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A New Note on Almost Increasing and Quasi Monotone Sequences

Hiiseyin Bor®

?P. O. Box 121, TR-06502 Bahgelievler, Ankara, Turkey

Abstract. In [22], we proved a main theorem dealing an application of almost increasing and quasi
monotone sequences. In this paper, we prove that theorem under weaker conditions. We also obtained
some new and known results.

1. Introduction

A positive sequence (b,) is said to be an almost increasing sequence if there exists a positive increasing
sequence (c,) and two positive constants A and B such that Ac, < b, < Bc, (see [1]). A sequence (d,) is said
to be 6-quasi monotone, if d, — 0, d, > 0 ultimately and Ad,, > -0, where Ad,, = d, — d,,+1 and 6=(,) is a
sequence of positive numbers (see [2]). Let }_ a, be a given infinite series with partial sums (s,). We denote
by t, the nth (C,1) mean of the sequence (na,). A series },a, is said to be summable | C,1 |, k > 1, if (see
[24])

(o)

1 k
Zﬁ|tn|<oo. (1)

n=1

Let (p,) be a sequence of positive numbers such that

n
Pn:ZPv—um as n—oo, (Pi=p,;=0,ix1). @
v=0

The sequence-to-sequence transformation

1 n
Rn - P_n ;vav (3)

defines the sequence (R,) of the Riesz mean or simply the (N, p,) mean of the sequence (s,), generated by
the sequence of coefficients (p,) (see [25]). Let (6,) be any sequence of positive constants. The series ) 4, is
said to be summable | N, p, |, k > 1, if (see [3])

Y (Pulp) T IRy = Ry i< o0, 4)

n=1
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and it is said to be summable | N, py,, 0, |, k = 1, if (see [27])

Y 05 I Ry = Ry < o0, 5)

n=1

In the special case p, = 1 for all values of n, | N, py, |, summability is the same as | C, 1 |, summability. If we
take 0, = 5_:’ then | N, py, 0, x summability reduces to | N, p, |, summability. Also, if we take 0, = n and

pn = 1 for all values of n, then we get | C, 1 |y summability. Furthermore, if we take 6, = n, then | N, p,,, Oy, |«
summability reduces to | R, p, |y summability (see [4]). Finally, if we take p, = 1 for all values of n, then we
get | C, 1, 0, |y summability.

2. Known result

Many works dealing with an application of increasing sequences to the some absolute summability
methods of infinite series have been done (see [5-23], [26], [29]). Among them, in [22], the following main
theorem has been proved.

Theorem 2.1 Let (X,,) be an almost increasing sequence such that | AX,, |= O(X,,/n) and let A, = Oasn — co.
Suppose that there exists a sequence of numbers (4,) such that it is 5-quasi-monotone with ) 1n6,X, < oo,
Y. AnX, is convergent and | AA, < | A, | for all n. If the conditions

-1
D Al=0M) as m— o, ©)
n=1

m 1

St = O(Xn) a5 m - oo, )
n=1
and

m p k
Yot (B) 1t t= 006 as m o0 (8)

Il
—_

n

are satisfied, then the series )" a,A, is summable | N, p,, 6, |, k > 1, where (0,) is any sequence of positive
Onpn

n

constants such that ( ) is a non-increasing sequence.

3. The main result

The aim of this paper is to prove Theorem 2.1 under weaker conditions. Now we shall prove the
following theorem.
Theorem 3.1 Let (X,,) be an almost increasing sequence such that | AX,, |= O(X,,/n) and let A, - Oasn — oo.
Suppose that there exists a sequence of numbers (4,) such that it is 5-quasi-monotone with ) n6,X, < o,
Y. AnX, is convergent and | AA, |< | A, | for all n. If the condition (6) of Theorem 2.1 is satisfied and if the
conditions

m t k

Y, l};ll = O(X,) as m— oo 9)
n=1 n

Zm" gt (p—")k % — O(X,) as m— oo, (10)
o= Py Xk
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are satisfied, where (6,) is as in Theorem B, then the series ), 4,1, is summable | N, p,,, 6, |,, k > 1.

Remark 3.2 It should be noted that conditions (9) and (10) are the same as conditions (7) and (8),
respectively, when k=1. When k > 1, conditions (9) and (10) are weaker than conditions (7) and (8),
respectively, but the converses are not true. As in [28] we can show that if (7) is satisfied, then we get that

m m

Ity [ 1 Ity [
ElnX’fjl =0 X § = O(X).
n=

n=1

If (9) is satisfied, then for k > 1 we obtain that

E AR o R U . 8
. _Zx,, X = O(xk-1 ankl_O(Xm)iO(Xm).

The similar argument is also valid for the conditions (8) and (10).
We need following lemmas for the proof of our theorem.
Lemma 3.3 ([5]) Under the conditions of the theorem, we have that

| A, | X, =01) as n — oo. (11)

Lemma 3.4 ([6]) Let (X,,) be an almost increasing sequence such that n | AX,, |= O(X,,). If (4,) is a 0-quasi-
monotone with ) 16,X, < oo, and ) A, X, is convergent, then

nA, X, =01) as n— oo, (12)
Y X | AA, < . (13)
n=1

4. Proof of Theorem 3.1 Let (T,,) be denote the (N, p,) mean of the series ), a,A,. Then, by definition and
changing the order of summation, we have

1 n 14 1 n
D VIEES LR S
"9=0 =0 " =0

Then, for n > 1, we have

n
Pn Pn v— 1A
P, .
PPy ; e1tho = B b Z{ v

By Abel’s transformation, we have

Ty —Tha =

n+1
n_Pnpntn n

1
T, - T, ZP AL tz,“

Ppnl

p n-1 1

n

+ PytyApi1—
Pnpn—l DZ_{ vty v+1v
= Tn,1 + Tn,Z + Tn,3 + Tn,4.

To complete the proof of the theorem, by Minkowski’s inequality for k > 1, it is enough to show that

Z 617(1_1 | Ty, |k< o, for r=1,2734.
n=1



Firstly, we have that

m
Y 0Ty

n=1
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Y 6t A, (B) 1t
- n n n ljn n

Y A - A .
om Y 14165 () (B) 1t
n=1 v n

o m-1 N n Gk—l Po k | t, |k
F ain Yo () ]
n=1 v=1 v

v

m " k t k
o1 4n1 Y 05 (2] Ll
n=1 n n
m=1

O(1) Y 1 Au | X+ O() | Ay | X
n=1

O() as m— oo,

88

by virtue of the hypotheses of the theorem and Lemma 3. 3. Now, when k > 1 applying Holder’s inequality

with indices k and k’, where % +

m+1

Y 0Ty

n=2

Again, we have that

m+1

Y O Tus
n=2

1 .
— =1,asin T,,;, we have that

k

m+1

k 1 n—1 1
omYy e (l’i—) P {Z pol Ao [ £ |’<} { 5
n=2 n = v=1 n=

n=v+1

m k-
om. (%] ot (L)
v=1 v

m Pv k 1 k-1
om Y ot (E) 1i(s) 1t
v=1 v v

k-1 m+1

Oupo
P,

n=v+1

Pn

Pn

1)nl)n—1

m § x . x
om Y 11,1657 (5 |x7—|1 =0(1) as m— .
v=1 v v

m+1

0(1)29H(”—”)ki ni& | AN, [F ok [, FL] L
) " Pn Pnfl 1 (4 ? ? Pnfl

U=

m P m+1 0
Om Y, = It o 1A 141 ) ( -
v=1 n

n=v+1

m 0 k-1 1 k=1
() () 1At
=1 v v

k-1
‘)

Pn
ljnl)n—l

n—

U=

-1 k-1
Po
1 v=1

m m+1 ) p k-1
1 & nPn
Om Y pul Ao A s Z(Pn) 5P

1
1

Py
v

-

(14)
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" on lelklm A | lk
= 0|5 Z| |Xk1

v=1
m
- omEA( 40D k O(1ym| Ay, |
=1 1
m—1
= 0() Y 1A@] Ay )| Xy +O(M)ym| Ay Xy
v=1
m—1
= 0 Y 1(@+1)| Ady| =Ay | Xy + O()m | Ap | X
v=1
m—1 m=1
= 0 | 01 AL | X, +O(1) Y | Ay X, + O(L)ml Ay X,
v=1 v=1

= 0(1) as m— oo,

by virtue of the hypotheses of the theorem and Lemma 3.4. Finally, we have that

m+1 m+1 1 n-1 1 1 n—lP k-1
k-1 k k-1 ki g k= -2
Y O Tl < Y okt (B )Pn1 Pul Aowt Flto | U{PHZU}

<
- = p =1
m 1 mil 0 p 1 p
B 1 k1 YnbPn _rn
= O ) Pol Aot [ A It = ) ( P, ) PPy
p n=v+1
k

1 m+1 9}7 -1 p
— k_ nEn n
- O<1>2P( )7 021( - ) o
k-1
oPo o
_ o(1)Z|AM|( p) 'X”,ll

- O<1>( ) me
m=1

t, . ty [f
= 0(1)2 Al don | Z L0 A 2 zl,XkL
v=1 v

= 0(1) 2 | Ay | X +O) | A | Xaa

v=2

= 0(1) Y Ay 1Xo + O() | At | Xer
v=1
= O@1) as m— o

by virtue of the hypotheses of the theorem and Lemma 3. 3. This completes the proof of Theorem 3. 1.

P
If we set 6, = —, then we obtain the result in [6] under weaker conditions. If we take p,, = 1 for all values

n
of nand 0, = n, then we get a new result concerning the | C, 1 |, summability factors of infinite series. Also,
if we take p, = 1 for all values of n then we have a new result dealing with the | C, 1, 0, |, summability
factors of infinite series. Furthermore, if we take 0,, = 1, then we have another new result concerning the
| R, pu |k summability factors of infinite series.
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