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Abstract. Spiro hexagonal chains are a subclass of spiro compounds which are an important subclass of
Cycloalkynes in Organic Chemistry. This paper addresses general spiro hexagonal chains in which every
hexagon represents a benzene ring, and establishes the formulae for computing the Hosoya polynomials
of general spiro hexagonal chains.

1. Introduction

For a graph G = (V,E), let dg(u, v) be the distance between vertices u# and v in G. Then Hosoya poly-
nomial (or Wiener polynomial) of G, which is introduced by Haruo Hosoya [6] in 1988, is defined as

H@G)= Y x%W9 Its chemical applications and elementary properties are studied in [4, 9]. The main
{u,0}CV(G)

property of H(G), which makes it interesting in chemistry, follows directly from its definition: its first
derivative at x = 1 is equal to a well-known Wiener index W(G) of G [10], namely W(G) = %Lﬁl.
Hosoya polynomial contains more information about distance in a graph than any of the hitherto proposed
distance-based topological indices; cf. [5]. Abundant literatures appeared on this topic for the theoret-
ical considerations and computations. The Hosoya polynomials of (catacondensed) benzenoid graphs,
hexagonal chains, polyphenyl chains, polygonal chains and two-dimensional (2D) hexagonal patterns were
determined in [5, 8, 12, 13, 15]. Also, the explicit analytical expressions for Hosoya polynomials of some
kinds of nanotubes, such as zigzag polyhex, armchair open-ended and TUC,4Cs(S) nanotubes, were derived
in[7,11, 14].

In Organic Chemistry, spiro hexagonal chains are an significant subclass of spiro compounds. A spiro
hexagonal chain is a kind of graph consisting of n hexagons By, By, ..., B, with the properties that (i) for any
1 <i < j<n, B;and B; are linked by a spiro union (two hexagons have only one common vertex, this
linkage is called spiro union, the common vertex is designated as spiro vertex ) if and only if j = i+ 1, and (ii)
the spiro vertex should be the vertex with degree four in the spiro hexagonal chain (or six-membered ring
spiro chain [1, 16], or chain hexagonal cactus [3]).

Recently, for spiro hexagonal chains, the Wiener index, numbers of the matching and independence
sets, extremal Merrifield-Simmons and Hosoya indices and extremal energies were determined in [1-3, 16].
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Motivated by prior investigations, in this paper we compute the formulae for Hosoya polynomials of spiro
ortho-, meta- and para-hexagonal chains (to be defined more precisely later) respectively, and then we
establish the formulae for computing the Hosoya polynomials of general spiro hexagonal chains.

2. Main results

The number of hexagons in a spiro hexagonal chain is called its length. Denote by G(n) the set of all
spiro hexagonal chain of length n. Let G, = B1B, - - - B, € G(n) where By is the k-th hexagon of G, and let ¢,
be the spiro vertex of By and By.1, k = 1,2,--- ,n — 1. Then the sequence (c1,¢2,- - ,cy-1) of length n — 1 is
called the spiro vertex sequence of G,,.. G, is called spiro ortho-, meta- and para-hexagonal chain if d(c;, cis1) = 1,2
and 3, respectively, foralli = 1,2,--- ,n — 1. In what follows, we will denote by O,, M,, and P, the spiro
ortho-, meta- and para-hexagonal chain of length 7 (see Fig. 1), respectively.

B ¢ B, ¢ B ¢
G

0, P

Fig. 1

Note that H(O;) = H(M;) = H(P1) = 6 + 6x + 6x2 + 3x°. In the following we give the formulae for
calculating the Hosoya polynomials of O,, M, and P, (n > 2).

Theorem 2.1. If n > 2 then

n=1Rx+2x2+ ) B -x+2x2+x%)  (2+2x +x?)?(1 — ¥ H)ad

H(O,) = 6 + 6x + 6x* + 3x° +

1-x (1-x)? ’
_ s oy (mM=D@x+2x%2 + 3B+ 2x =22+ %) (24 2x + x%)2(1 — 120 D)xt
H(M,) =6+ 6x + 6x° + 3x° + 11— - (1-2x2)2 ¢
H(P,) = 64 61 + 6% 4 32 + (n=1)@2x + 2 + )3+ 2x +2¢% = 2x%) (24 2x + x> (1 = 30 V)
e 1—x3 (1—x3)2 '

In order to prove the results of Theorem 2.1, we define a number of some useful terminologies and convenient notations.
A vertex v of By in Gy, is called ortho-, meta- and para-vertex of By if the distance between v and cy— is 1, 2 and
3, denoted by ox_1, my_1 and pi_1, respectively. Specially, we denote the ortho-vertex 0,-1 of B, in O, by ¢, (see Fig.
1). Analogously, we also denote the meta-vertex my_y and para-vertex p,—1 of B, in M,, and P, by c, (see Fig. 1)
respectively.

If u be a vertex of Gy, then we set H(Gy, 1) := Yoey(c,) X% 7). Next we give the following important lemma.

Lemma 2.2. If n > 1 then

(14 x+2x2 +x3) — (2 + 2x + x?)x"*!

H(Onrcn) = 1 —x 7
1+ 2x 4+ 22 +x%) — (2 + 2x + x2)x2+1

H(Mnrcn) = ( 1)_ JEZ ) 7
1+ 2x + 2x%) — (2 4 2x + x2)x3+1

H(Py ) = | )= AN

1-x8
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Proof. If n = 1, the assertions are clearly.
If n > 2, by inspection of the graph O,, we have

H(Ou ) = HOpop) = ), x00) §° xio

Z76‘/(On—1) U€V(Br1\0n—1)
=xH(Oy—1,cp-1) + (1 +x + 2% + x3).

Analogously, we easily obtain

H(M,,c,) = sz(M,,_l,c,,_l) +(1+2x+ ¥+ x3),
H(P,,cy) = x*H(Py—1, 1) + (1 + 2x + 2x2).

Using the above recurrence, we have

H(O,,c,) = X" TH(O1,c1) + (1 +x+ - + x72)(1 + x + 2x* + x°),
H(M,,c,) = XX DHMy, c1) + 1+ 22 +x* + 2% + - + 201+ 2x + 22 + 25),
H(P,,c,) = XX DHPy, 01) + (1 + 2% + 28 + - + 22072)(1 + 2x + 242).

Note that H(O,¢1) = H(M;, 1) = H(P1,¢1) = 1+ 2x + 2x% + x>. Thus, substituting these identities in above
identities, we obtain the assertions. O

Proof of Theorem 2.1. By inspection of the graph O,,, we have

H(O,) = H(O,-1) + Y, D D
u€V(0y-1),v€V(By)\cn-1 {u,0}CV(By)\Cn-1

— H(On—l) + Z (Zxd(u,cn_l)ﬂ +2xd(u,c,,_1)+2+xd(u,c,,_1)+3)+ Z xd(u,v)
ueV(O,-1) {u,0}CV(Bn)\cu-1

= H(Oy-1) + H(O,_1, cp1)(2x + 2x% + x°) + (4x + 4x° + 24°).

Using the recurrence, we have

H(O,) = H(Oy) + Z H(Ojt, cre1)(2x + 262 + 33) + (1 — 1)(dx + 432 + 2x3).
k=2

(14+x+2x% +x3) (2+2x+x2)x

By Lemma 2.2, we obtain H(Ox—_1, ¢x-1) = . Substituting the identity in above identity
and doing some manipulations, we obtain the assertlon \of H (On). Analogously, we can obtain the assertions
of H(M,) and H(P,). O

In order to describe general spiro hexagonal chains we give some additional terminologies and notations.
An spiro ortho-segment of a spiro hexagonal chain is a subgraph that is a spiro ortho-hexagonal chain and is
maximal with respect to this property. The spiro meta-segment and spiro para-segment can be analogously
defined respectively. A segment is a terminal segment if it contains a terminal hexagon, and internal segment
otherwise. Suppose that S1,5;,...,5, are all segments of a spiro hexagonal chain G, = BB, ---B, and
that S; and S;41 is connected by spiro vertex ¢/ (1 <i < m —1). Clearly, ¢; € {c1,c2,...,cy-1}. Then we use
515, -+ 5, instead of G, to denote such a spiro hexagonal chain (see Fig. 2).
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Fig. 2 A spiro hexagonal chain Gi; = 515,535,455 consisting of the set of segments S1, S, S3, S4, S5 with
lengths 2, 3, 2, 1, 3 respectively and the spiro vertex ¢} (1 <i < 4).

If Sy ---S; is a partial chain of G, then we letl=i+1= 0,and for2 < j <iset
1, if S;is a spiro ortho-segment;

}'\:: 2, if §;is a spiro meta-segment;
3, if S} is a spiro para-segment.

Theorem 2.3. Let G,, = 515, - - - S, be a spiro hexagonal chain of length n. Then we have

HG) =Y

r=3

[y

r—

le{;ﬁ"g(lkq)g(lr) +g(h)g(l) + Z H(s) - Z g,
r=1 r=2

-
||

2

where I; is the length of the segment S; (1 < i< m),

(14 x4 2x2 + x3) — (2 + 2x + x2)xli*1

1 , if Si is a spiro ortho-segment;
(1+2x+x%+ x3)_—yf2 + 20 + x2)x 2+

g(li) == T , 1f S; is a spiro meta-segment;
(1 + 2x 4 2x2) — (2 + 2x + x2)x3hi+1 e .
-0 , if S; is a spiro para-segment.

Proof. By inspection of the graph G,, = 515, - - - S, we have
H(G,) = H(51S2 - Spu1) + H(S152 - Sy, C%_l)H(Smr C;n—l) + (H(Sm) — H(Sm, C:ﬂ_l))-

Using the definition of1=i+1=0and 7(2 < j < 1) in the partial chain S;---S; of G, = 5152+ S,,, we
further have

H(G,) = H(S1Ss -+ Sp1) + (22304 4mThi (G, oy 4 BbsblirsmThua (5, ot )

oo+ XIS, g, ¢l ) H (S, €yy) + (H(Sw) = H(Sm,C)y_p))

m=1
= H(S1S2++ Su1) + ) X MH(Sk 1, ¢ JH(S, €y 1) + (H(S) = H(S, €, ).
k=2

Note that ¢;_, is an ortho-, meta- and para-vertex on the terminal hexagon of Sy_; if S¢-1 is a spiro ortho-,
meta- and para-segment respectively (2 < k < m — 1), and that ¢/ _, has similar properties on the terminal

hexagon of S,,. Therefore, combining the results of Lemma 2.2 with the definition of g(/;), we obtain

m—1 —
H(Gy) = H(S1S2++ Sy1) + Y x5 gl 1)g(l) + (H(Sm) = g(0)-
k=2
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Using the recurrence, we have

r—1

H(G) = H(S:52) + )
r=3 k=2

gl )g) + Y (HS) - (1),
r=3

Then we derive the assertion from H(S15,) = H(S1) + g(l)g(l2) + (H(S2) — g(l2)). O

Acknowledgment The authors wish to express sincere gratitude to the anonymous reviewers for their
valuable comments and helpful suggestions.

References

[1] X. Chen, B. Zhao, P. Zhao, Six-membered ring spiro chains with extremal Merrifield-Simmons index and Hosoya index, MATCH
Commun. Math. Comput. Chem. 62 (2009) 657-665.
[2] H.Deng, Wiener indices of spiro and polyphenyl hexagonal chains, Math. Comput. Model. (2011), d0i:10.1016/j.mcm.2011.08.037.
[3] T. Doslic, FE. Méley, Chain hexagonal cacti: Matchings and independent sets, Discrete Math. 310 (2010) 1676-1690.
[4] E.Estrada, O.Ivanciuc, I. Gutman, A. Gutierrez, L. Rodriguez, Extended Wiener indices. A new set of descriptors forquantitative
structureproperty studies, New J. Chem. 22 (1998) 819-822.
[5] L Gutman, S. Klavzar, M. Petkovgek, P. Zigert, On Hosoya polynomials of benzenoid graphs, MATCH Commun. Math. Comput.
Chem. 43 (2001) 49-66.
[6] H.Hosoya, On some counting polynomials in chemistry, Discrete Appl. Math. 19 (1988) 239-257.
[7] E.Mehdi, T. Bijan, Hosoya polynomial of zigzag polyhex nanotorus, . Serbian Chem. Soc. 73 (2008) 311-319.
[8] X.Li, G. Wang, H. Bian, R. Hu, The Hosoya polynomial decomposition for polyphenyl chains, MATCH Commum. Math. Comput.
Chem. 67 (2012) 357-368.
[9] B.E.Sagan, Y-N Yeh, P. Zhang, The Wiener polynomial of a graph, Int. ]. Quantum Chem. 60 (1996) 959-969.
[10] H. Wiener, Structural determination of paraffin boiling points, J. Amer. Chem. Soc. 69 (1947) 17-20.
[11] S.Xu, H. Zhang, Hosoya polynomials of armchair open-ended nanotubes, J. Quant. Chem. 107 (2007) 586-596.
[12] S. Xu, H. Zhang, The Hosoya polynomials decomposition for catacondensed benzenoid graph, Discrete Appl. Math. 156 (2008)
2930-2938.
[13] S.Xu, H. Zhang, The Hosoya polynomials decomposition for hexagonal chains, Math. Comput. Model. 48 (2008) 601-609.
[14] S. Xu, H. Zhang, Hosoya polynomials of TUC4Cs(S) nanotubes, J. Math. Chem. 45 (2009) 488-502.
[15] B.Yang, Y-N Yeh, Wiener Polynomials of some chemically interesting graphs, Int. J. Quantum Chem. 99 (2004) 80-91.
[16] P. Zhao, B. Zhao, X. Chen, Y. Bai, Two classes of chains with maximal and minmal total m-electron energy, MATCH Commun.
Math. Comput. Chem. 62 (2009) 525-536.



