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Ordering Unicyclic Graphs with Large Average Eccentricities
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Abstract. The eccentricity of a vertex u in a connected graph G is the maximum distance from u to other
vertices of G. The n-vertex unicyclic graphs with the i-th largest average eccentricity are determined for all

iupto[%J—lwithnZ&

1. Introduction

We consider only simple graphs. Let G be a connected graph with vertex set V(G) and edge set E(G).
For u,v € V(G), the distance between u and v in G, denoted by dg(u, v), is the length (number of edges) of
a shortest path connecting u and v in G. For u € V(G), the eccentricity of u in G, denoted by ec(u), is the
maximum distance from u to other vertices of G. The average eccentricity of G is

avec(G) :% Z ec(u),

ueV(G)

where n = |[V(G)|. The average eccentricity has been used as a molecular descriptor (topological index)
for various structure-property models, see [3]. It is named the eccentric mean by Buckley and Harray [1].
Dankelmann et al. [2] found an upper bound for the average eccentricity in terms of number of vertices and
minimum degree. We established in [4] various properties for the average eccentricity, including lower and
upper bounds and especially, the ordering of trees (connected graphs of no cycles) by average eccentricity.

In this paper, we determine the n-vertex unicyclic graphs (connected graphs of a unique cycle) with the
i-th largest average eccentricity for all i up to | 5| — 1 with n > 6.

2. Preliminaries

Let P, be the path on n vertices. Forn > 4and 1 <i < |%4] -1, let T, be the tree formed by attaching a
pendent vertex v,_; to a vertex v; of the path P,_1 = vyv1 ... 7,-0.

2010 Mathematics Subject Classification. Primary 05C35; Secondary 05C90

Keywords. average eccentricity, distance, diameter, trees, unicyclic graphs

Received: 13 November 2012; Accepted: 13 September 2013

Communicated by Dragan Stevanovi¢

Research supported by the Guangdong Provincial Natural Science Foundation of China (No. 8151063101000026) and the Special-
ized Research Fund for the Doctoral Program of Higher Education of China (No. 20124407110002)

* Corresponding author

Email address: zhoubo@scnu. edu.cn (Bo Zhou)



Y. Tang, B. Zhou / Filomat 28:1 (2014), 207-210 208

Lemma 2.1. [4] Among all the n-vertex trees, T!, for 1 < i < | %] — 11is the unique graph with the (i + 1)th-largest
average eccentricity, where

3n—-1)*+2n-3—4i

, ifniseven

i 4n
avec(T,) 3(n—12+2n—2—4i

4n !

if nis odd.

For2<d<n-1,letT"9) = {TZ gil<as< L%J}, where T? | is the n-vertex tree obtained by attaching
aand n +1 —a — d pendent vertices respectively to the two end vertices of the path P;_;.

Lemma 2.2. [4] Let G be an n-vertex trees with diameter d, where2 < d <n —1. Then
avec(G) < g (d)

with equality if and only if G € T", where

o) = % H3(d + 1)24_ 2(d+1)

+(n—d—1)d}.

Also, g,(d) is increasing for2 < d <n —1.

Let U, 3 be the set of n-vertex unicyclic graphs with cycle length 3, and U, >4 be the set of n-vertex
unicyclic graphs with cycle length at least 4.

3. Result

If G is a connected graph such that G — e is also connected for ¢ € E(G), then eg(u) < eg—.(u) for u € V(G)
and thus avec(G) < avec(G — e).

For 0 < i < [ %52 ], let P,y 3(i) be the n-vertex unicyclic graph formed by attaching two pendent paths with
iand n — 3 — i vertices respectively, to the two vertices of a triangle.

Lemma 3.1. Among the graphs in U,z with n > 6, P,3(i) with 0 < i < L%J is the unique graph with the
(i + 1)th-largest average eccentricity, where

3n? —4n—4i—4 . .
' — if n is even
avec(Pua(D) = 3.2 _ 47" 4i_3
— if nis odd.

Proof. Obviously, P, 3(i)) with 0 <i < |_”2;4J may be obtained from T+ by adding an edge v;v,_1. From this
fact we may easily find that vertices in P, 3(i) and Ti+! with the same labeling have equal eccentricity, and
thus avec(P,, 3(i)) = avec(T: ') for 0 <i < |_”2;4J. By Lemma 2.1,

3n? —4dn—-4i—4 | .
' — if n is even
avec(Pua(D) = 3.2 _ 47" 4i_3

™ , ifnisodd

for0<i< L%J, and avec(Tﬂ) > avec(T,]:'l) for0<j< L%‘J. Then

avec(P,,3(j)) > avec(P,3(j + 1)) for 0 < j < V ; 6J
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Suppose that G € Uy, 3 \ U 1,3(7)}. We will show that

avec(G) < avec (Pn,g (V ; 4J)) .

Let d be the diameter of G. Note that2 <d <n - 2. \
Casel.d=n-2. ThenG = Pn,3(”7‘3), with odd n. We have avec (P,,,g, ("2;3)) — avec (TT) = % (”T—l - "T”) <0,
and thus

w153 <) o5

Case 2. d = n—3. Then G is an n-vertex unicyclic graph formed by attaching one pendent vertex to P;,_1 3(i)
with 0 <i < [%2]. Itis easy to find that there exists an edge e on the cycle of G such that the diameter of

G —eis equal to n — 3. By Lemmas 2.1 and 2.2, avec(G) < avec(G —€) < g,(n—3) < 3(111_ < avec (TL” ZJ)
avec( 3 (L%‘J)).

Case 3. 2 < d < n— 4. There is an edge ¢’ on the cycle of G such that the diameter of G — e is at most n — 3.
By Lemmas 2.1 and 2.2, avec(G) < avec(G —e’) < g,(n — 3) < avec (T,E%J) = quec (Pn,3 (L%‘J)).

Ln 4J
Combining Cases 1-3, we have avec(G) < avec (Pn,3 ([%‘J)) for G € U,3 \ U P, 3(j)}, from which,

together with (1), we have the result. [

For0<i< I_%LJ, let P, 4(i) be the n-vertex unicyclic graph formed by attaching two pendent paths with
i and n — 4 — i vertices respectively, to the two non-adjacent vertices of a quadrangle.

Lemma 3.2. Among the graphs in U, z4 with n > 6, Pya(i) with 0 < i < |%5°] is the unique graph with the

(i + 1)th-largest average eccentricity, where
3n?—4n—4i-8 . .
——, ifniseven

avec(Pus) = S50 4y gi_7

1 , ifnisodd.

Proof. Obviously, P, 4(i)) with 0 < i < [ %52 16| may be obtained from T"r2 by adding an edge v;v,—1. From this

fact we may easily find that vertices in P, 4(i) and T:"? with the same labeling have equal eccentricity for
0<i< L"T_BJ. Thus by Lemma 2.1, we have

3n—4n—-4i—-8 . .

N P R P— if nis even

avec(Py 4(i)) = avec(T} ") = 32— dn o 4i— 7

1 , ifnisodd

for0<i< I_”Z;éj, and avec(T,];) > avec(TZ,H) for0<i< I_%J. Then

o]

avec(P,,4(j)) > avec(Py4(j + 1)) for 0 < j < V —

—|. @)

L5¢]
Suppose G € Uy s \ U {Pna(j)}. We will show that
=0

avec(G) < avec (P,,A (V ; 6J))
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Let m be the cycle length of G, and d the diameter of G.
Case 1. m = 4andd = n—-2. Then G = P4 ([%J) We have avec (Pn,4 ([%‘J)) — avec (T}E%J) =
1 (l"T‘ZJ - [%]) <0, and thus

w252 <o) o 5]

Case2. m=4and2 <d <n-3,orm =5 Notethat2 <d < n—[%] Itis easy to find there exists

an edge ¢ on the cycle of G such that the diameter of G — e is at most n — 3. By Lemmas 2.1 and 2.2
avec(G) < avec(G —e) < g,(n — 3) < avec (T,E%ZJ) = avec (Pn,4 (L”T%J)). Thus avec(G) < avec (PM (L”T‘GJ)).
152
Combining Cases 1 and 2, we have avec(G) < avec (Pn,4 ([”T‘ﬁj)) for G € Uy;s4 \ U {Pna(j)}, from which,
=0
together with (2), we have the result. [

Note that avec(P, 3(i)) = avec(Ppa(i— 1)) for1 <i < I_%J. Combining Lemmas 3.1 and 3.2, we can have
the following main result.

Theorem 3.3. Among the n-vertex unicyclic graphs with n > 6, P, 3(0) is the unique graph with the first largest
average eccentricity, equal to 3"22# for even n and 3”21# for odd n, P, 3(i) and P,4(i — 1) are the unique

graphs with the (i + 1)th-largest average eccentricity, equal to 3”2*‘2# for even n and Mﬂ# for odd n where
1<i<|3]-2
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