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Abstract. We will develop partial group (co)actions of a Hopf group coalgebra on a family of algebras
by introducing partial group entwining structure. Then we give necessary and sufficient conditions for a
family of functors from the category of partial group entwining modules to the category of modules over a
suitable algebra to be separable. Also, the applications of our results are considered.

1. Introduction

As the generalization of Hopf algebra, the notion of a Hopf π-coalgebra was introduced by Turaev [23].
Hopf π-coalgebras are used by the author in [24] to construct Hennings-like and Kuperberg-like invariants
of principal π-bundles over link complements and over 3-manifolds. A systematic algebraic study of these
new structures has been carried out in recent papers ([7], [25], [26], [27] and [28]).

Partial group actions were considered first by Exel [18] in the context of operator algebras and they
turned out to be a powerful tool in the study of C∗-algebras generated by partial isometries on a Hilbert
space [19]. A treatment from a purely algebraic point of view was given recently in [1], [14], [16] and [17].
Partial Hopf actions were motivated by an attempt to generalize the notion of partial Galois extensions of
commutative rings in [16] to a broader context. The definition of partial Hopf actions and co-actions was
introduced by Caenepeel and Janssen in [5] by using the notions of partial entwining structures.

The notion of separable functor was introduced by Năstăsescu, Van den Bergh and Van Oystaeyen in
[21], where some applications for group-graded rings were done. Every separable functor between abelian
categories encodes a Maschke’s Theorem, which explains the interest concentrated in this notion within
the module-theoretical developments in recent years. Separable functors have been investigated in the
framework of coalgebras ([8]), graded homomorphisms of rings ([9], [12]), Doi-Koppinen modules ([6]),
entwined modules ([3]) or coring ([2]).

The idea underlying this article is to consider a more general setting, that is: can we develop a theory
of partial (co)actions of Hopf group coalgebras? The aim of this paper is to give a positive answer to these
questions.

The paper is organized as follows.
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In Section 2, we recall some definitions of group coalgebras, Hopf group coalgebra and separable
functors.

In Section 3, partial π-entwined structures(modules) are introduced, and for all α ∈ π, we show that the
functor F(α) :Uπ−C

A (ψ)→MAα which forgets the partial π-C-coaction has an adjoint.
In Section 4, we will develop a theory of partial (co)actions of Hopf group coalgebras and introduce the

concepts of partial group co(module) (co)algebra, partial Doi-Hopf group structures(modules).
In Section 5, we will characterize the separability of the forgetful functor F(α) from the category of so-

called partial π-entwined modules Uπ−C
A (ψ) to the category of all Aα-modules (fixed α ∈ π) which leads

to a generalized notion of integral of a partial π-entwined structure. Finally, the main applications of our
results are considered in Section 6.

2. Group Coalgebras, Hopf Group coalgebras and Separable Functors

Throughout this paper, we always let π be a discrete group with a neutral element e and k a field. All
(co)algebras and comodules are all over k. Let M and N be vectors, τM,N : M ⊗N→ N ⊗M : m ⊗ n 7→ n ⊗m
denotes the flip map.

2.1. Group Coalgebras

Recall from [23] that π-coalgebra is a family of k-spaces C = {Cα}α∈π together with a family of k-linear
maps ∆ = {∆α,β : Cαβ → Cα⊗Cβ}α,β∈π (called a comultiplication ) and a k-linear map ε : Ce → k (called a counit)
such that ∆ is coassociative in the sense that

(∆α,β ⊗ idCγ ) ◦ ∆αβ,γ = (idCα ⊗ ∆β,γ) ◦ ∆α,βγ,

for any α, β, γ ∈ π and

(idCα ⊗ ε) ◦ ∆α,e = idCα = (ε ⊗ idCα ) ◦ ∆e,α,

for all α ∈ π.

Remark 2.1. (Ce,∆e,e, ε) is an ordinary coalgebra in the sense of Sweedler.

Following the Sweedler’s notation for π-coalgebras, for any α, β ∈ π and c ∈ Cαβ, one writes

∆α,β(c) = c(1,α) ⊗ c(2,β).

2.2. Hopf Group Coalgebras

Recall from [7] that a semi-Hopf π-coalgebra is a π-coalgebra H = ({Hα}α∈π,∆ = {∆α,β}, ε) such that the
following conditions hold:

(SH1) Each Hα is an algebra with multiplication mα and unit 1α ∈ Hα,
(SH2) For all α, β ∈ π, ∆α,β and ε : He → k are algebra maps.

A semi-Hopf π-coalgebra H = ({Hα,mα, 1α}α∈π,∆ = {∆α,β}, ε) is called a Hopf π-coalgebra, if there exists a
family of k-linear maps S = {Sα : Hα → Hα−1}α∈π (called an antipode) such that

mα ◦ (idHα ⊗ Sα−1 ) ◦ ∆α,α−1 = ε1α = mα ◦ (Sα−1 ⊗ idHα ) ◦ ∆α−1,α.
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2.3. Separable Functors
Let C andD be two categories, and F : C → D a covariant functor. Observe that we have two covariant

functors
HomC(•, •) : Cop × C → Sets and HomD(F(•),F(•)) : Cop × C → Sets

and a natural transformation
F : HomC(•, •)→ HomD(F(•),F(•)).

Recall from [21] that F is called separable , if F splits, this means that we have a natural transformation P
such that P ◦ F is the identity natural transformation of Hom C(•, •).

Now suppose that F : C → D has a right adjoint G : D→ C, and write η : 1C → GF and δ : FG→ 1D for
the unit and counit of this adjuction. Then we have the following results [22]:

Rafael’s Theorem Let G : D → C be a right adjoint of F : C → D. F is separable if and only if η
splits, this means that there is a natural transformation ν : GF → 1C such that ν ◦ η is the identity natural
transformation of C.

3. Partial Entwining Structures, Partial Entwining Modules and Adjoint Functors

Let C = ({Cα}α∈π,∆, ε) be a π-coalgebra, and let A be a family of algebras A = {Aα,mα, 1Aα }α∈π over k. Let
ψ be a family of k-linear maps ψ = {ψα,β : Cα ⊗ Aβα → Aβ ⊗ Cα}α,β∈π such that the following conditions are
satisfied:

(1) For all α, β ∈ π, a, b ∈ Aβα and c ∈ Cα,

(ab)ψα,β ⊗ cψα,β = aψα,βbψ′α,β ⊗ cψα,βψ
′
α,β , (E3.1)

Eq. (E3.1) is equivalent to the following commutative diagram

Cα ⊗ Aβα ⊗ Aβα

ψα,β⊗id

vvmmmmmmmmmmmm
id⊗µβα

''OOOOOOOOOOO

Aβ ⊗ Cα ⊗ Aβα

id⊗ψα,β
��

Cα ⊗ Aβα

ψα,β

��
Aβ ⊗ Aβ ⊗ Cα

µβ⊗id
// Aβ ⊗ Cα ,

(2) For all α, β, γ ∈ π, a ∈ Aγαβ and d ∈ Cαβ,

aψαβ,γ1Aγαψα,γ ⊗ dψαβ,γ (1,α)
ψα,γ ⊗ dψαβ,γ (2,β) = aψβ,γαψα,γ ⊗ d(1,α)

ψα,γ ⊗ d(2,β)
ψβ,γα , (E3.2)

Eq. (E3.2) is equivalent to the following commutative diagram

Cα ⊗ Cβ ⊗ Aγαβ

id⊗ψβ,γα

((QQQQQQQQQQQQ

Cαβ ⊗ Aγαβ

ψαβ,γ

��

∆α,β⊗id
77nnnnnnnnnnnn

Cα ⊗ Aγα ⊗ Cβ

ψα,γ⊗id
��

Aγ ⊗ Cαβ

id⊗∆α,β ''PPPPPPPPPPPP
Aγ ⊗ Cα ⊗ Cβ

Aγ ⊗ Cα ⊗ Cβ

ϖγ,α,β

66mmmmmmmmmmmm
,
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where ϖ = {ϖγ,α,β} and ϖγ,α,β : Aγ ⊗ Cα ⊗ Cβ −→ Aγ ⊗ Cα ⊗ Cβ is defined by

ϖγ,α,β(a ⊗ c ⊗ d) = a1Aγαψα,γ
⊗ cψα,γ ⊗ d.

(3) For all α ∈ π and c ∈ Ce, a ∈ Aα,

ε(cψe,α )aψe,α = ε(c)a, (E3.3)

Eq. (E3.3) is equivalent to the following commutative diagram

Ce ⊗ Aα

ψe,α

��

ε⊗id

{{ww
ww

ww
ww

w

Aα

Aα ⊗ Ce

id⊗ϵ

ccGGGGGGGGG

The triple (A,C, ψ) is called a (right-right) partial π-entwining structure and is denoted by (A,C)π−ψ. The
map ψ is called a partial π-entwining map. For c ∈ Cα and a ∈ Aβα, we adopt the notation

ψα,β(c ⊗ a) = aψα,β ⊗ cψα,β = aψ′α,β ⊗ cψ
′
α,β = aψ′′α,β ⊗ cψ

′′
α,β = · · · .

Example 3.1. Let H be a Hopf π-coalgebra. Assume that there exsits a family of idempotents p = {pα}α∈π in H such
that ∆α,β(pαβ)(pα ⊗ 1β) = pα ⊗ pβ and ε(pe) = 1. Let A = {Aα = k}α∈π. Then we have a partial π-entwined structure
(A,H)π−ψ, where ψ = {ψα,β : Hα ⊗ k→ k ⊗Hα}α∈π, ψα,β(h ⊗ x) = x ⊗ hpα.

Example 3.2. Let H be a Hopf π-coalgebra. Assume that there exsits a family of idempotents p = {pα}α∈π in H such
that ∆α,β(pαβ)(pα ⊗ 1β) = pα ⊗ pβ and ε(pe) = 1. Let A = H. Then we have a partial π-entwined structure (A,H)π−ψ,
where ψ = {ψα,β : Hα ⊗Hβα → Hβ ⊗Hα}α∈π, ψα,β(h ⊗ 1) = 1(1,β) ⊗ h1(2,α)eα.

Given a (right-right) partial π-entwining structure (A,C)π−ψ. Then one can form the categoryUπ−C
A (ψ)

of right (A,C)π−ψ-modules. The objects ofUπ−C
A (ψ) are a family of vector spaces M = {Mα}α∈π together with

a family of k-linear maps
ϕ = {ϕα : Mα ⊗ Aα →Mα, ϕα(m ⊗ a) = m · a}α∈π

and a family of k-linear maps ρM = {ρM
α,β : Mαβ →Mα ⊗ Cβ}α,β∈π(called a partial π-C-coaction on M) such that

(PM1) For any α ∈ π, (Mα, ϕα) is a right Aα-module,
(PM2) For any α, β ∈ π, m ∈Mαβ and a ∈ Aαβ,

ρM
α,β(m · a) = m[0,a] · aψβ,α ⊗m[1,β]

ψβ,α ,

(PM3) For all α, β, γ ∈ π, m ∈Mαβγ,

m[0,αβ][0,α] ⊗m[0,αβ][1,β] ⊗m[1,γ] = m[0,α] · 1Aαβγψγ,αβψβ,α ⊗m[1,βγ](1,β)
ψβ,α ⊗m[1,βγ](2,γ)

ψγ,αβ ,

(PM4) For all m ∈Mα, ε(m[1,e])m[0,α] = m.

Here we use the following notation for the map ρM
α,β(m) = m[0,α] ⊗m[1,β], for all α, β ∈ π and m ∈Mαβ.

Proposition 3.3. For any α ∈ π, the forgetful functor F(α) : Uπ−C
A (ψ) → MAα has a right adjoint G(α) : MAα →

Uπ−C
A (ψ).
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Proof. For M ∈ MAα , we define G(α)(M) = {M ⊗ Cα−1β}β∈π, where M ⊗ Cα−1β is defined as the image of the
idempotent map

(ϕα ⊗ Cα−1β) ◦ (M ⊗ ψα−1β,α) ◦ (M ⊗ Cα−1β ⊗ ηβ) : M ⊗ Cα−1β −→M ⊗ Cα−1β.

Explicitly,
M ⊗ Cα−1β =< m · 1Aβψα−1β,α

⊗ cψα−1β,α |m ∈M, c ∈ Cα−1β > .

Now, we define the A-action and partial π-C-coaction as follows: for all β, γ ∈ π, a ∈ Aβ, c ∈ Cα−1β, d ∈ Cα−1βγ

and m ∈M,

(m · 1Aβψα−1β,α
⊗ cψα−1β,α ) · a = m · aψα−1β,α

⊗ cψα−1β,α ,

rρG(α)(M)
β,γ (m · 1Aβγψα−1βγ,α

⊗ dψα−1βγ,α ) = m · 1Aβγψγ,βψα−1β,α
⊗ d(1,α−1β)

ψα−1β,α ⊗ d(2,γ)
ψγ,β .

With A-action and partial π-C-coaction defined as above, we shall check that (PM2)and (PM3) hold for a
partial π-entwined module. First, we shall check Condition (PM2). For all α, β, γ ∈ π, m ∈M and c ∈ Cα−1βγ,
a ∈ Aβγ, we make a direct calculation as follows:

rρG(α)(M)
β,γ ((m · 1Aβγψα−1βγ,α

⊗ cψα−1βγ,α ) · a)

= ρr
β,γ(m · aψα−1βγ,α

⊗ cψα−1βγ,α )

(E3.1)
= ρr

β,γ(m · aψα−1βγ,α
1Aβγψ′

α−1βγ,α
⊗ c

ψα−1βγ,αψ
′
α−1βγ,α )

= m · aψα−1βγ,α
1Aβγψγ,βψ′

α−1β,α
⊗ cψα−1βγ,α

(1,α−1β)
ψ′
α−1β,α ⊗ cψα−1βγ,α (2,γ)

ψγ,β

(E3.1)
= m · aψα−1βγ,α

1Aβψ
′′
α−1β,α

1Aβγψγ,βψ′
α−1β,α
⊗ cψα−1βγ,α

(1,α−1β)
ψ
′′
α−1β,α

ψ′
α−1β,α ⊗ cψα−1βγ,α (2,γ)

ψγ,β

(E3.2)
= m · aψ′γ,βψα−1β,α

1Aβγψγ,βψ′
α−1β,α
⊗ c(1,α−1β)

ψα−1β,αψ
′
α−1β,α ⊗ c(2,γ)

ψ′γ,βψγ,β

(E3.1)
= m · aψγ,βψα−1β,α

⊗ c(1,α−1β)
ψα−1β,α ⊗ c(2,γ)

ψγ,β

and

(m · 1Aβγψα−1βγ,α
⊗ cψα−1βγ,α )[0,α−1β] · aψγ,β ⊗ ((m · 1βγψα−1βγ,α

⊗ cψα−1βγ,α )[1,γ])ψγ,β

= (m · 1Aβγψ′γ,βψα−1β,α
⊗ c(1,α−1β)

ψα−1β,α ) · aψγ,β ⊗ c(2,γ)
ψ′γ,βψγ,β

(E3.1)
= (m · 1Aβγψ′γ,βψα−1β,α

1Aβψ′
α−1β,α
⊗ c(1,α−1β)

ψα−1β,αψ
′
α−1β,α ) · aψγ,β ⊗ c(2,γ)

ψ′γ,βψγ,β

= m · 1Aβγψ′γ,βψα−1β,α
aψγ,βψ′

α−1β,α
⊗ c(1,α−1β)

ψα−1β,αψ
′
α−1β,α ⊗ c(2,γ)

ψ′γ,βψγ,β

(E3.1)
= m · aψγ,βψα−1β,α

⊗ c(1,α−1β)
ψα−1β,α ⊗ c(2,γ)

ψγ,β .

Hence Condition(PM2) is proved. For all β, γ, ζ ∈ π, m ∈Mα and c ∈ Cα−1βγζ, one has

(m · 1Aβγζψα−1βγζ,α
⊗ cψα−1βγζ,α)[0,α−1βγ][0,α−1β]

⊗(m · 1Aβγζψα−1βγζ,α
⊗ cψα−1βγζ,α )[0,α−1βγ][1,γ] ⊗ (m · 1Aβγζψα−1βγζ,α

⊗ cψα−1βγζ,α )[1,ζ]

= (m · 1Aβγζψζ,βγψα−1βγ,α
⊗ c(1,α−1βγ)

ψα−1βγ,α )[0,α−1β] ⊗ (m · 1Aβγζψζ,βγψα−1βγ,α
⊗ c(1,α−1βγ)

ψα−1βγ,α )[1,γ] ⊗ c(2,ζ)
ψζ,βγ

(PM2)
= ((m · 1Aβγψα−1βγ,α

⊗ c(1,α−1βγ)
ψα−1βγ,α )[0,α−1β]) · 1Aβγζψζ,βγψ′γ,β

⊗ ((m · 1Aβγψα−1βγ,α
⊗ c(1,α−1βγ)

ψα−1βγ,α )[1,γ])
ψ′γ,β ⊗ c(2,ζ)

ψζ,βγ

= (m · 1Aβγψγ,βψα−1β,α
⊗ c(1,α−1βγ)(1,α−1β)

ψα−1β,α ) · 1Aβγζψζ,βγψ′γ,β
⊗ c(1,α−1βγ)(2,γ)

ψγ,βψ′γ,β ⊗ c(2,ζ)
ψζ,βγ

= m · 1Aβγζψζ,βγψγ,βψα−1β,α
⊗ c(1,α−1βγ)(1,α−1β)

ψα−1β,α ⊗ c(1,α−1βγ)(2,γ)
ψγ,β ⊗ c(2,ζ)

ψζ,βγ
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and

(m · 1Aβγζψα−1βγζ,α
⊗ cψα−1βγζ,α )[0,α−1β]1Aβγζψζ,βγψγ,β

⊗(m · 1Aβγζψα−1βγζ,α
⊗ cψα−1βγζ,α )[1,γζ](1,γ)

ψγ,β ⊗ (m · 1Aβγζψα−1βγζ,α
⊗ cψα−1βγζ,α )[1,γζ](2,ζ)

ψζ,βγ

= (m · 1Aβψα−1β,α
⊗ c(1,α−1β)

ψα−1β,α ) · 1Aβγζψγζ,β1Aβγζψζ,βγψγ,β ⊗ c(2,γζ)
ψγζ,β

(1,γ)
ψγ,β ⊗ c(2,γζ)

ψγζ,β
(2,ζ)

ψζ,βγ

(E3.1)
= (m · 1Aβψα−1β,α

⊗ c(1,α−1β)
ψα−1β,α ) · 1Aβγζψγζ,β1Aβγψ′γ,β

1Aβγζψζ,βγψγ,β ⊗ c(2,γζ)
ψγζ,β

(1,γ)
ψ′γ,βψγ,β ⊗ c(2,γζ)

ψγζ,β
(2,ζ)

ψζ,βγ

(E3.2)
= (m · 1Aβψα−1β,α

⊗ c(1,α−1β)
ψα−1β,α ) · 1Aβγζψ′ζ,βγψγ,β

1Aβγζψζ,βγψ′γ,β
⊗ c(2,γζ)(1,γ)

ψγ,β ψ
′
γ,β ⊗ c(2,γζ)(2,ζ)

ψ′ζ,βγψζ,βγ

(E3.1)
= (m · 1Aβψα−1β,α

⊗ c(1,α−1β)
ψα−1β,α ) · 1Aβγζψζ,βγψγ,β ⊗ c(2,γζ)(1,γ)

ψγ,β ⊗ c(2,γζ)(2,ζ)
ψζ,βγ

= (m · 1Aβγζψζ,βγψγ,βψα−1β,α
⊗ c(1,α−1β)

ψα−1β,α ) ⊗ c(2,γζ)(1,γ)
ψγ,β ⊗ c(2,γζ)(2,ζ)

ψζ,βγ

= m · 1Aβγζψζ,βγψγ,βψα−1β,α
⊗ c(1,α−1βγ)(1,α−1β)

ψα−1β,αc(1,α−1βγ)(2,γ)
ψγ,β ⊗ c(2,ζ)

ψζ,βγ .

So Condition (PM4) is proved. For Aα-linear map µ : M→M′, we put

G(α)(µ) = {G(α)(µ)β = µ ⊗ idCα−1β
: M ⊗ Cα−1β →M′ ⊗ Cα−1β}β∈π,

Standard computations show that G(α)(µ) is right Aβ-linear and partial π-C-colinear. Let us describe the
unit η and the counit δ of the adjunction. The unit is described by the partial coaction: for M ∈ Uπ−C

A (ψ),
we define ηM = {ηM

β }β∈π : M → {Mα ⊗ Cα−1β}β∈π, where ηM
β : Mβ → Mα ⊗ Cα−1β is defined as the composition

of the maps

Mβ

ρα,α−1β−→ Mα ⊗ Cα−1β

idMα⊗idC
α−1β
⊗ηβ

−→ Mα ⊗ Cα−1β ⊗ Aβ

idMα⊗ψα−1β,α−→ Mα ⊗ Aα ⊗ Cα−1β

ϕα⊗idC
α−1β−→ Mα ⊗ Cα−1β

i.e., for all m ∈Mβ,
ηM
β (m) = m[0,α] · 1Aβψα−1β,α

⊗ (m[1,α−1β])
ψα−1β,α .

We can check that ηM ∈ Uπ−C
A (ψ). For any N ∈ MAα , we define δN : N ⊗ Ce → N, for all n ∈ N and c ∈ Ce,

δN(n · 1Aαψe,α ⊗ cψe,α ) = ε(c)n,

δN is Aα-linear. We can check that η and δ defined above are all natural transformations and they satisfy

G(α)(δN) ◦ ηG(α)(N) = IG(α)(N),

δF(α)(M) ◦ F(α)(ηM) = IF(α)(M),

for all M ∈ Uπ−C
A (ψ) and N ∈ MAα .

Theorem 3.4. Fix an α ∈ π. Consider a partial π-entwining structure (A,C, ψ) and a partial entwining structure
(A′,C′, ψ′) and suppose that we have two linear maps µα : Aα → A′ and ν : Ce → C′ which are respectively algebra
and coalgebra map satisfying, for all a ∈ Aα and c ∈ Ce,

µα(aψe,α )1A′ψ′ ⊗ ν(cψe,α )ψ
′
= µα(a)ψ′ ⊗ ν(c)ψ

′
,

Then we have a functor
F(α) :Uπ−C

A (ψ)→UC′
A′ (ψ

′)
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defined as follows: For M = {Mα}α∈π ∈ Uπ−C
A (ψ),

F(α)(M) =Mα ⊗Aα A′ =M′,

where A′ is a left A-module via µα and with structure maps defined by

(m ⊗Aα a′)b′ = m ⊗Aα a′b′,

ραM′(m ⊗Aα a′) = m[0,α] ⊗Aα a′ψ′ ⊗ ν(m[1,e])ψ
′
,

for all m ∈Mα, a′, b′ ∈ A. F(α) is called the induction functor associated to α fromUπ−C
A (ψ) toUC′

A′ (ψ
′).

Proof. Let us show that Mα ⊗Aα A′ is an object ofUC′
A′ (ψ

′). Here, we only check (PM3). In fact, for all m ∈Mα

and a′ ∈ A′, we have

m[0,α][0,α] ⊗Aα a′ψ′Ψ′ ⊗ ν(m[0,α][1,e])Ψ
′ ⊗ ν(m[1,e])ψ

′

= m[0,α] · 1Aαψe,αψ′e,α ⊗Aα a′ψ′Ψ′ ⊗ ν(m[0,e](1,e)
ψ′e,α )Ψ

′ ⊗ ν(m[1,e](2,e)
ψe,α )ψ

′

= m[0,α] ⊗Aα µ
α(1Aαψe,αψ′e,α )a

′
ψ′Ψ′ ⊗ ν(m[0,e](1,e)

ψ′e,α )Ψ
′ ⊗ ν(m[1,e](2,e)

ψe,α )ψ
′

= m[0,α] ⊗Aα (µα(1Aαψe,α)a
′
ψ′)Ψ′ ⊗ ν(m[0,e](1,e))Ψ

′ ⊗ ν(m[1,e](2,e)
ψe,α )ψ

′

= m[0,α] ⊗Aα a′ψ′Ψ′ ⊗ ν(m[0,e](1,e))Ψ
′ ⊗ ν(m[1,e](2,e))ψ

′

= m[0,α] ⊗Aα a′ψ′Ψ′ ⊗ ν(m[0,e])(1)
Ψ′ ⊗ ν(m[1,e])(2)

ψ′

and

(m[0,α] ⊗Aα a′ψ′) · 1A′ψ′′Ψ′ ⊗ (ν(m[1,e])ψ
′
)1
Ψ′ ⊗ (ν(m[1,e])ψ

′
)(2)

ψ′′

= m[0,α] ⊗Aα a′ψ′1A′ψ′′Ψ′ ⊗ (ν(m[1,e])ψ
′
)1
Ψ′ ⊗ (ν(m[1,e])ψ

′
)(2)

ψ′′

= m[0,α] ⊗Aα a′ψ′1A′Ψ′′1A′ψ′′Ψ′ ⊗ (ν(m[1,e])ψ
′
)1
Ψ′′Ψ′ ⊗ (ν(m[1,e])ψ

′
)(2)

ψ′′

= m[0,α] ⊗Aα a′ψ′Ψ′′1A′ψ′′Ψ′ ⊗ ν(m[1,e])1
Ψ′′Ψ′ ⊗ ν(m[1,e])(2)

ψ′ψ′′

= m[0,α] ⊗Aα a′ψ′Ψ′′ ⊗ ν(m[1,e])1
Ψ′′ ⊗ ν(m[1,e])(2)

ψ′ .

By comparing the equations above, we can get the desired (PM3).

Theorem 3.5. Fix an α ∈ π. Under the assumptions of Theorem 3.4, we have a functor G(α) :UC′
A′ (ψ

′)→Uπ−C
A (ψ)

which is right adjoint to F(α). G(α) is defined by G(α)(M′) = {(M′�C′C)β}β∈π, its component is given by

(M′�C′C)β =< m′ · µα(1Aβψα−1β,α
) ⊗ cψα−1β,α >,

where m′ ⊗ c ∈M′ ⊗ Cα−1β satisfies the following condition:

m′[0] · µα(1Aβψα−1β,α
)ψ′ ⊗m′[1]

ψ′ ⊗ cψα−1β,α = m′ · µα(1Aβψα−1β,αψe,α ) ⊗ ν(c(1,e)
ψe,α ) ⊗ c(2,α−1β)

ψα−1β,α , (1)

for all M′ ∈ UC′
A′ (ψ

′), and with structure maps

ρG(α)

β,γ (m′ · µα(1Aβψα−1βγ,α
) ⊗ cψα−1βγ,α ) = m′ · µα(1Aβγψγ,βψα−1β,α

) ⊗ c(1,α−1β)
ψα−1β,α ⊗ c(2,γ)

ψγ,β , (2)

(m′ · µα(1Aβψα−1β,α
) ⊗ cψα−1β,α ) · b = m′ · µα(bψα−1β,α

) ⊗ cψα−1β,α
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Proof. In order to prove that G(M′) is a right A-module, i.e., each (M′�C′C)β is a right Aβ-module, we need
to show that

m′ · µα(bψα−1β,α
) ⊗ cψα−1β,α ∈ (M′�C′C)β,

for all m′ ∈M′, b ∈ Aβ and c ∈ Cα−1β. Indeed,

(m′ · µα(bΨα−1β,α
))[0] · µα(1Aβψα−1β,α

)ψ′ ⊗ (m′ · µα(bψα−1β,α
))[1]

ψ′ ⊗ cΨα−1β,αψα−1β,α

= m′[0] · µα(bΨα−1β,α
)Ψ′µα(1Aβψα−1β,α

)ψ′ ⊗m′[1]
Ψ′ψ′ ⊗ cΨα−1β,αψα−1β,α

= m′[0] · µα(bΨα−1β,α
1Aβψα−1β,α

)Ψ′ ⊗m′[1]
Ψ′ ⊗ cΨα−1β,αψα−1β,α

= m′[0] · µα(bΨα−1β,α
)Ψ′ ⊗m′[1]

Ψ′ ⊗ cΨα−1β,α

= m′[0] · µα(1Aβψα−1β,α
)ψ′µα(bΨα−1β,α

)Ψ′ ⊗m′[1]
ψ′Ψ′ ⊗ cψα−1β,αΨα−1β,α

= m′ · µα(1Aβψα−1β,αψe,α)µ
α(bΨα−1β,α

)Ψ′ ⊗ ν(c(1,e)
ψe,α)Ψ

′ ⊗ c(2,α−1β)
ψα−1β,αΨα−1β,α

= m′ · µα(1Aβψα−1β,αψe,α)µ
α(bΨα−1β,αΨ

′
e,α) ⊗ ν(c(1,e)

ψe,αΨ
′
e,α ) ⊗ c(2,α−1β)

ψα−1β,αΨα−1β,α

= m′ · µα(bΨα−1β,αΨ
′
e,α ) ⊗ ν(c(1,e)

Ψ′e,α) ⊗ c(2,α−1β)
ψα−1β,α

This is exactly what we have to show. Let us finally show that G(α) is a right adjoint to F(α). Take M ∈ Uπ−C
A (ψ),

we define a family of linear maps

ηM = {ηM
β }β∈π : M→ G(α)F(α)(M) = (Mα ⊗Aα A′)�CC′,

where
ηM
β : Mβ → ((Mα ⊗Aα A′)�C′C)β

ηM
β (m) = (m[0,α] ⊗Aα µ

α(1Aβψα−1β,α
)) ⊗m[1,α−1β]

ψα−1β,α

We can check that ηM is a homomorphism inUπ−C
A (ψ) in a straightforward way. For any M′ ∈ UC′

A′ (ψ
′), we

define δ : F(α)G(α) → ι (where ι is the identity functor) as follows:

δM′ : (M′�C′Ce) ⊗Aα A′ →M′, δM′ ((m′ ⊗ c) ⊗Aα a′) = m′ · a′ε(c).

This ends the proof.

4. Partial Group Coactions

Let H be a Hopf π-coalgebra and A = {Aα,mα, 1Aα }α∈π a family of algebras. Consider a family of maps
ρA = {ρA

α,β}α,β∈π, where

ρA
α,β : Aαβ → Aα ⊗Hβ, ρ

A
α,β(a) = a[0,α] ⊗ a[1,β].

To ρA, we associate a family of maps ψ = {ψα,β : Hα ⊗ Aβα → Aβ ⊗Hα}α,β∈π, where

ψα,β(h ⊗ a) = a[0,β] ⊗ ha[1,α] = aψα,β ⊗ hψα,β .

Proposition 4.1. (A,H, ψ) is a partial entwining structure if and only if

a[0,γα][0,γ] ⊗ a[0,γα][1,α] ⊗ a[1,β] = a[0,γ]1Aγα[0,γ] ⊗ a[1,αβ](1,α)1Aγα[1,α] ⊗ a[1,αβ](2,β), (E4.1)

(a′b)[0,β] ⊗ (a′b)[1,α] = a′[0,β]b[0,β] ⊗ a′[1,α]b[1,α], (E4.2)

ε(b′[1,e])b
′
[0,α] = b′, (E4.3)

for any α, β, γ ∈ π, a ∈ Aγαβ, a′, b ∈ Aβα and b′ ∈ Aα.
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Proof. Straightforward.

Definition 4.2. Let H be a Hopf π-coalgebra and A = {Aα,mα, 1Aα }α∈π a family of algebras. A is called a right partial
π-H-comodule algebra, if there exists a family of k-linear maps ρA = {ρA

α,β}α,β∈π such that (E4.1)-(E4.3) hold.

Let C = ({Cα}α∈π,∆ = {∆α,β}, εC) be a π-coalgebra. Consider a family of k-linear maps

κ = {κα : Cα ⊗Hα → Cα, κα(c ⊗ h) = c · h}α∈π,
and define ψ = {ψα,β : Cα ⊗Hβα → Hβ ⊗ Cα}α,β∈π by the formula

ψα,β(c ⊗ h) = h(1,β) ⊗ c · h(2,α).

Proposition 4.3. (H,C, ψ) is a partial entwining structure if and only if
(1) For all α, β ∈ π, h, h′ ∈ Hα and c ∈ Cα,

c · (hh′) = (c · h) · h′, (F4.1)

(2) For all α, β ∈ π, h ∈ Hαβ and d ∈ Cαβ,

(d · h)(1,α) · 1α ⊗ (d · h)(2,β) = d(1,α) · h(2,α) ⊗ d(2,β) · h(2,β) (F4.2)

(3) For all α ∈ π and c ∈ Ce, h ∈ He,

εC(d · h) = εC(d)ε(h). (F4.3)

Definition 4.4. Let H be a Hopf π-coalgebra and C = ({Cα}α∈π,∆ = {∆α,β}, εC) a π-coalgebra. We call C a right
partial π-H-module coalgebra, if there exists a family of k-linear maps

κ = {κα : Cα ⊗Hα → Cα, κα(c ⊗ h) = c · h}α∈π,
such that (F4.1)-(F4.3) hold.

We are now able to define partial Doi-Hopf π-data.

Proposition 4.5. Let H be a semi-Hopf π-coalgebra, A a right partial π-H-comodule algebra, and C a right partial
π-H-module coalgebra. Consider the family of k-linear maps ψ = {ψα,β}α,β∈π, where

ψα,β : Cα ⊗ Aβα → Aβ ⊗ Cα, ψα,β(c ⊗ a) = a[0,β] ⊗ c · a[1,α].

Then (A,C, ψ) is a partial entwining structure. We will say the (H,A,C) is a (right-right) partial Doi-Hopf π-
structure.

Proof. We have to show that the ψ = {ψα,β}α,β∈π satisfies the conditions (E3.1)-(E3.3). Notice that (E3.3) is
easily implied from (F4.3). For all α, β ∈ π, a, b ∈ Aβα and c ∈ Cα, we compute that

(ab)ψα,β ⊗ cψα,β = (ab)[0,β] ⊗ c · (ab)[1,α]

(E4.2),(F4.1)
= a[0,β]b[0,β] ⊗ (c · a[1,α]) · b[1,α]

= aψα,βbψ′α,β ⊗ cψα,βψ
′
α,β .

So (E3.1) is checked. it is left to show that (E3.2) holds. For all α, β, γ ∈ π, a ∈ Aγαβ and d ∈ Cαβ, we have

aψαβ,γ1Aγαψα,γ ⊗ dψαβ,γ (1,α)
ψα,γ ⊗ dψαβ,γ (2,β)

= a[0,γ]1Aγα[0,γ] ⊗ (d · a[1,αβ])(1,α) · 1Aγα[1,α] ⊗ (d · a[1,αβ])(2,β)

(F4.1),(F4.2)
= a[0,γ]1Aγα[0,γ] ⊗ d(1,α) · a[1,αβ](1,α)1Aγα[1,α] ⊗ d(2,β) · a[1,αβ](2,β)

(E4.1)
= a[0,γα][0,γ] ⊗ d(1,α) · a[0,γα][1,α] ⊗ d(2,β) · a[1,β]

= aψβ,γαψα,γ ⊗ d(1,α)
ψα,γ ⊗ d(2,β)

ψβ,γα .

This ends the proof.
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Definition 4.6. Let (H,A,C) be a (right-right) partial Doi-Hopf π-structure. A partial Doi-Hopf π-module M is a
family of k-vector spaces{Mα}α∈π together with a family of k-linear maps

ϕ = {ϕα : Mα ⊗ Aα →Mα, ϕα(m ⊗ a) = m · a}α∈π

and a family of k-linear maps ρM = {ρM
α,β : Mαβ →Mα ⊗ Cβ}α,β∈π such that

(DM1) For any α ∈ π, (Mα, ϕα) is a right Aα-module,
(DM2) For any α, β ∈ π, m ∈Mαβ and a ∈ Aαβ,

ρM
α,β(m · a) = m[0,a] · a[0,α] ⊗m[1,β] · a[1,β],

(DM3) For all α, β, γ ∈ π, m ∈Mαβγ,

m[0,αβ][0,α] ⊗m[0,αβ][1,β] ⊗m[1,γ] = m[0,α] · 1Aαβγ[0,αβ][0,α] ⊗m[1,βγ](1,β) · 1Aαβγ[0,αβ][1,β] ⊗m[1,βγ](2,γ) · 1Aαβγ[1,γ],

(DM4) For all m ∈Mα, ε(m[1,e])m[0,α] = m.

Uπ−C
A will denote the category of all partial Doi-Hopf π-modules.

5. Separable Functors For The Category of the Partial π-Entwining Modules

In the section, for a fixed α ∈ π, we shall give necessary and sufficient conditions for the functor F(α) to
be separable.

Definition 5.1. Let (A,C)π−ψ be a partial π-entwining structure. For any α ∈ π, a k-linear map

θ(α) = {θ(α)
β : C(α−1β)−1 ⊗ Cα−1β → Aβ}β∈π

is called a partial normalised integral, if θ satisfies the following conditions:
(1)For all β ∈ π, b ∈ Ce,

θ(α)
β (b(1,(α−1β)−1) ⊗ b(2,α−1β)) = 1Aβε(b), (E5.1)

Eq.(E5.1) is equivalent to the following commutative diagram,

Ce

idCe⊗ηβ

��

∆(α−1β)−1 ,α−1β// C(α−1β)−1 ⊗ Cα−1β

θ(α)
β

��
Ce ⊗ Aβ

ε⊗idAβ

// Aβ

(2) For all β, γ ∈ π, c ∈ Cα−1βγ and d ∈ C(α−1β)−1 ,

d(1,γ)
ψγ,βψ

′
γ,β ⊗ 1Aαψ(α−1βγ)−1 ,βγψγ,β

θ(α)
βγ (d(2,(α−1βγ)−1)

ψ(α−1βγ)−1 ,βγ ⊗ c)ψ′γ,β (E5.2)

= c(2,γ)
ψγ,β ⊗ 1Aβγψγ,βψα−1β,αψ(α−1β)−1 ,β

θ(α)
β (d(α−1β)−1

ψ(α−1β)−1 ,β ⊗ c(1,α−1β)
ψα−1β,α ),
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Eq.(E5.2) means that the following diagram is commutative,

C(α−1β)−1 ⊗ Cα−1βγ -id ⊗ ∆α−1β,γ

-mβ ⊗ id

?

∆γ,γ−1(α−1β)−1 ⊗ id
?

id ⊗ id ⊗ id ⊗ ηβγ

C(α−1β)−1 ⊗ Cα−1β ⊗ Cγ

Cγ ⊗ Cγ−1(α−1β)−1 ⊗ Cα−1βγ

id ⊗ id ⊗ ηα ⊗ id
?

Cγ ⊗ Cγ−1(α−1β)−1 ⊗ Aα ⊗ Cα−1βγ

id ⊗ ψγ−1(α−1β)−1,βγ ⊗ id
?

Cγ ⊗ Aβγ ⊗ Cγ−1(α−1β)−1 ⊗ Cα−1βγ

ψγ,β ⊗ id ⊗ id
?

Aβ ⊗ Cγ ⊗ Cγ−1(α−1β)−1 ⊗ Cα−1βγ

id ⊗ θ(α)
βγ

?
Aβ ⊗ Cγ ⊗ Aβγ

id ⊗ ψγ,β
?

Aβ ⊗ Aβ ⊗ Cγ Aβ ⊗ Cγ

C(α−1β)−1 ⊗ Cα−1β ⊗ Cγ ⊗ Aβγ

id ⊗ id ⊗ ψγ,β
?

C(α−1β)−1 ⊗ Cα−1β ⊗ Aβ ⊗ Cγ

id ⊗ ψα−1β,α ⊗ id
?

C(α−1β)−1 ⊗ Aα ⊗ Cα−1β ⊗ Cγ

ψβ−1α,β ⊗ id ⊗ id
?

Aβ ⊗ C(α−1β)−1 ⊗ Cα−1β ⊗ Cγ

(mβ ⊗ id) ◦ (id ⊗ θ(α)
β ⊗ id)

?

(3) For all a ∈ Aβ, b ∈ Cα−1β and d ∈ C(α−1β)−1 .

(aψα−1β,α
)ψ(α−1β)−1 ,β

θ(α)
β (dψ(α−1β)−1 ,β ⊗ bψα−1β,α ) = θ(α)

β (d ⊗ b)a, (E5.3)

Eq.(E5.3) is equivalent to the following commutative diagram,

C(α−1β)−1 ⊗ Cα−1β ⊗ Aβ

(ψ(α−1β)−1 ,β⊗id)◦(id⊗ψα−1β,α)

��

θ(α)
β ⊗id

// Aβ ⊗ Aβ

mβ

��
Aβ ⊗ C(α−1β)−1 ⊗ Cα−1β

mβ◦(id⊗θ(α)
β )

// Aβ

Theorem 5.2. For a partial π-entwining structure ψ = {ψβ,γ : Cβ ⊗ Aγβ → Aγ ⊗ Cβ}β,γ∈π , for any α ∈ π, the
following assertions are equivalent.

(1) The unit η of the adjunction in Prop. 3.3 is a split natural monomorphism.
(2) The left adjoint F(α) in Prop. 3.3 is separable.
(3) There exists a partial normalised integral

θ(α) = {θ(α)
β : C(α−1β)−1 ⊗ Cα−1β → Aβ}β∈π.

Proof. In view of Prop. 3.3, (1)⇐⇒ (2) follows by Rafael’s Theorem.
(3) =⇒ (1). We construct a natural transformation ν : G(α)F(α) → 1Uπ−C

A (ψ) For any partial π-entwined
module M = {Mβ}β∈π, we consider a family of maps

νM = {νM
β : Mα ⊗ Cα−1β →Mβ}β∈π,
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where νM
β is the composition of the following maps,

Mα ⊗ Cα−1β ↪→Mα ⊗ Cα−1β

ρβ,β−1α⊗id
−→ Mβ ⊗ Cβ−1α ⊗ Cα−1β

ϕβ◦(id⊗θ(α)
β )

−→ Mβ

That is, for all m ∈Mα and c ∈ Cα−1β,

νM
β (m · 1Aβψα−1β,α

⊗ cψα−1β,α )

= m[0,β] · 1Aβψα−1β,αψβ−1α,β
θ(α)
β (m[1,β−1α]

ψβ−1α,β ⊗ cψα−1β,α )

(E5.3)
= m[0,β) · θ(α)

β (m[1,β−1α] ⊗ c).

For all β ∈ π, it is a morphism of Aβ-modules, in fact, for all m ∈Mα, c ∈ Cα−1β and a ∈ Aβ, we have

νM
β ((m · 1Aβψα−1β,α

⊗ cψα−1β,α ) · a)

= νM
β (m · aψα−1β,α

⊗ cψα−1β,α )

= (m · aψα−1β,α
)[0,β]θ

(α)
β ((m · aψα−1β,α

)[1,β−1α] ⊗ cψα−1β,α )

= m[0,β] · aψα−1β,αψβ−1α,β
θ(α)
β (m[1,β−1α]

ψβ−1α,β ⊗ cψα−1β,α )

(E5.3)
= m[0,β] · θ(α)

β (m[1,β−1α] ⊗ c)a

= νM
β (m · 1Aβψα−1β,α

⊗ cψα−1β,α ) · a.

So νM is A-linear. Also, νM = {νM
β }β∈π constitutes a morphism of partial π-comodules over {Cβ}β∈π. For this,

we shall check that the following diagram commutes: for all β, γ ∈ π,

Mα ⊗ Cα−1βγ

rρG(α) (M)
β,γ

��

νM
βγ // Mβγ

ρM
β,γ

��
Mα ⊗ Cα−1β ⊗ Cγ

νM
β ⊗idCγ

// Mβ ⊗ Cγ

For all m ∈Mα, c ∈ Cα−1βγ, we have

ρM
β,γ ◦ νM

βγ(m · 1Aβγψα−1βγ,α
⊗ cψα−1βγ,α )

= ρM
β,γ(m[0,βγ] · θ(α)

βγ (m[1,γ−1β−1α] ⊗ c))

= (m[0,βγ] · θ(α)
βγ (m[1,γ−1β−1α] ⊗ c))[0.β] ⊗ (m[0,βγ] · θ(α)

βγ (m[1,γ−1β−1α] ⊗ c))[1,γ]

= m[0,βγ][0.β] · θ(α)
βγ (m[1,γ−1β−1α] ⊗ c)ψγ,β ⊗m[0,βγ][1,γ]

ψγ,β

= m[0.β] · 1Aαψγ−1β−1α,βγψγ,β
θ(α)
βγ (m[1,β−1α](2,γ−1β−1α)

ψγ−1β−1α,βγ ⊗ c) ψ′γ,β ⊗m[1,β−1α](1,γ)
ψγ,βψ

′
γ,β

= m[0.β] · 1Aβγψγ,βψα−1β,αψ(α−1β)−1 ,β
θ(α)
β (m[1,β−1α]

ψ(α−1β)−1 ,β ⊗ c(1,α−1β)
ψα−1β,α ) ⊗ c(2,γ)

ψγ,β
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and

(νM
β ⊗ idCγ )(

rρG(α)(M)
β,γ )(m · 1Aβγψα−1βγ,α

⊗ cψα−1βγ,α )

= (νM
β ⊗ idCγ )(m · 1Aβγψγ,βψα−1β,α

⊗ c(1,α−1β)
ψα−1β,α ⊗ c(2,γ)

ψγ,β)

(E3.1)
= (νM

β ⊗ idCγ )(m · 1Aβγψγ,βψα−1β,α
1Aβψ

′
α−1β,α
⊗ c(1,α−1β)

ψα−1β,αψ
′
α−1β,α ⊗ c(2,γ)

ψγ,β)

= (m · 1Aβγψγ,βψα−1β,α
)[0,β]θ

(α)
β ((m · 1Aβγψγ,βψα−1β,α

)[1,β−1α] ⊗ c(1,α−1β)
ψα−1β,α ) ⊗ c(2,γ)

ψγ,β

= m[0,β] · 1Aβγψγ,βψα−1β,αψβ−1α,β
θ(α)
β (m[1,β−1α]

ψβ−1α,β ⊗ c(1,α−1β)
ψα−1β,α ) ⊗ c(2,γ)

ψγ,β .

Hence the diagram above is commutative.
Now, we shall check that ν splits the unit of the adjunction in Prop.3.3, i.e., ν ◦ η = I. For any partial

π-entwined module M = {Mβ}β∈π, for all β ∈ π, m ∈Mβ, we make a direct computation as follows:

νM
β ◦ ηM

β (m) = νM
β (m[0,α] · 1Aβψα−1β,α

⊗m[1,α−1β]
ψα−1β,α )

= m[0,α][0,β] · θ(α)
β (m[0,α][1,β−1α] ⊗m[1,α−1β])

= m[0,β] · 1Aβψα−1β,αψβ−1α,β
θ(α)
β (m[1,e](1,β−1α)

ψβ−1α,β ⊗m[1,e](2,α−1β)
ψα−1β,α )

= m[0,β] · θ(α)
β (m[1,e](1,β−1α) ⊗m[1,e](2,α−1β))

(E5.1)
= m[0,β]ε(m[1,e]) = m.

It is evidently natural inUπ−C
A (ψ).

(1) =⇒ (3). For any β ∈ π, we consider the following partial π-entwined module R(β) = {R(β)
γ }γ∈π, where

R(β)
γ := Aβ ⊗ Cβ−1γ. Evaluating at this object, the retraction ν of the unit of the adjunction in Prop.3.3. yields

a morphism νR(β)
= {νR(β)

γ }γ∈π, for all β, γ ∈ π,

νR(β)

γ : Aβ ⊗ Cβ−1α ⊗ Cα−1γ → Aβ ⊗ Cβ−1γ,

where
Aβ ⊗ Cβ−1α ⊗ Cα−1γ

=< (a1Aαψβ−1α,β
⊗ cψβ−1α,β ) · 1Aγψα−1γ,α

⊗ dψα−1γ,α |a ∈ Aβ, c ∈ Cβ−1α, d ∈ Cα−1γ >

=< a1Aγψα−1γ,αψβ−1α,β
⊗ cψβ−1α,β ⊗ dψα−1γ,α |a ∈ Aβ, c ∈ Cβ−1α, d ∈ Cα−1γ > .

In particular, we also have

νR(β)

γ (a1Aγψα−1γ,αψβ−1α,β
⊗ c(1,β−1α)

ψβ−1α,β ⊗ c(2,α−1γ)
ψα−1γ,α ) = a1Aγψβ−1γ,β

⊗ cψβ−1γ,β , (E5.4)

for all a ∈ Aβ, c ∈ Cβ−1γ.

It can be used to construct θ(α)
β as

C(α−1β)−1 ⊗ Cα−1β
id⊗ηα⊗id−→ C(α−1β)−1 ⊗ Aα ⊗ Cα−1β

ψ(α−1β)−1 ,β⊗id
−→ Aβ ⊗ C(α−1β)−1 ⊗ Cα−1β

νR(β)
β ◦P
−→ Aβ ⊗ Ce

id⊗ε−→ Aβ
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where P : Aβ ⊗ C(α−1β)−1 ⊗ Cα−1β → Aβ ⊗ C(α−1β)−1 ⊗ Cα−1β is the natural projection. Explicitly, for all c ∈
C(α−1β)−1 , d ∈ Cα−1β,

θ(α)
β (c ⊗ d) = (idAβ ⊗ ε)νR(β)

β (1Aβψα−1β,αψβ−1α,β
⊗ cψβ−1α,β ⊗ dψα−1β,α ).

Now, we shall check θ(α) is a partial normalize integral, that is, θ(α) satisfies the conditions (E5.1)-(E5.3).
As to Condition (E5.1), we make the following calculation: for all β ∈ π, b ∈ Ce,

θ(α)
β (b(1,(α−1β)−1) ⊗ b(2,α−1β))

= (idAβ ⊗ ε)νR(β)

β (1Aβψα−1β,αψβ−1α,β
⊗ (b(1,(α−1β)−1))

ψβ−1α,β ⊗ (b(2,α−1β))
ψα−1β,α )

(E5.4)
= (idAβ ⊗ ε)(1Aβψe,β ⊗ bψe,β) = 1Aβψe,βε(bψe,β ) = 1Aβε(b).

So Condition (E5.1) holds.
For a ∈ Aβ, let f a be the map

f a = { f a
γ : Aβ ⊗ Cβ−1γ → Aβ ⊗ Cβ−1γ}γ∈π,

where
f a
γ(b1Aγψβ−1γ,β

⊗ cψβ−1γ,β) = ab1Aγψβ−1γ,β
⊗ cψβ−1γ,β ,

for all β, γ ∈ π, b ∈ Aβ and c ∈ Cβ−1γ. Notice that f a is a morphism in the categoryUπ−C
A (ψ). By naturality of

ν, we have the following commutative diagram

(Aβ ⊗ Cβ−1α) ⊗ Cα−1γ

f a
α⊗id

��

ν
C⊗βA
γ // Aβ ⊗ Cβ−1γ

f a
γ

��
(Aβ ⊗ Cβ−1α) ⊗ Cα−1γ

νR(β)
γ

// Aβ ⊗ Cβ−1γ

The commutative diagram above means that, for all β ∈ π, then, for all γ ∈ π, the morphism ν
C⊗βA
γ is

Aβ-linear. So for all a ∈ Aβ, b ∈ Cα−1β and d ∈ C(α−1β)−1 .

(aψα−1β,α
)ψ(α−1β)−1 ,β

θ(α)
β (dψ(α−1β)−1 ,β ⊗ bψα−1β,α )

= (aψα−1β,α
)ψ(α−1β)−1 ,β

(idAβ ⊗ ε)νR(β)

β (1Aβψ
′
α−1β,α

ψ
′
β−1α,β
⊗ d

ψ(α−1β)−1 ,βψ
′
β−1α,β ⊗ b

ψα−1β,αψ
′
α−1β,α )

= (idAβ ⊗ ε)νR(β)

β ((aψα−1β,α
)ψ(α−1β)−1 ,β

1Aβψ
′
α−1β,α

ψ
′
β−1α,β
⊗ d

ψ(α−1β)−1 ,βψ
′
β−1α,β ⊗ b

ψα−1β,αψ
′
α−1β,α )

(E3.1)
= (idAβ ⊗ ε)νR(β)

β (aψα−1β,αψ(α−1β)−1 ,β
⊗ dψ(α−1β)−1 ,β ⊗ bψα−1β,α )

= (idAβ ⊗ ε)νR(β)

β (1Aβψα−1β,αψ(α−1β)−1 ,β
⊗ dψ(α−1β)−1 ,β ⊗ bψα−1β,α )a

= θ(α)
β (d ⊗ b)a.

Hence Condition(5.3)holds.
The verification of Condition (5.2) is more difficult. For the sake of completion, we proceed the proof

as follows. For any π-comodule M = {Mβ}β∈π, we consider the partial π-entwined module M ⊗β A =
{Mβ−1γ ⊗ Aγ}γ∈π. The A-action and partial π-C-coaction are induced by the respective maps

Mβ−1γ ⊗ Aγ ⊗ Aγ
id⊗mγ−→ Mβ−1γ ⊗ Aγ,
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Mβ−1γ ⊗ Aγ

ρβ−1ζ,ζ−1γ⊗id
−→ Mβ−1ζ ⊗ Cζ−1γ ⊗ Aγ

id⊗ψζ−1γ,ζ−→ Mβ−1ζ ⊗ Aζ ⊗ Cζ−1γ

That is, for all m ∈Mβ−1γ, a, b ∈ Aγ, (m ⊗ a) · b = m ⊗ ab, for all m ∈Mβ−1γ, a, b ∈ Aγ,
ρ

M⊗βA
γ,ζ (m ⊗ a) = m[0,β−1γ] ⊗ aψζ,γ ⊗m[1,ζ]

ψζ,γ , for all m ∈Mβ−1γζ, a ∈ Aγζ.

In particular, there is a partial π-entwined module C ⊗β A and

ψ(β) = {ψ(β)
γ : Cβ−1γ ⊗ Aγ → Aβ ⊗ Cβ−1γ, ψ

(β)
γ (c ⊗ a) = aψβ−1γ,β

⊗ cψβ−1γ,β}γ∈π.

Standard computations show that ψ(β) is a morphism of partial π-entwined modules C ⊗β A → R(β). Thus
by naturality of ν, the following diagram commutes, for all β, γ ∈ π,

(Cβ−1α ⊗ Aα) ⊗ Cα−1γ

ψ
(β)
α ⊗id

��

ν
C⊗βA
γ // Cβ−1γ ⊗ Aγ

ψ
(β)
γ

��
(Aβ ⊗ Cβ−1α) ⊗ Cα−1γ

νR(β)
γ

// Aβ ⊗ Cβ−1γ

From the commutative diagram above, we have the following equation:

ψ
(β)
γ ν

C⊗βA
γ (c ⊗ a1Aγψα−1γ,α

⊗ dψα−1γ,α) = νR(β)

γ (aψβ−1α,β
1Aγψα−1γ,αψ

′
β−1α,β
⊗ c

ψβ−1α,βψ
′
β−1α,β ⊗ dψα−1γ,α), (E5.5)

for all c ∈ Cβ−1α, a ∈ Aα, d ∈ Cα−1γ.

We consider next the following partial π-comodule D(β) = {D(β)
γ }γ∈π, where D(β)

γ = Cβ ⊗ Cβ−1γ with
π-C-coaction given by comultiplication in the second factor. Then

∆(β) = {∆(β)
γ : Cβ−1γ ⊗ Aγ → D(β−1ζ)

β−1γ
⊗ Aγ}γ∈π,

∆
(β)
γ (c ⊗ a) = c(1,β−1ζ) ⊗ c(2,ζ−1γ) ⊗ a.

Standard computations show that ∆(β) is a morphism a morphism of partial π-entwined modules C⊗β A→
D(β−1ζ) ⊗β A . Thus by naturality of ν, the following diagram commutes, for all β, γ, ζ ∈ π,

(Cβ−1α ⊗ Aα) ⊗ Cα−1γ

∆
(β)
α ⊗id

��

ν
C⊗βA
γ // Cβ−1γ ⊗ Aγ

∆
(β)
γ

��

(D(β−1ζ)
β−1α

⊗ Aα) ⊗ Cα−1γ

νD
(β−1ζ)⊗βA

γ

// D(β−1ζ)
β−1γ

⊗ Aγ

So we have the following equation: for all c ∈ Cβ−1α, a ∈ Aα, d ∈ Cα−1γ,

∆
(β)
γ ν

C⊗βA
γ (c ⊗ a1Aγψα−1γ,α

⊗ dψα−1γ,α) = νD(β−1ζ)⊗βA

γ (c(1,β−1ζ) ⊗ c(2,ζ−1α) ⊗ a1Aγψα−1γ,α
⊗ dψα−1γ,α). (E5.6)
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Finally, for any c ∈ Cβ, the map

c f (γβ) = {c f (γβ)
ζ : C(γβ)−1ζ ⊗ Aζ → D(β)

γ−1ζ
⊗ Aζ, d ⊗ a 7→ c ⊗ d ⊗ a}ζ∈π

is a morphism of partial π-entwined modules C ⊗γβ A→ D(β) ⊗γ A. Hence by naturality of ν,

ν
D(β)⊗γA
ζ = Cβ ⊗ νC⊗γβA

ζ

as maps Cβ ⊗ (C(γβ)−1α ⊗Aα) ⊗ Cα−1ζ → D(β)
γ−1ζ
⊗Aζ. So we obtain the following commutative diagram, for all

β, γ, ζ ∈ π,

(Cβ−1α ⊗ Aα) ⊗ Cα−1γ

∆
(β)
α ⊗id

��

ν
C⊗βA
γ // Cβ−1γ ⊗ Aγ

∆
(β)
γ

��

(D(β−1ζ)
β−1α

⊗ Aα) ⊗ Cα−1γ
id⊗νC⊗ζA

γ

// D(β−1ζ)
β−1γ

⊗ Aγ

i.e., for all c ∈ Cβ−1α, a ∈ Aα, d ∈ Cα−1γ,

∆
(β)
γ ν

C⊗βA
γ (c ⊗ a1Aγψα−1γ,α

⊗ dψα−1γ,α) = c(1,β−1ζ) ⊗ νC⊗ζA
γ (c(2,ζ−1α) ⊗ a1Aγψα−1γ,α

⊗ dψα−1γ,α). (E5.7)

From νR(β)
being a partial π-C-colinear, It follows that

νR(β)

γ (a1Aγζψζ,γψα−1γ,αψβ−1α,β
⊗dψβ−1α,β⊗c(1,α−1γ)

ψα−1γ,α )⊗c(2,ζ)
ψζ,γ = ρR(β)

γ,ζ ν
R(β)

γ,ζ (a1Aγζψα−1γζ,αψβ−1α,β
⊗dψβ−1α,β⊗cψα−1γζ,α ), (E5.8)

for all a ∈ Aβ, d ∈ Cβ−1α and c ∈ Cα−1γζ.
For all β, γ ∈ π, c ∈ Cα−1βγ and d ∈ C(α−1β)−1 ,

c(2,γ)
ψγ,β ⊗ 1Aβγψγ,βψα−1β,αψ(α−1β)−1 ,β

θ(α)
β (d ψ(α−1β)−1 ,β ⊗ c(1,α−1β)

ψα−1β,α )

= c(2,γ)
ψγ,β ⊗ 1Aβγψγ,βψα−1β,αψ(α−1β)−1 ,β

(idAβ ⊗ ε)νR(β)

β (1Aβψ
′
α−1β,α

ψ
′
β−1α,β
⊗ d

ψ(α−1β)−1 ,βψ
′
β−1α,β ⊗ c(1,α−1β)

ψα−1β,αψ
′
α−1β,α )

= c(2,γ)
ψγ,β ⊗ (idAβ ⊗ ε)νR(β)

β (1Aβγψγ,βψα−1β,αψ(α−1β)−1 ,β
1Aβψ

′
α−1β,α

ψ
′
β−1α,β
⊗ d

ψ(α−1β)−1 ,βψ
′
β−1α,β ⊗ c(1,α−1β)

ψα−1β,αψ
′
α−1β,α )

(E3.1)
= c(2,γ)

ψγ,β ⊗ (idAβ ⊗ ε)νR(β)

β (1Aβγψγ,βψα−1β,αψ(α−1β)−1 ,β
⊗ d ψ(α−1β)−1 ,β ⊗ c(1,α−1β)

ψα−1β,α )

= τAβ,Cγ (idAβ ⊗ ε ⊗ idCγ )ν
R(β)

β (1Aβγψγ,βψα−1β,αψ(α−1β)−1 ,β
⊗ d ψ(α−1β)−1 ,β ⊗ c(1,α−1β)

ψα−1β,α ) ⊗ c(2,γ)
ψγ,β )

(E5.8)
= τAβ,Cγ (idAβ ⊗ ε ⊗ idCγ )(ρ

R(β)

β,γ ν
R(β)

β,γ (1Aβγψα−1βγ,αψβ−1α,β
⊗ dψβ−1α,β ⊗ cψα−1βγ,α ))

= τAβ,Cγ (ν
R(β)

β,γ (1Aβγψα−1βγ,αψβ−1α,β
⊗ dψβ−1α,β ⊗ cψα−1βγ,α )).

and

d(1,γ)
ψγ,βψ

′
γ,β ⊗ 1Aαψ(α−1βγ)−1 ,βγψγ,β

θ(α)
βγ (d(2,(α−1βγ)−1)

ψ(α−1βγ)−1 ,βγ ⊗ c)ψ′γ,β

= d(1,γ)
ψγ,βψ

′
γ,β ⊗ 1Aαψ(α−1βγ)−1 ,βγψγ,β

θ(α)
βγ (d(2,(α−1βγ)−1)

ψ(α−1βγ)−1 ,βγ ⊗ c)ψ′γ,β

= d(1,γ)
ψγ,β ⊗ (1Aαψ(α−1βγ)−1 ,βγ

θ(α)
βγ (d(2,(α−1βγ)−1)

ψ(α−1βγ)−1 ,βγ ⊗ c))ψγ,β

= d(1,γ)
ψγ,β ⊗ (1Aαψ(α−1βγ)−1 ,βγ

(idAβγ ⊗ ε)νR(β)

βγ (1Aβγψα−1βγ,αψ
′
(βγ)−1α,βγ

⊗ d(2,(α−1βγ)−1)
ψ(α−1βγ)−1 ,βγψ

′
(βγ)−1α,βγ ⊗ cψα−1βγ,α ))ψγ,β

= d(1,γ)
ψγ,β ⊗ (idAβγ ⊗ ε)νR(βγ)

βγ (1Aαψ(α−1βγ)−1 ,βγ
1Aβγψα−1βγ,αψ

′
(βγ)−1α,βγ

⊗ d(2,(α−1βγ)−1)
ψ(α−1βγ)−1 ,βγψ

′
(βγ)−1α,βγ ⊗ cψα−1βγ,α ))ψγ,β
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(E3.1)
= d(1,γ)

ψγ,β ⊗ (idAβγ ⊗ ε)νR(βγ)

βγ (1Aβγψα−1βγ,αψ(βγ)−1α,βγ
⊗ d(2,(α−1βγ)−1)

ψ(α−1βγ)−1 ,βγ ⊗ cψα−1βγ,α ))ψγ,β

= d(1,γ)
ψγ,β ⊗ (idAβγ ⊗ ε)νR(βγ)

βγ (1Aβγψα−1βγ,αψ(βγ)−1α,βγ
⊗ d(2,(α−1βγ)−1)

ψ(α−1βγ)−1 ,βγ ⊗ cψα−1βγ,α ))ψγ,β
(E5.5)
= (d(1,γ))ψγ,β ⊗ ((idAβγ ⊗ ε)ψ(βγ)

βγ ν
C⊗βγA
βγ (d(2,γ−1(α−1β)−1) ⊗ 1Aβγψα−1βγ,α

⊗ cψα−1βγ,α ))ψγ,β

(Let νC⊗βA
βγ (d ⊗ 1Aβγψα−1βγ,α

⊗ cψα−1βγ,α ) =
∑

i ei ⊗ fi, where ei ∈ Cγ, fi ∈ Aβγ)

(E5.7)
=

∑
i

(ei(1,γ))ψγ,β ⊗ ((idAβγ ⊗ ε)ψβγβγ(ei(2,e) ⊗ fi))ψγ,β

= i(ei(1,γ))ψγ,β ⊗ ((idAβγ ⊗ ε)( fiψe,βγ ⊗ (ei(2,e))ψe,βγ))ψγ,β

=
∑

i

eψγ,βi ⊗ fiψγ,β

= τAβ,Cγψ
(β)
βγ (νC⊗βA

βγ (d ⊗ 1Aβγψα−1βγ,α
⊗ cψα−1βγ,α ))

(E5.5)
= τAβ,Cγν

R(β)

βγ (1Aβγψα−1βγ,αψβ−1α,β
⊗ dψβ−1α,β ⊗ cψα−1βγ,α ).

So we get (E5.2).

6. Applications

6.1. Maschke-type Theorems for Partial Group Entwined Modules

From Theorem 5.2, we shall prove the Maschke-type theorems for partial π-entwined modules.

Corollary 6.1. Let (A,C)π−ψ be a partial π-entwining structure and M = {Mβ}β∈π, N = {Nβ}β∈π ∈ Uπ−C
A (ψ).

For any α ∈ π, suppose that there exists a partial normalized integral θ(α) = {θ(α)
β : C(α−1β)−1 ⊗ Cα−1β → Aβ}β∈π.

Then a monomorphism (resp. epimorphism) f = ( fβ : Mβ → Nβ) splits in Uπ−C
A (ψ) if the monomorphism (resp.

epimorphism) fα splits as an Aα-module morphism.

If π = {e} is a trivial group, partial π-entwined structures (modules) are just partial entwined structures
(modules) in sense of [5], so we have the following conclusion.

Theorem 6.2. For a partial entwining structure (A,C)ψ, the following assertions are equivalent:
(1) The forgetful functor F :UC

A(ψ)→MA is separable,
(2) There exists a k-linear map θ : C ⊗ C→ A such that
(i) For all c, d ∈ C,

d(1)
ψΨ ⊗ 1Aψ′ψθ(d(2)

ψ′ ⊗ c)Ψ = c(2)
ψ′ ⊗ 1Aψ′ψΨθ(d Ψ ⊗ c(1)

ψ),

(ii)For all b ∈ C,
θ(b(1) ⊗ b(2)) = 1Aε(b),

(iii) For all a ∈ Aβ, b ∈ Cα−1β and d ∈ C(α−1β)−1 ,

(aψ)Ψθ(dΨ ⊗ bψ) = θ(d ⊗ b)a.

Corollary 6.3. Let (A,C)ψ be a partial π-entwining structure and M,N ∈ UC
A(ψ). Suppose that there exists a partial

normalized integral θ : C ⊗ C→ A. Then a monomorphism (resp. epimorphism) f : M→ N splits inUC
A(ψ) if the

monomorphism (resp. epimorphism) f splits as an A-module morphism.
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6.2. Partial Doi-Hopf Group Modules
Let (H,A,C) be a (right-right) partial Doi-Hopf π-structure, where H be a Hopf π-coalgebra, A a right

partialπ-H-comodule algebra and C a right partialπ-H-module coalgebra. From Definition 5.1 and Theorem
5.2, we have

Theorem 6.4. For a partial Doi-Hopf π-structure (H,A,C) and α ∈ π, the following assertions are equivalent:
(1) The forgetful functor F(α) :Uπ−C

A →MAα is separable.
(2) There exists a family of k-linear maps

θ(α) = {θ(α)
β : C(α−1β)−1 ⊗ Cα−1β → Aβ}β∈π

such that
(i) For all β, γ ∈ π, c ∈ Cα−1βγ and d ∈ C(α−1β)−1 ,

d(1,γ) ·1Aα[0,βγ][1,γ]θ
(α)
βγ (d(2,(α−1βγ)−1) ·1Aα[1,(α−1βγ)−1]⊗c)[1,γ]⊗1Aα[0,βγ][0,β]θ

(α)
βγ (d(2,(α−1βγ)−1) ·1Aα[1,(α−1βγ)−1]⊗c)[0,β] (E6.1)

= c(2,γ) · 1Aβγ[1,γ] ⊗ 1Aβγ[0,β][0,α][0,β]θ
(α)
β (d(α−1β)−1 · 1Aβγ[0,β][0,α][1,(α−1β)−1] ⊗ c(1,α−1β) · 1Aβγ[0,β][1,α−1β]),

(ii)For all β ∈ π, b ∈ Ce,

θ(α)
β (b(1,(α−1β)−1) ⊗ b(2,α−1β)) = 1Aβε(b), (E6.2)

(iii) For all a ∈ Aβ, b ∈ Cα−1β and d ∈ C(α−1β)−1 ,

a[0,α][0,β]θ
(α)
β (d · a[0,α][1,(α−1β)−1] ⊗ b · a[1,α−1β]) = θ

(α)
β (d ⊗ b)a. (E6.3)

We call that a family of k-linear maps

θ(α) = {θ(α)
β : C(α−1β)−1 ⊗ Cα−1β → Aβ}β∈π

which satisfies (E6.1)-(E6.3) is the partial nomalised integral for the Doi-Hopf π-structure.

6.3. Partial Relative Group Modules
Let H be a Hopf π-coalgebra and A a partial π-H-comodule algebra. Then the threetupe (H,A,H) is a

partial Doi-Hopf π-data. From Theorem 6.4, we have

Theorem 6.5. Let H be a Hopf π-coalgebra, A a right partial π-H-comodule algebra. For a fixed α ∈ π, the following
assertions are equivalent:

(1) The forgetful functor F(α) :Uπ−H
A →MAα is separable.

(2) There exists a family of k-linear maps

θ(α) = {θ(α)
β : H(α−1β)−1 ⊗Hα−1β → Aβ}β∈π

such that
(i) For all β, γ ∈ π, h ∈ Hα−1βγ and d ∈ H(α−1β)−1 ,

d(1,γ)1Aα[0,βγ][1,γ]θ
(α)
βγ (d(2,(α−1βγ)−1)1Aα[1,(α−1βγ)−1] ⊗ h)[1,γ] ⊗ 1Aα[0,βγ][0,β]θ

(α)
βγ (d(2,(α−1βγ)−1)1Aα[1,(α−1βγ)−1] ⊗ h)[0,β] (F6.1)

= h(2,γ)1Aβγ[1,γ] ⊗ 1Aβγ[0,β][0,α][0,β]θ
(α)
β (d(α−1β)−1 1Aβγ[0,β][0,α][1,(α−1β)−1] ⊗ h(1,α−1β)1Aβγ[0,β][1,α−1β]),

(ii)For all β ∈ π, b ∈ He,

θ(α)
β (b(1,(α−1β)−1) ⊗ b(2,α−1β)) = 1Aβε(b), (F6.2)

(iii) For all a ∈ Aβ, b ∈ Hα−1β and d ∈ H(α−1β)−1 ,

a[0,α][0,β]θ
(α)
β (da[0,α][1,(α−1β)−1] ⊗ ba[1,α−1β]) = θ

(α)
β (d ⊗ b)a. (F6.3)
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We will now introduce the partial total integral for the partial right π-comodule algebra, and investigate
the difference between the partial total integral and the total integral in sense of Doi.

Proposition 6.6. Let H be a Hopf π-coalgebra and A a right partial π-H-comodule algebra. For a fixed α ∈ π. If

θ(α) = {θ(α)
β : H(α−1β)−1 ⊗Hα−1β → Aβ}β∈π

is the partial normalised integral for (H,A,H), the family of k-linear map

φ(α) = {φ(α)
β : Hα−1β → Aβ, φ

(α)
β (h) = θ(α)

β (1β−1α ⊗ h)}β∈π,

satisfies the following relations:

φ(α)
β (h(1,α−1β))1Aβγ[0,β] ⊗ h(2,γ)1Aβγ[1,γ] = φ

(α)
βγ (h)[0,β] ⊗ φ(α)

βγ (h)[1,γ] (G6.1)

for any β, γ ∈ π and h ∈ Hα−1βγ and

φ(α)
β (1α−1β) = 1Aβ . (G6.2)

Proof. Notice first that

φ(α)
β (1α−1β) = θ

(α)
β (1β−1α ⊗ 1α−1β)

(F6.2)
= 1Aβ .

Since

h(2,γ)1Aβγ[1,γ] ⊗ φ(α)
β (h(1,α−1β))1Aβγ[0,β]

= h(2,γ)1Aβγ[1,γ] ⊗ θ(α)
β (1β−1α ⊗ h(1,α−1β))1Aβγ[0,β]

(F6.2)
= h(2,γ)1Aβγ[1,γ] ⊗ 1Aβγ[0,β][0,α][0,β]θ

(α)
β (1Aβγ[0,β][0,α][1,β−1α] ⊗ h(1,α−1β)1Aβγ[0,β][1,α−1β])

(F6.1)
= 1Aα[0,βγ][1,γ]θ

(α)
βγ (1Aα[1,(βγ)−1α] ⊗ h)[1,γ] ⊗ 1Aα[0,βγ][0,β]θ

(α)
βγ (1Aα[1,(βγ)−1α] ⊗ h)[0,β]

= (1Aα[0,βγ]θ
(α)
βγ (1Aα[1,(βγ)−1α] ⊗ h))[1,γ] ⊗ (1Aα[0,βγ]θ

(α)
βγ (1Aα[1,(βγ)−1α] ⊗ h))[0,β]

= θ(α)
βγ (1Aα ⊗ h)[1,γ] ⊗ θ(α)

βγ (1Aα ⊗ h)[0,β].

So we get the desired result.

Definition 6.7. Fix an α ∈ π. A family of k-linear maps

φ(α) = {φ(α)
β : Hα−1β → Aβ}β∈π

is called a partial total integral integral for partial group comodule algebra associated toα, ifφ(α) satisfies the conditions
(G6.1) and (G6.2).

Remark 6.8. If π is a trivial group and 1A[0] ⊗ 1A[1] = 1A ⊗ 1H, the partial total integral reduces to the form in sense
of Doi ([13]).

6.4. Partial π-entwining Structure in Example 3.1
Corollary 6.9. Under the assumptions of Example 3.1. Then the following statements are equivalent:

(1) The forgetful functor F(e) :Uπ−H →Mk(the cate1ory o f all vector spaces) is separable.
(2) There exist a family of k-linear maps θ = {θβ : Hβ−1 ⊗ Hβ → k}β∈π such that the following conditions are

satisfied
(i) For all β, γ ∈ π, c ∈ Hβγ and d ∈ Hβ−1 ,

θβγ(p(βγ)−1 d(2,(βγ)−1) ⊗ c)pγd(1,γ) = θβ(d ⊗ c(1,β))pγc(2,γ), (G6.3)
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(ii)For all β ∈ π, b ∈ He,

θβ(b(1,β−1) ⊗ b(2,β)) = ε(b), (G6.4)

(iii) For all b ∈ Hβ and d ∈ Hβ−1 .

θβ(pβ−1 d ⊗ pβb) = θβ(d ⊗ b). (G6.5)

Take p = {1α}α∈π. Then partial π-entwining structure in Example 3.1 is just the π-entwining structure in
sense of Wang in [26]. Recall from [24] that a left(resp. right) π-integral for H is a family of k-linear forms
λ = {λ}α∈π ∈

∏
α∈π H∗α such that, for all α, β ∈ π,

(idHα ⊗ λβ) ◦ ∆α,β = λαβ1α, (resp. (λα ⊗ idHβ) ◦ ∆α,β = λαβ1β).

Note that λe is a usual left (resp. right) integral for the Hopf algebra H∗e. Suppose that λ = {λα}α∈π is a right
π-integral, a family of k-linear maps θ = {θα : Hα−1 ⊗Hα → k}α∈π are defined by

θα(h ⊗ 1) = λα(1S−1
α (h)), h ∈ Hα−1 , 1 ∈ Hα.

Lemma 6.10. For any α, β ∈ π, 1 ∈ Hα, h ∈ Hαβ, we have

(λα, 1h(1,α))h(2,β) = (λαβ, 1(1,αβ)h)S−1
β (1(2,β−1)).

Proof. For all α, β ∈ π, 1 ∈ Hα, h ∈ Hαβ, we have

(λα, 1h(1,α))h(2,β) = ε(1(2,e))(λα, 1(1,α)h(1,α))h(2,β)

= S−1
β (1(2,e)(2,β−1))1(2,e)(1,β)(λα, 1(1,α)h(1,α))h(2,β)

= S−1
β (1(1,β−1))1(1,αβ)(2,β)(λα, 1(1,αβ)(1,α)h(1,α))h(2,β)

= S−1
β (1(1,β−1))(λαβ, 1(1,αβ)h).

The proof of the lemma is completed.

By Lemma 6.10, we can check that θ satisfies (G6.3)-(G6.5). So we have

Corollary 6.11. Let H be a cosemisimple Hopf π-coalgebra. Then the forgetful functor F(e) : Uπ−H → Mk is
separable.

Proof. Since H is cosemisimple, it follows that there exists a right π-integral λ = {λα}α∈π such that λα(1α) = 1.
The desired partial normalised integral θ can be constructed by using λ as above.
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