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Some Inequalities Generalizing Kato’s and Furuta’s Results
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Abstract. In this paper we establish a four-operator inequality from which we recapture as particular
cases the Furuta’s inequality and Kato’s inequality as well as we obtain other similar results of interest.
Applications for numerical radius inequalities and for functions of operators given by power series are
provided as well.

1. Introduction
We denote by B (H) the Banach algebra of all bounded linear operators on a complex Hilbert space
If P is a positive selfadjoint operator on H, i.e. (Px,x) > 0 for any x € H, then the following inequality is
a generalization of the Schwarz inequality in H

[(Px, ) < (Px, %) (Py, ), (1)

for any x,y € H.
The following inequality is of interest as well, see [14, p. 221].
Let P be a positive selfadjoint operator on H. Then

IPxI? < Il (Px, x) ()

for any x € H.
In 1952, Kato [15] proved the following celebrated generalization of Schwarz inequality for any operator
T € B(H):

KTx, )" < (T %, ) (T 3, ), ®

for any x, y € H, a € [0,1]. Utilizing the modulus notation, i.e. we recall that |A| := VA*A, we can write (K)
as follows

(T < (TP 5, x) (TP 3, ) ©
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foranyx,y € H a €[0,1].
In order to generalize this result, in 1994 Furuta [13] obtained the following result:

|<T |T|a+ﬁ—1 X, y>‘2 < <|T|2a x,x> <|T*|Zﬁ v, y> (F)

foranyx,ye Hand a,f € [0, 1] witha+ > 1.
If one analyses the prof from [13], that one realises that the condition ¢, § € [0, 1] is taken only to fit with
the result from the Heinz-Kato inequality

(Tx, vy < Al |[B' =y (HK)

| < Bl

forany x, y € Hand a € [0, 1] where A and B are prositive operators such that ||Tx|| < ||Ax|| and |
forallx,y € H.
Therefore, we can state the more general result:

Theorem 1.1 (Furuta Inequality, 1994, [13]). Let T € B(H) and a, > 0 with a + § > 1. Then for any x,y € H
we have the inequality (F).

Ty

If we take p = @ in Furuta’s inequality, then we get

KT |T|2a71 x, y>'2 < <|T|2a X, x> <|T*|2a v, y> (4)
forany x,y € H and a > 1. In particular, for & = 1 we have

KT 1T, ) < (1T 3, ) (TP ) ©)
for any x,y € H.

If we take T = N a normal operator, then we get from (F) the following inequality for normal operators

(N INE 1, y)|2 < (INP“ x,x) (INP# y, ) 6)

foranyx,y € Hand o, > O witha + > 1.
This implies the inequalities

2

(N INP* )| < (NP, ) (NP, ) ?)

foranyx,y € Hand a > 1 and

(N INTx, )| < (INP 2, x) (INP y, y) ®)

for any x,y € H.
Making y = x in (7) produces

|<N NP> x, x>' < <|N|2“ X, x>
for any x € H and a > } and, in particular
KN INJx, x)| < (INP x, x)

for any x € H.

For various interesting generalizations, extension of Kato and Furuta inequalities, see the papers [4]-[13],
[18]-[22] and [24].

Motivated by the above results, we establish in this paper a simple four-operator inequality from which
we show that we can obtain as particular cases the Furuta’s inequality (F) and Kato’s inequality (K) as
well as other similar results of interest. Applications for numerical radius inequalities and for functions of
operators given by power series are provided as well.



S.S. Dragomir / Filomat 28:1 (2014), 179-195 181

2. Vector Inequalities

The following result provides a simple however useful extension for four operators of the Schwarz
inequality :

Theorem 2.1. Let A,B,C,D € B(H). Then for x,y € H we have the inequality
(DCBAx, y)| < (A*|BP Ax,x) (DIC'F D'y, y). )
The equality case holds in (9) iff the vectors BAx and C*D*y are linearly dependent in H.
Proof. The Schwarz inequality in the Hilbert space H states that for any u, v € H we have the inequality
K, ) < [l ol (10)

with equality if and only if the vectors u and v are linearly dependent in H.
Now, if we take u = BAx and v = C*'D"y then we have

|lul* = (BAx, BAx) = (B'BAx, Ax)
= (A"B'BAx,x) = (A" B Ax,x),

Il = (C'D'y, C'D"y) = (CC'D'y, D'y)
=(DCC'D'y,y) = (DIC'? D'y, )

and

(u,v) = (BAx,C'D"y) = (CBAx,D"y) = (DCBAx, y) .
Utilising (10) we deduce the desired result (9). O
Corollary 2.2. The Furuta inequality (F) for a, B > 0 with a + B > 1 is a particular case of (9).
Proof. Let T = U |T|be the polar decomposition of the operator T, where U is partial isometry and the kernel
N (U) = N(T1).

If wetake D = U,C = |T|f,B = 1y and A = |T|* then we have
DCBA = U|TP |T|* = U|T||T|** = T|T1* L,
A*IBPA = |TI*|TI* = TP

and
DICPD = Ut ur = T/,
which by (9) imples the desired inequality (F). O
Remark 2.3. It is obviuous that Kato’s inequality (K) is also a particular case of (9).
The following similar result also holds:

Corollary 2.4. For any operator T € B(H) and any a, § > 1 we have the inequality

(TP it ) < (TP ) (TP ), a1

forany x,y € H.
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Proof. Let T = U |T|be the polar decomposition of the operator T, where U is partial isometry and the kernel

N (U) =N(T)).
Ifwetake D = U,C =|T)f,B = U and A = |T|* then we have

DCBA = U|TP U|T|* = U|T||TP u|T)|T1*t = T (T 7|71t
A*BPA =|T1*uru|T|* = [T [T U u | T 71!
— ITla—l T*TlTla—l = |T|a—l |T|2 |T|L¥—1 — |T|2a
and

which by (9) implies the desired inequality (11). O

Remark 2.5. The above inequality (11) contains some nice particular inequalities as follows:

2

< <|T|2“ X, x> <|T*|2a Y, y> /

ey e

for a > 1 producing for a = 1 the result

(T2, y>|2 <(ITPx,x)(IT'P y,v),

and for a = 2 the result

(@i, v < (T ) (T v, ),

forany x,y € H.
If we take o« = 1 in (11), then we get

(TP T, y)\Z <(ITP %, x) (IT y, y),

forany B > 1 and if we take § = 1 in (11) then we also get

KTZ Tl x, y>’2 < <|T|2a X, x> <|T*|2 v, ]/> )

forany x,y € H.

Corollary 2.6. For any operator T € B(H) and any «, f > 0 with a + B > 2 we have the inequality

|<T* IT*+F2 Tx, y)'z < (ITP* %, x) (1T v, ),

forany x,y € H.

(12)

(13)

(14)

(15)

(16)

(17)

Proof. Let T = U |T| be the polar decomposition of the operator T, where U is partial isometry and the kernel

N(U)=N(T]). Then T* = |T|U".
If we take D = U, C = |T), B = |T|*and A = U, then we have

DCBA = UITP|T|* U* = U|T||TF** 2 |T|U* = T|TF*2 T,

A* |B|2A — u|T|20.' u* — |T*|2a
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and
DIC'ED* = UTP U = TP,
which by (9) implies the inequality
2
(TP T, )| < (TP x) (TP, ) (18)

forany x,y € H.
Now, if replace in (18) the operator T with T*, then we get the desired result (17). O

Remark 2.7. We can get from (17) the following inequality

(TP x, y>|2 < (ITP* 2, x) (ITP® )y, ), (19)

forany x,y € Hand o € [0, 2].
If we make p = o > 1 in (17), then we get

2
(T e T )| < (TP ) (TP y, ), (20)

forany x,y € H.

Corollary 2.8. For any operator T € B(H) and any y,6 > 0 we have the inequality

v 7 f < 7P

forany x,y € H.

Ty, y), e

Proof. If wetake D =|T|",C=T,B=Tand A = IT|° then we have
DCBA = |T) T*|T)°,
A*|BP A = T ITP T = [T

and
DIC'F D" =T/ |T*P TV = T} TT*|T)"

v % % v %12 " 2
=TV T(TP 1) = (TP T)°[ = [T 1T,

which by (9) implies the desired inequality (21). O
Remark 2.9. The particular case y = 0 = 1 provides the inequality

(T2 m, )| < () (T 12 3 ), @)
forany x,y € H.
We also have

Corollary 2.10. For any operator T € B(H) and any y,6 > 0 we have the inequalities
: 2 :
|<|T|)/+O+2 X, y>‘ S <|T|20+2 x, x> <|T|2}’+2 y, y> (23)
and

(i R e )| < T[T

T |T|‘5|2 X, x><

) @

forany x,y € H.
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Proof. If wetake D =|T|",C=T",B=Tand A = IT|® then we have
DCBA = [T/ T'T|T” = [TV [TP " = [T}"***,
A*|BP A = T [TP T = [T
and
DIC'PD* = [T\ [TP T = [TP*?

which by (9) implies the desired inequality (23).
The dual choice D = |T|”,C=T,B=T"and A = |T|° gives

DCBA = |T|" |T*PITI°,

+ " . 2
A'IBPA = TP ITPITP = |T|TV|

and
DIC'D* = [T TR |T] = 2

T |T|y

which by (9) produces (24). O

Remark 2.11. If we take 6 = y in (24), then we get

(e

|17 x, x><

v iy [2
17 )
forany x,y € H.

The following corollary also holds

Corollary 2.12. For any operator T € B(H) and any > 0 we have the inequalities

(T T, y}lz < (ITP %, x)(TITP Ty, y)
and

(TP T, y>|2 < (ITPx,x)(TITP Ty, )

forany x,y € H.

184

(25)

(26)

(27)

Proof. Let T = U |T| be the polar decomposition of the operator T, where U is partial isometry and the kernel

N(U) =N(T)).
If we take D = U, C = |T||T*’, B = U and A = |T| then we have

DCBA = U|T||TPU|T| = T|T'FT,
A*BFA=T|IUU|T| =TT = TP
and
D|C'? D = uccu* = u|r| | | ¥ |1 ur
— T|T*|2‘B T

which by (9) produces (26).
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Now, if we take D = U,C = |T|F*!,B = U and A = |T| then we have
DCBA = U[TP*' UIT|=TITFT,
A'IBP A = TP
and
DICTP D = uccu = u|Tf |1 u = TITP T°.
O
Remark 2.13. The case = 1 produces from the inequalities (26) and (27) the simple results
KT T, )| < (TP 2, <) (T (T, y) (28)
and
KT T, [ < (ITRx,x) (IT 1y, y) (29)

forany x,y € H.

3. Norm and Numerical Radius Inequalities

We can state the following inequality for the numerical radius w of an operator V € $B(H), namely
w(V) = SUP|jyj=1 [{Vx, x)|, which satisfies the following basic inequalities

SV <) < VI (30)

Theorem 3.1. Let A,B,C,D € B(H). Then we have

IDCBA|[* < ||A*|BP* A|| | IC*[* D* (31)
and for any r > 1
W' (DCBA) < %”(A BEA) +(DICP D) | (32)
Proof. Taking the supremum over x, y € H with ||x|| = ”yH =11in (9) we have
IDCBAI® =  sup [(DCBAx,y)|
Ireli=]ly]|=1
< sup [(A"IBP Ax,x)(DIC'P D'y, y)]
llcl=[[y]|=1
= sup <A* B> Ax, x> sup <D IC'* D'y, y>
Ikell=1 llvll=1

and the inequality (31) is proved.

A*|BP* A||||pIC*? D*
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By taking x = y in (9) and utilising the increasing monotonicity of the power means for two positive
numbers, we have for any r > 1 that

(DCBAx,x)| < [(A* B Ax,x)(DICP D'x, )] (33)
* 2 %12 Ty*
g (A IB| Ax,x> +2<D|C| Dx,x>
«1pI2 r 12 %
g (A IB| Ax,x> +2<D|C| Dx,x>

r 1/7

for any x € H.
Now, utilising Holder-McCarthy inequality (Px, x)" < (P"x,x),x € H, ||x|| = 1 that holds for any positive
operator P and any power r > 1 we have

(a |B|2Ax,x>’ +(DIC*P D*x,x)’
2
. (A |B|2A)’ x,x)+{(DIC*P D*)’ x,x)
= 2
(el s perer, )

(34)

foranyx € H, [|x|| = 1.
By making use of (33) and (34) we get the inequality of interest

(35)

(A" |B|2A)r +2 (DICP D*)r . x>

[{DCBAx, x)|" < <

foranyx € H, ||x|| = 1.
Finally, by taking the supremum over x € H, ||x|| = 1 in (35) we deduce the desired result (32). O

The above theorem has a number of particular cases for one operator that are of interest:

Corollary 3.2. 1. Let T€e B(H),r > 1and o, p > O with a + > 1. Then we have
1
(T Ta+ﬁ—1 < Z TZar T 2pr )
w (TITIP) < o TP+ T (36)
In particular, we also have

wi’ (T|T|2a—l) S % |||T|2L‘(7 + |T>f|2[¥r

, (37)
forany a > 1 and
2 1 r % | 21
W (TIT) < 5 1T+ 17| (38)
2. For any operator T € B(H),r > 1 and any a, > 1 we have the inequality

w (TITP TIT1) < % 1T + 1T (39)
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In particular, we also have

w}' ((T|T|IX—1)2) < % |||T|2al’ + |T*|20(V , (40)
for any a > 1 which provides the result
w' (T?) < % 1T + 17| (41)

3.For any operator T € B(H),r > 1 and any p > 0 we have the inequalities

o (TITFT) < 5 |+ [T ] | (42)
and

W (TITFT) < %Hmz’ +[rirE | (43)
In particular, we have

o (T[T T) < %“m” [y (44)
and

W (TITIT) < % 1T+ 11| - (45)

4. Inequalities for Power Series

Now, by the help of power series f(z) = ).,_(a,2" we can naturally construct another power series
which will have as coefficients the absolute values of the coefficient of the original series, namely, f4 (z) :=
Yoeo lax| 2" Tt is obvious that this new power series will have the same radius of convergence as the original
series. We also notice that if all coefficients a, > 0, then f4 = f.

In the recent paper [3], by utilising the Furuta’s inequality (F) for a, § > 0 with @ + 8 > 1 we established
the following result for power series:

Theorem 4.1. Let f(z) = Y., 0a,2" and be g(z) = Y., buz" be two functions defined by power series with real
coefficients and both of them convergent on the open disk D (0, R) € C, R > 0. If T is a bounded linear operator on the
Hilbert space H and z,u € C with the property that

2>, [ul® ITI? < R, (46)

then we have the inequality

(TF @I g (7D, ) @7)
< fa (12) ga (1) {fa (1TP) x, x) (IT*F 94 (1T'F) v, v)
forany x,y € H.
By utilising Corollary 2.4 we have the following similar result:

Theorem 4.2. With the assumptions in Theorem 4.1, we have the inequality

KTf @IT) Tg T x, )| (48)
< fa (I2) ga (1) (TP fa (1TP) %, x) (IT'P g4 (IT'F) v, y)
forany x,y € H.
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Proof. From (11) we have for any natural numbers n > 1 and m > 1 the following power inequality
2
(Tt T )| < (TP ) (TP ), (49)
forany x,y € H.

If we multiply this inequality with the positive quantities |a;,1] 2" and |by_q| ™", use the triangle
inequality and the Cauchy-Bunyakowsky-Schwarz discrete inequality, we have successively:

k 1
Z Z Gya 2" By (TITP T ) (50)
n=1 m=1
k )
< Y Y bl o (T TP )|
n=1 m=1
k 1/2 ! 1/2
<Y el (TP 2, 2) Y bl ™ (TP, )
n=1 m=1
‘ 172 1/2
< (Z a-1] |z|2<””] <Z @ TP, x>
n=1 n=
! 72 1/2
x ( [ |u|2<'"‘”] < bl I T y, y>
m=1 m=1
foranyx,ye Hand k>1,/ > 1.
Observe also that
k 1
Z Z @ya 2" by (TTP TIT 2, y) (51)
n=1 m=1
k 1
= <T [Z ay-12"! |T|"—1] T [Z by u™ ! |T|’"‘1] X, y>
n=1 m=1
foranyx,ye Handk >1,1> 1.
Making use of (50) and (51) we get
k 1
<T [Z ap12" ITI’”] T [Z by ITI’“] X, y> (52)
n=1 m=1
B 1/2 P 1/2
< (Z 2,1l |z|2<”‘”] <|T|2 Dl TP, x>
n=1 n=1
! 1/2 ! 1/2
X (Z. o] |u|2<'“‘”] <|T*I2 Y Iyl TPy, y>
m=1 m=1

foranyx,ye Handk >1,/> 1.

Due to the assumption (46) in theorem, we have that the series whose soms are involved in the inequality
(52) are convergent and then, by taking the limit over k — oo and I — oo in (52), we deduce the desired
result (48). O
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Corollary 4.3. Let f (z) = Y anz" be a function defined by power series with real coefficients and convergent on

the open disk D (0,R) € C, R > 0. If T is a bounded linear operator on the Hilbert space H and z € C with the property
that

2 ITIP < R, (53)

then we have the inequality

(I TN x, ) (54)
< £ (12P) (TP £ (1TP) %) (TP £ (1TP) v 9)
forany x,y € H.

On making use of a similar argument and the inequality from Corollary 2.6, we can state the following
result as well:

Theorem 4.4. With the assumptions in Theorem 4.1 we have the inequality
% % % 2
(T fEITD g wIT)Tx, y)l (55)
< fa (12R) g (1) (I fa (1TR) 2, 2) (T2 g (1T'2) w, v)
forany x,y € H.
In particular we have:

Corollary 4.5. With the assumptions of Corollary 4.3 we have

(T 72 @I Tx, )| (56)
2 2 2 Y2y 2 .2 1/2
< fa (P (TP fa (1TP)x,2) (TP £ (ITF) . v)
forany x,y € H.
Another result for one power series that was obtained in [3] is incorporated in:

Theorem 4.6. Let f(z) = Y.,"a,2" be a function defined by power series with real coefficients and convergent on
the open disk D (0,R) € C, R > 0. If T is a bounded linear operator on the Hilbert space H with the property that
IITII? < R, then we have the inequality

(11 £ (7P x, y)jz < (ITP fa (1TP) 2, ) (IT°P £ (IT') . y) (57)
forany x,y € H.
We are able now, by utilising the inequality (20) to complement this result as follows:
Theorem 4.7. With the assumptions in Theorem 4.6, we have the inequality
(T f (I R) T, y>|2 < (ITP fa (ITP) %, 2) (ITP £ (IT7) v, ), (58)

forany x,y € H.
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Proof. If we write the inequality (20) for a natural number n > 1 we have
1/2 1/2
(TP T, )| < (TP ) (1P y, ) (59)
for any x,y € H.

Now, if we multiply the inequality (60) by |a,-1| > 0, sum over n from 1 to k, utilize the generalized
triangle inequality and the Cauchy-Bunyakowsky-Schwarz discrete inequality, we have successively:

k
<T* 2 gy [T T, y>‘ (60)
n=
k
< Y ol (T 1T T, )|
n=1
k 1/2
2 aual (TP x,2) " (TP y, )
=1
B 2 1/2
<Z || ITP" x, x> <Z 1T y, y>
n=1 n=1
P 1/2 X 1/2
<|T|2 Yl TP x, x> <|T|2 Y bl TPy, y>
n=1 n=1
forany x,y € H.

Since all the series whose partial sums are involved in the inequality (60) are convergent, then by letting
k — oo in (60) we deduce the desired result (58). O

We give here some examples of operator inequalities for some fundamental functions expressed by
power series.

Example 4.8. 1) For any operator T € B (H) with ||T|| < 1 and any z € C with |z| < 1 we have the inequalities

P
([Tau=zm ] ) (61)
42 BEERRY.
(18 (11 = 178) " ) (T (1 - 1) )
<
- 1- |z
and
_172
<[T1n(1Hiz|T|) ] x,y> (62)
_ 1/2 _ 1/2
(P in (1 - 1R) " x) (T (10 - 1TR) )
<
- 1- 217

forany x,y € H.
2) For any operator T € B (H) and any z € C we have the inequalities

([T sin G ITDI x, y)|, [(ITsinh 2 [TD1 x, y)| (63)
< sinh (12P) (|TP sinh (ITP) 2, x)* (ITP sinh (ITP) y, ),
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(T cos GITDI %, )], ([T cosh (2 TDI )|
< cosh (|2P) (ITP sinh (ITP) x,x)* (IT*P cosh (IT'F) v, ) ",
and
(ITexp T x, )|
< exp (12P) (ITP exp (ITP) x,x) " (ITP exp (IT'F) w,v)
forany x,y € H.
The proof follows from the inequality (54).

Example 4.9. For any operator T € B (H) with ||T|| < 1 and any z € C with |z| < 1 we have the inequalities
|<T* (1y +2|T) 2 Tx, y>|

(2 (0 =19) ") {7 - 77) )
<

- 1—|z?

1/2

and

. =112
<T [ln(lH +z|T7) ] Tx,y>
4 1 1/2 1 1/2
<In(1-PP) <|T|2 In(1g - 1T7) " x, x> <|T*|2 In (1 = ITF) "y, y>
forany x,y € H.
2) For any operator T € B (H) and any z € C we have the inequalities

KT* sin? (z|T*|) Tx, y>‘ , |<T" sinh? (z |T") Tx, y>’

< sinh (2P) (ITP sinh (ITP) x,x) (1P sinh (IT°F) y, )

|<T* cos? (z|T|) Tx, y>| , '<T cosh® (z|T"|) Tx, ]/>’

< cosh (|22) (ITP sinh (ITP) x,x)"* (TP cosh (1T'F) v, y)

and

KT exp (22T Tx, )|

<exp <|Z|2) <|T|2 exp (lle) x, x>1/2 <|T*|2 exp (|T*|2) y, y>1/2 ,

forany x,y € H.
The proof follows by the inequality (56).
Example 4.10. For any operator T € B (H) with ||T|| < 1 and any z € C with |z| < 1 we have the inequalities

‘<T" (1w £1TP) " T, y>

< (ITP (1 - 17R) ' x, x}m (TP (1= 177) ", y>1/2

191

(64)

(65)

(66)

(67)

(68)

(69)

(70)

(71)
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and
KT* In(1y = IT'R) " Tx, y>' (72)
_ 1/2 _ 1/2
< (TP (13 = 117) 2 x)  (1TR I (1= 1TP) s )

forany x,y € H.
2) For any operator T € B (H) and any z € C we have the inequalities

4

|(T* sin (|T°) Tx, y)|, [(T" sinh (IT°P) T, y>| (73)
2

< (/TP sinh (ITP)x, x)l/z (ITP sinh (IT1) y, y}l/ ,

(- cos () ) [ cost (7F) 2, "
< (TP sinh (jT1)x,x)"* (|TP cosh (1T2) v, ) ",
and
(T exp (ITP) Tx, )| (75)
< (1P exp (1TP) x,2)" (1P exp (1T2) v, )
foranyx,y € H.

The proof follows by the inequality (58).

5. More Results for Normal Operators

In the recent paper [3], by utlising Furuta’s inequality (F) for a, § > 0 with a + § > 1 we established the
following result for normal operators:

Theorem 5.1. Let f(z) = Y. a,z" be a function defined by power series with real coefficients and convergent on
the open disk D (0,R) € C, R > 0. If N is a normal operator on the Hilbert space H and o, f > 0 with a + > 1 with
the property that |[N I, INII*® < R, then we have the inequality

[ VN5, )] < (i (NP ) ( (NP ) (76)
forany x,y € H.
We can provide here a companion result as follows:

Theorem 5.2. Let f(z) = Y.,"a,z" be a function defined by power series with real coefficients and convergent on
the open disk D (0,R) c C, R > 0. If N is a normal operator on the Hilbert space H and o, > 1, with the property
that |IN|**, |IN|*# < R, then we have the inequality

[ (v N2 2) )| < (s (NE) 2,2 (5 (NFP) ), 7

forany x,y € H.
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Proof. Utilising the inequality (11) for the normal operator operator T = N" with n a natural number, we
have

|<Nn |Nn|/3—1 N" |Nn|a—1 X, y>|2 < <|Nn|2a X, x> <|Nn|2[§ v, ]/) , (78)

for any x,y € H.
Utilising the spectral representation for Borel functions of normal operators on Hilbert spaces, see for
instance [1, p. 67], we have for any a,§ > 1 and for any n € IN that

N'IN"PENT N = f 2" 2 T AP (2)
a(N)

[, e e

[NZ |N|a+572]” ,

where P is the spectral measure associated to the operator N and o (N) is its spectrum.
Similarly,

|Nn|2a _ (|N|2a)” and |Nn|2ﬁ _ (|N|2ﬁ)"

for any a, f > 1 and for any n € IN.
Therefore, the inequality (78) can be written as

(v 2], )] < () ) (NP ) 79

for any a, 8 > 1 and for any n € N, for any x, y € H.
If we multiply the inequality (79) by |a,| > 0, sum over n from 0 to k > 1 and utilize the Cauchy-
Bunyakowsky-Schwarz discrete inequality, we have successively

PR

n=0

(80)

< Y il [([N2 N2 )|
n=0

< <Zk: jaal INP2] x>m <Zk‘6 laal [INF#]"y, y>m

for any x, y € H and for any k > 1.
Since [IN]**, IN| < R then ||N? [N|**#~?| < R and the series

lay > 7’, [ !
Y lanl [INPT, ) el [INP]
n=0 n=0

and
i a, [NZ |N|a+ﬁ—2]n
n=0

are convergent in the Banach algebra B (H).
Taking the limit over k — oo in the inequality (80) we deduce the desired result from (77). O
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Corollary 5.3. With the assumptions of Theorem 5.2, we have the inequality

v w2 < e s o)

Remark 5.4. If we take p = 2 — o with o € [1,2] in (77), then we get the following result

[(F(N2) )| < (fa (), 2) (£ (INP2) y, )

for any x,y € H and ||N|[**, IN|??=® < R.

Example 5.5. 1. Let N be a normal operator with ||N|| < 1. If a, B > 1, then we have the inequalities

forssinrs s

(o )5,

and

~ 2
Kln (1 = N2INFP2) T, y>

< (1n (1= INP) ) (in (1= INP) ),

forany x,y € H.
2. Let N be a normal operator and a, B > 1, then we have the inequalities

2

7

|<sin (N2INIP72) x, )| |(sinh (N2 [NJ*F72) x, y)|2
< (sinh (IN**) x, x) (sinh (IN/*) v, v},

[(cos (N2 INI™#72) x, y)|2 |(cosh (N2 INpE2) y>|2
< (cosh (INP*)x, x) {cosh (INP) , y),
and
[exp (N2 INE#2) ., )

forany x,y € H.

< <exp (lNIzo‘) X, x> (exp (INIZﬁ) v, y> ,

194

(81)

(82)

(83)

(84)

(85)

(86)

(87)

Remark 5.6. We remark that the choice p = 2 — a with a € [1, 2] produces some simpler inequalities in (83)-(87).

The details are omitted.
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