(z)

)( j+1)

(
Iλp,m(a, b; c)1(z)

)( j)
=

p − j +
[
γ (B − A) + Ap − Bj

]
w(z)

1 + Bw(z)
. (16)
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Now, making use of the relation

z
(
Iλp,m(a, b; c)1(z)

)( j+1)
= (λ + p)

(
Iλ+1
p,m (a, b; c)1(z)

)( j) − (λ + j)
(
Iλp,m(a, b; c)1(z)

)( j)
(17)

from (16) we get(
Iλp,m(a, b; c)1(z)

)( j)
=

(λ + p) (1 + Bw(z))(
λ + p

)
+
[
λB + γ(B − A) + Ap

]
w(z)

(
Iλ+1
p,m (a, b; c)1(z)

)( j)
.

The above relation implies that∣∣∣∣∣(Iλp,m(a, b; c)1(z)
)( j)
∣∣∣∣∣ ≤ (λ + p) (1 + |B| |z|)

(λ + p) −
∣∣∣(λ + γ)B − (γ − p

)
A
∣∣∣ |z|
∣∣∣∣∣(Iλ+1

p,m (a, b; c)1(z)
)( j)
∣∣∣∣∣ . (18)

Since
(
Iλp,m(a, b; c) f (z)

)( j)
is majorized by

(
Iλp,m(a, b; c)1(z)

)( j)
in U, there exists an analytic function φ(z) such

that (
Iλp,m(a, b; c) f (z)

)( j)
= φ(z)

(
Iλp,m(a, b; c)1(z)

)( j)
(z ∈ U) (19)

and
∣∣∣φ(z)

∣∣∣ ≤ 1. Thus we have

z
(
Iλp,m(a, b; c) f (z)

)( j+1)
= zφ′(z)

(
Iλp,m(a, b; c)1(z)

)( j)
+ zφ(z)

(
Iλp,m(a, b; c)1(z)

)( j+1)
. (20)

Using (17), in the above equation, we get(
Iλ+1
p,m (a, b; c) f (z)

)( j)
=

z
λ + p

φ′(z)
(
Iλp,m(a, b; c)1(z)

)( j)
+ φ(z)

(
Iλ+1
p,m (a, b; c)1(z)

)( j)
. (21)

Thus, by noting that the Schwarz function φ(z) satisfies the inequality (see, e.g. Nehari [9])

∣∣∣φ′(z)
∣∣∣ ≤ 1 −

∣∣∣φ(z)
∣∣∣2

1 − |z|2
(z ∈ U) , (22)

and using (18) and (22) in (21), we get∣∣∣∣∣(Iλ+1
p,m (a, b; c) f (z)

)( j)
∣∣∣∣∣

≤
∣∣∣φ(z)

∣∣∣ + 1 −
∣∣∣φ(z)

∣∣∣2
1 − |z|2

|z| (1 + |B| |z|)(
λ + p

) − ∣∣∣(λ + γ)B − (γ − p
)

A
∣∣∣ |z|

∣∣∣∣∣(Iλ+1

p,m (a, b; c)1(z)
)( j)
∣∣∣∣∣ , (23)

which upon setting

|z| = r and
∣∣∣φ(z)

∣∣∣ = ρ (0 ≤ ρ ≤ 1
)

leads us to the inequality∣∣∣∣∣(Iλ+1
p,m (a, b; c) f (z)

)( j)
∣∣∣∣∣ ≤ Θ(ρ)

(1 − r2)
[(
λ + p

) − ∣∣∣(λ + γ)B − (γ − p
)

A
∣∣∣ r]
∣∣∣∣∣(Iλ+1

p,m (a, b; c)1(z)
)( j)
∣∣∣∣∣ , (24)

where

Θ(ρ) = −r (1 + |B| r)ρ2 +
(
1 − r2

) [(
λ + p

) − ∣∣∣(λ + γ)B − (γ − p
)

A
∣∣∣ r]ρ + r (1 + |B| r)
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takes its maximum value at ρ = 1 with r = r1(p, γ, λ,A,B) the smallest positive root of the equation (14).
Furthermore, if 0 ≤ σ ≤ r1(p, γ, λ,A,B), then the function

Φ(ρ) = −σ (1 + |B| σ)ρ2 +
(
1 − σ2

) [(
λ + p

) − ∣∣∣(λ + γ)B − (γ − p
)

A
∣∣∣ σ]ρ + σ (1 + |B| σ)

increases in the interval 0 ≤ ρ ≤ 1, so that Φ(ρ) does not exceed

Φ(1) =
(
1 − σ2

) [(
λ + p

) − ∣∣∣(λ + γ)B − (γ − p
)

A
∣∣∣ σ] .

Therefore, from this fact, (24) gives the inequality (13).

Setting A = 1 and B = −1 in Theorem 2.1, equation (14) becomes∣∣∣2γ + λ − p
∣∣∣ r3 − (λ + p + 2

)
r2 −
(∣∣∣2γ + λ − p

∣∣∣ + 2
)

r + λ + p = 0. (25)

We see that r = −1 is one of the roots of this equation, and the other two roots are given by

∣∣∣2γ + λ − p
∣∣∣ r2 −

(∣∣∣2γ + λ − p
∣∣∣ + λ + p + 2

)
r + λ + p = 0,

so we can easily find the smallest positive root of (25). Hence, we have the following result:

Corollary 2.2. Let the function f (z) ∈ Am(p) and suppose that 1(z) ∈ Sλ, jp,m(a, b, c;γ; 1,−1). If
(
Iλp,m(a, b; c) f (z)

)( j)
is

majorized by
(
Iλp,m(a, b; c)1(z)

)( j)
inU for j ∈N0, then∣∣∣∣∣(Iλ+1

p,m (a, b; c) f (z)
)( j)
∣∣∣∣∣ ≤ ∣∣∣∣∣(Iλ+1

p,m (a, b; c)1(z)
)( j)
∣∣∣∣∣ for |z| ≤ r1,

where

r1 =
δ −
√
δ2 − 4

∣∣∣2γ + λ − p
∣∣∣ (λ + p)

2
∣∣∣2γ + λ − p

∣∣∣
with δ =

∣∣∣2γ + λ − p
∣∣∣ + λ + p + 2, λ > −p, 0 ≤ γ < p.

As a special case of Corollary 2.2, when b = 1 and m = 1 we obtain the following result for the operator
Cho-Kwon-Srivastava Iλp (a; c) f (z) :

Corollary 2.3. Let the function f (z) ∈ A(p) and suppose that 1(z) ∈ Sλ, jp,1(a, 1, c;γ; 1,−1). If
(
Iλp (a; c) f (z)

)( j)
is

majorized by
(
Iλp (a; c)1(z)

)( j)
inU for j ∈N0, then∣∣∣∣∣(Iλ+1

p (a; c) f (z)
)( j)
∣∣∣∣∣ ≤ ∣∣∣∣∣(Iλ+1

p (a; c)1(z)
)( j)
∣∣∣∣∣ for |z| ≤ r1,

where

r1 =
δ −
√
δ2 − 4

∣∣∣2γ + λ − p
∣∣∣ (λ + p)

2
∣∣∣2γ + λ − p

∣∣∣
with δ =

∣∣∣2γ + λ − p
∣∣∣ + λ + p + 2, λ > −p, 0 ≤ γ < p.

For λ = γ = 0, a = c and j = p = 1 Corollary 2.3 reduces to the following result:

Corollary 2.4. [8] Let the function f (z) ∈ A be analytic and univalent inU and suppose that 1(z) ∈ S∗. If f (z) is
majorized by 1(z) inU, then∣∣∣ f ′(z)

∣∣∣ ≤ ∣∣∣1′(z)
∣∣∣ for |z| ≤ 2 −

√
3.
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