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Abstract. In this paper, we have determined necessary and sufficient Tauberian conditions under which
statistically convergence follows from statistically (C, 1)-convergence of sequences of fuzzy numbers. Our
conditions are satisfied if a sequence of fuzzy numbers is statistically slowly oscillating. Also, under
additional conditions itis proved thatabounded sequence of fuzzy numbers whichis (C, 1)-level-convergent
to its statistical limit superior is statistically convergent .

1. Introduction and Preliminaries
Let K be a subset of natural numbers IN and K,, = {k < n : k € K}, The natural density of K is given by
i 1
O(K) = lim —|K,|
n—co N
if this limit exists, where |A| denotes the number of elements in A. The concept of statistical convergence was

introduced by Fast [9]. A sequence (xi)ren Of (real or complex) numbers is said to be statistically convergent
to some number ! if for every ¢ > 0 we have

lim

,Hanrl|{k£n:|xk—l|2£}|:0.

In this case, we write st— limy_,o, Xx = [.
A sequence (xy) is (C, 1) convergent to ¢ if lim o, = £, where

1 n
0w = — ;)‘xk (n=0,1,2.), 1)

is the first arithmetic mean, also called Cesaro mean (of first order). In this case we write (C, 1)— limy_,c, X =
L.

The idea of statistical (C, 1)-convergence was introduced in [15] by Méricz. A sequence (x;) is statistically
(C 1)-convergent to ¢ if st — limo, = {. In addition to, necessary and sufficient conditions, under which
st—limy_« xx = ¢ follows from st — lim 0,, = € are presented in [15] by Moricz.
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In this paper, our primary interest is to obtain the results in [15] for sequences of fuzzy numbers.

We recall the basic definitions dealing with fuzzy numbers.

A fuzzy number is a fuzzy set on the real axis, i.e. a mapping u : R — [0, 1] which satisfies the following
four conditions:

(i) u is normal, i.e., there exists an xy € R such that u(xg) = 1.

(ii) u is fuzzy convex, i.e. u[Ax + (1 — A)y] = min{u(x), u(y)} for all x, y € R and for all A € [0, 1].

(iii) u is upper semi-continuous.

(iv) The set [u]o := {x € R : u(x) > 0} is compact,
where {x € R : u(x) > 0} denotes the closure of the set {x € R : u(x) > 0} in the usual topology of R.
We denote the set of all fuzzy numbers on R by E! and called it as the space of fuzzy numbers. a-level set [u],
of u € E! is defined by

[ fxeRiu@2al , if0<a<l,
[u]a_{{xe]R:u(x)>a} , ifa=0.

The set [u], is closed, bounded and non-empty interval for each @ € [0, 1] which is defined by [u], :=
[~ (@), u*(@)]. R can be embedded in E!, since each r € R can be regarded as a fuzzy number 7 defined by

-1, ifx=r
M=y 0, ifxer

Let u,v,w € E! and k € R. Then the operations addition and scalar multiplication are defined on Elas
u+v=w << [wly=I[uls+[v]s foralla €]0,1]
— w(a)=u (a)+7v (a) and w*(a) = u*(a) + v*(a) foralla € [0,1],
[kuly = k[u], foralla €[0,1].
Lemma 1.1. [6]

(i) If0 € E is neutral element with respect to +,i.e., u+0=0+u = u, forall u € E',
(ii) With respect to 0, none of u # 7, r € R has opposite in E'.
(iii) Foranya,b € Rwitha,b>0ora,b <0, and any u € E', we have (a + b)u = au + bu.
For general a,b € R, the above property does not hold.
(iv) Foranya € Rand any u,v € E', we have a(u + v) = au + av.

(v) Foranya,b € Rand any u € E', we have a(bu) = (ab)u.

Let W be the set of all closed bounded intervals A of real numbers with endpoints A and 4, i.e.,
A=A, A]. Define the relation d on W by
d(A, B) := max{|A - B|,|A - BJ}.

Then it can be easily observed that d is a metric on W and (W, d) is a complete metric space, (cf. Nanda [16]).
Now, we may define the metric D on E! by means of the Hausdorff metric d as follows

D(u,v) := sup d([uls, [v]s) := sup max{ju™(a) — v (@)|, [u" () — 0" (a)l}-
ael0,1] ael0,1]

One can see that

D(u,0) = Sl[lp]max{lu_(a)I, ™ (a)l} = max{lu(0)], [u* (0)]}. 2)
a€l0,1

Now, we may give:
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Proposition 1.2. [6] Let u,v,w,z € E' and k € R. Then,
(i) (E', D) is a complete metric space.

(ii) D(ku,kv) = |k|D(u, v).

(iii) D(u + v, w + v) = D(u, w).

(iv) D(u+v,w+z) < D(u, w) + D(v, z).

(v) ID(u,0) — D(v,0)| < D(u,v) < D(1,0) + D(v,0).
One can extend the natural order relation on the real line to intervals as follows:

A<B ifandonlyif A<B and A <B.

Also, the partial ordering relation on E! is defined as follows:

U<veluly <[v]ly = u (@) <v (a) and u™(a) < v (a) forall @ € [0,1].

We say that u < v if u < v and there exists ay € [0, 1] such that u™(ay) < v~ (ap) or u*(ag) < v*(ap). Two
fuzzy numbers u and v are said to be incomparable if neither u < v nor v < 1 holds. In this case we use the
notationu » v.

Following Matloka [14], we give some definitions concerning with the sequences of fuzzy numbers.
Nanda [16] introduced Cauchy sequences of fuzzy numbers and showed that every Cauchy sequence of
fuzzy numbers is convergent.

A sequence u = (ux) of fuzzy numbers is a function u from the set IN, the set of natural numbers, into
the set E!. The fuzzy number u; denotes the value of the function at k € N and is called as the k" term of
the sequence. By w(F), we denote the set of all sequences of fuzzy numbers.

A sequence (u,) € w(F) is said to be convergent to u € E!, if for every ¢ > 0 there exists an 1y = no(e) € N
such that

D(uy,,u) < ¢ forall n > ng.

By c(F), we denote the set of all convergent sequences of fuzzy numbers.
A sequence u = (uy) of fuzzy numbers is said to be Cauchy if for every ¢ > 0 there exists a positive
integer 1 such that

D(ug, uy,) < e forall k,m > ny.

By C(F), we denote the set of all Cauchy sequences of fuzzy numbers.
A sequence (u,) € w(F) is said to be bounded if the set of its terms is a bounded set. That is to say that

a sequence (u,) € w(F) is said to be bounded if there exists M > 0 such that D(u,,0) < M for all n € N. By
{s(F), we denote the set of all bounded sequences of fuzzy numbers.

The level convergence of a sequence of fuzzy numbers given by Fang and Huang [8] , as follows: A
sequence (u,) is level-converges to u € E!, written as (I) — lim—,o 1, = u if

lim u,, (@) = ™ (a) and  lim u; (@) = p* (@)
n—o0 n—oo

for all a € [0, 1]. Obviously, u, — p implies that (/) — lim,_,« #, = p and the converse is not true in general.

Statistical convergence of sequences of fuzzy numbers was introduced by Nuray and Savas [17]. A
sequence (ux : k =0,1,2,...) of fuzzy numbers is said to be statistically convergent to some fuzzy number pg
if for every € > 0 we have

lim |{k <n: D(ug, to) = €}| =0.

n—oco 114+ 1
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In this case we write
st— I}im Ux = Uo. (©)
The statistical boundedness of a sequence of fuzzy numbers was introduced and studied by Aytar and

Pehlivan [4]. The sequence u = (uy) is said to be statistically bounded if there exists a real number M such
that the set

{k € N : D(ut,0) > M}

has natural density zero.
Aytar et al.[2] defined the concept of statistical limit superior and limit inferior of statistically bounded
sequences of fuzzy numbers. Given u = (1) € w(F), define the following sets:

Au:{yeEl:6({ke]N:uk<p})¢0},
Zu:{lueEl:6({k€N:uk>y}):1},
Bu={ueE :5(fke N:uy> ) #0},

B, ={ueE :5(lke N:ue < ph)=1}.

If u = (uy) is a statistically bounded sequence of fuzzy numbers, then, the notions st —lim inf and st —lim sup
is defined as follows:

st—liminfu, = infA, =sup A,

st—limsupu, = supB, = infB,.
Lemma 1.3. [2] Let u = (uy) be a statistically bounded sequence of fuzzy numbers, v = st — liminfuy and
u = st = limsup uy. Then, for every € > 0

(ke N:uy<v—-el)=0 and 6({keN:u>u+¢)=0.

Basic results on statistical convergence of sequences of fuzzy numbers may be found in [3-5, 13, 18].
The statistical Cesaro convergence of a sequence of fuzzy numbers has been defined in [1]. We say that
(1) is statistically Cesaro convergent (written statistically (C,1)-convergent) to a fuzzy number pj if

st— lim o, = uo. 4)
n—o0o
Kwon [13] proved that if a sequence (ux) is bounded, then
st— I}im ug = flo implies st—lim o, = po.
—00 n—oo
Example 1.4. Let (ux) = (ug, vo, to, Vo, ..) where

2-t .
_ T 7 lft € [0/ 2]
uo(t) = { 0 , otherwise

and

vo(t) 0 , otherwise

{ 2, ifte[-2,0]
Then a—level set of arithmetic means o, of (u)
| 2n 2(n+1)
[GZVL]a = [271 + 1(“ 1)/ m+ 1

So, (oy) is convergent to wy = (ug + vo)/2 and hence it is statistically (C, 1)-convergent to wy. But (u,) is not
statistically convergent.

1 —-a)| and [o2p-1]a = [a—-1,1—a].

Our goal is to find (so-called Tauberian) conditions under which the converse implication holds.
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2. The Main Results

Firstly we need two lemmas.

Lemma 2.1. Let (1) be a sequence of fuzzy numbers which is statistically (C, 1)-convergent to a fuzzy number p.
Then for every A > 0,

st— lirrln oA, = Ho ®)
where by A, we denote the integral part of the product An, in symbol A, := [An].
Proof. Case A > 1. Forall e >0,

{n <N :D(oy,, to) = e} S {n <Ay : D(0n, to) = €},

whence we find

({n <N :D(oy,, to) = £}| < 1 A

7 |{n < AN : D(0y, o) 2 s}|

N+1

Now, (5) follows from the statistical convergence of (g,) to L.
Case 0 < A < 1. We claim that the same term o,, can not occur more than 1 + A~! times in the sequence
{oa, :n=0,1,2,...}. In fact, if for some integers k and t, we have

M= Ag = Agse1 = oo = A1 < A
or equivalently
m<Ak<Ak+1) <. . <Ak+t-1)<m+1<Ak+1)
then
m+At-1)<Ak+t-1)<m+1

whence A(t — 1) < 1, thatis t < 1 + A~!. Consequently,

'{n <N :D(oa,, to) = 8}’

IA

I\Ay+1 1
(“X) N+1Any+1
2(A+1)
Ay +1

Ni 1 ‘{” < AN D(ow, po) = e}'

Hn < AN D(oy, po) = e}’

provided (An + 1)/(N + 1) < 24, which is the case if N is large enough. So, (5) follows from the statistical
convergence of (0,) to tg. O

Lemma 2.2. Let (ux) be a sequence of fuzzy numbers which is statistically (C, 1)-convergent to a fuzzy number py.
Then, for every A > 1,

An

. 1 _
st—lim Ton Z U = Lo (6)

k=n+1

and for every 0 < A <1,

n

n n—lAn Z Ui = Ho-

st—lim
k=A,+1
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Proof. Case A > 1. If A > 1 and n is large enough in the sense that A, > 1, then

A
1 - An+1
< n nr 7
D[An—nk;”‘k"“]— T D @4,,00) + Do, o) )

Now (6) follows from (7), Lemma 2.1, the statistical convergence of (0,,) and the fact that for large enough n
A An An+1 An+1 < 2A

A1 An—n Ay—n An-n-1-A-1 ®)
Case 0 < A < 1. This time, we use the following inequality:
1 v Au+1

D[I’l — /\n Z Uy, uo] < n— AHD(GAMGYL) + D(GHI#O)

k=A,+1

provided 7 is large enough in the sense that A, < n; and the following inequality for large enough 7,
An+1 21
L < =
n—»A, " 1-A7 ®)
|

Now we are ready to give our main results.

Theorem 2.3. Let (uy) be a sequence of fuzzy numbers which is statistically (C, 1)-convergent to a fuzzy number p.
Then (uy) is statistically convergent to g if and only if one of the following two conditions holds: For every € > 0,

A

s 1 1 -
< : > =
}r;{ ln]\rll_?::p 1 {n <N D[/\n — k_ZnH Uy, unJ > e} 0 (10)
or
1 1 -
i i <N: > =0.

Oir/\lﬁl hr}\x}:soljp 1 {n <N:D — k_AZH Uy, un] > e} 0 (11)

Proof. The necessity follows from Lemma 2.2.
Sufficiency. Assume that conditions (4) and one of (10) and (11) are satisfied. In order to prove (3), it is
enough to prove that

st—lim D(u,, 0,)) = 0.

First, we consider the case A > 1. Since

1 Ay +1
D(oy,uy) <D , ~——D(o,,,
(On un) /\n_nk;ﬁluk ”n]+/\n_n (O'/\n On)
for any ¢ > 0 we have
Ap+1
{nSN:D(Gn,uH)ZE} c {nsN: nt D(GA,U,,)ZE} (12)
Ap—n " 2
A .
U{nSN:D - Z”’”“”]ZE}'
k=n+1

Given any 6 > 0, by (10) there exists some A > 1 such that

1 a e
> =
Ay — 1 k;l s u"] = 2}

lim sup

N—-co

1
<. 1
N+1 <0 (13)

{nSN:D
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On the other hand, by Lemma 2.1 and (8), we have

An+1
<N:
{n_ Ap—n

lim su 1
N—>oop +1

Combining (12) with (14) we get that

D@uw%)ngzo. (14)

lim sup 1 7 '{n <N :D(u,,o0,) > 8}' <o

N—-co

Since 6 > 0 is arbitrary, we conclude that for every ¢ > 0,

I
ngc}oNJrl

|{n <N:D(u,,o0,) > €}| =0.

Secondly, we consider the case 0 < A < 1. Since

n

Z Mk, un] +
" k=A,+1

1

Ay +
n—A

1
m%m@sD( D (o, 0n)
n

for any ¢ > 0, we have

Ap+1
{n<N:D(owu) 2 ¢} ¢ {nSN; nt D(o/\”,an)zf}

n— A, 2

1 - €
U{nSN'D[n—An Z ”"’”"]ZE}'
k=A,+1

Given any 6 > 0, by (11) there exist some 0 < A < 1 such that

1 - €
> —
n=An k;&-luk,un] - 2}

Using a similar argument as in the case A > 1, by Lemma 2.1 and condition (9), we conclude that

<.

;
P N1

{nSN:D

I\llgrc}oN-i- 7 |{n <N:D(u,,o0,) > €}| =0.
0

A sequence (uy) of fuzzy numbers is said to be statistically slowly oscillating if for every € > 0

s 1

< . n) = =

}E{IHI\IJI_?EP 1 {n <N nrg{gﬂ D(uy, uy) e} 0 (15)
or equivalently,

i i <N: n) = =0.

it timsup 7 <N ma ) = e =0 a9

Example 2.4. The sequence (ux) where

uk(t): 1_1+_Tt(k+l) , 1f0$t§1+10g(k+1),
0 , otherwise,

is statistically slowly oscillating. Because for every & > O there exist ng = ng(e) and A = 10° such that for all
ng<n<k<Aa,

k+1
n+1

D(uy, uy) = |log(k +1) —log(n + 1)| =log <logA =e.
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Therefore, for ng < N the set

{no <n < N: max D(uy, u,) > 5}

n<k<A,
is empty. Consequently, condition (15) is satisfied.

The conditions (15) and (16) are clearly imply the conditions (10) and (11), respectively. This gives rise
to the following corollary of Theorem 2.3.

Corollary 2.5. Let (k) be a statistically slowly oscillating sequence of fuzzy numbers. Then
st— lillin on = lo implies st— li}gn Uy = Lo 17)
Condition (15) is satisfied if there exists a constant H such that
kD(ug, ug—1) <H (18)

for all large enough k, say k > Nj. In fact, given ¢ > 0, chose 1 < A <1+ ¢/H. Since Ny <n <k < A,, by (18)
we have

k k

H k-n k

D(uy, uy) < Z D(uj,ujq) < Z 7 < H( " ) = H(E - 1) <HA-1)<e.
j=n+1 j=n+l

But, for N1 < N, the set

{N1 <n < N: max D(ug,u,) > s}

n<k<A,
is empty. Consequently, condition (15) is satisfied.
Remark 2.6. Kwon [13] proved that if condition (18) is satisfied, then implication (17) holds as well as
st— liyrln u, = Uo implies lizn Uy = Ho.
Definition 2.7. (uy) is Cesaro level-convergent (written (C,1)-level-convergent) to a fuzzy number uo, if (I) —
limy, e 0, = o ie.,
- 1

- . 1 - - . .
;lg?oan(a) - ;g?o n+1 Zuk(a) = (@), }g{}oo;(a) - rgrolon+ 1

Y @) = (@)
k=0

forall a € [0,1].
Note that level-convergence implies (C,1)-level-convergence. But the converse is not true in general.
Example 2.8. [21] Let
(@—HUeD,ifl <<,
0, fo<a<l,

u@=1 v,(a)= {

1 3 ifl<a<1
+ — - — 27 2 ’
%@‘T“W”{Q Fo<a<l

There exists a unique fuzzy number v, € E' and a unique fuzzy number uy € E* such that [v,], = [v;(a), v} ()]
and [uola = [ug (@), ug ()] for all a € [0,1]. Let u = (u,) = (00,6, 0,0, vy, ...). Since

lim 07 (@) = 18 (@), 1im 0 (a) = 5 (@)

(un) is (C,1)-level-convergent to g but (u,) is not level-convergent to ug. Furthermore, since D(oy, o) = %, (uy) is
not (C,1) convergent to (.
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In [11, Theorem 5] Fridy and Orhan proved that a sequence of real numbers which is (C, 1)-convergent to
its statistical limit superior is statistically convergent. The next theorem is an analogue of that result for
sequences of fuzzy numbers.

Theorem 2.9. Let (1) be a bounded sequence of fuzzy numbers. Assume that (uy) is (C, 1)-level-convergent to
u = st — lim sup wy and there is a number €y > 0 such that for each ¢ € (0, &),

O(fke N:ur»u—-¢})=0, 6(fke N:u+p+e})=0.

Then (uy) is statistically convergent to pu.

Proof. Since u = st — lim sup uy, then
O{ke N:u>u+e})=0

for each ¢ > 0. Suppose that (1,) is not statistically convergent to p. Then, there is a €1 € (0, €¢) such that
(ke N:up < u—e1}) #0.

Define m = i — €1, B = sup,, u,, and

K = {keN:u <m}
K' = (ke N:m < u < u+¢e}
K" = [keN:uy>u+glUtke N:ug+»mjUfkeN:u + u+e).

Since 6(K”) =0, 8(K') # 0 and 6(K") = 1 — §(K') there are infinitely many 1 such that
1 ,
[ >
—— K, [2d>0

and for each such n we have

T e L
o, = u u u
" R A AT I N
keK,, keK,, kekK,,
m _, U+E _, B .
< K, K, | + K, |-
n+1 +1 n+1

So there is an a € [0, 1] such that

- m(ao) o p (@) +e€ . B (ag)
G”(Déo) < 1 | n|+ 7+ 1 | nl n+1 IKnI
K K
= m‘(ao)nl +n|1 + (U (o) + ) (1 - %) +0(1)
< W (o) —d (4 (@o) — m™(ao)) + e(1 —d) + o(1).

Since ¢ € (0, €o) is arbitrary it follows that
liminf o}, (@) < p™(a0) — d (4™ (a0) — m™ (a0)) < p™ (o).

Hence, (u,) is not (C, 1)-level-convergent to p and this completes the proof. Note that the result can be
found also by using the following inequality

m*(ao), . p(@)+e, . Bf(ap)

+ K.
+1|”| n+1 IKsl n+1|”I

op(ao) <

The following is a dual result for st — lim inf.
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Theorem 2.10. Let (uy) be a bounded sequence of fuzzy numbers. Assume that (ux) is (C, 1)-level-convergent to
v = st — liminfuy and there is a number £y > 0 such that for each € € (0, &),

O(fkeN:uy+v—-¢})=0, (ke N:u »v+¢})=0.

Then, (uy) is statistically convergent to v.

Acknowledgement

The authors would like to thank the referees for their helpful suggestions.

References

(1
[2]
13
[4]

[5]
[6]
[7]
(8]
[9]
[10]
[11]

[12]
[13]

[14]
[15]

[16]
[17]
[18]
[19]
[20]
[21]

Y. Altin , M. Mursaleen, H. Altinok, Statistical summability (C,1) for sequences of fuzzy real numbers and a Tauberian theorem,
Journal of Intelligent & Fuzzy Systems 21 (2010) 379-384.

S. Aytar, M. Mammadov, S. Pehlivan, Statistical limit inferior and limit superior for sequences of fuzzy numbers, Fuzzy Sets and
Systems 157(7) (2006) 976-985.

S. Aytar, S. Pehlivan, Statistical cluster and extreme limit points of sequences of fuzzy numbers, Information Sciences 177(16)
(2007) 3290-3296.

S. Aytar, S. Pehlivan, Statistically monotonic and statistically bounded sequences of fuzzy numbers, Information Sciences 176
(2006) 734-744.

S. Aytar, Statistical limit points of sequences of fuzzy numbers, Information Sciences 165 (2004) 129-138.

B. Bede, S.G. Gal, Almost periodic fuzzy number valued functions, Fuzzy Sets and Systems 147 (2004) 385-403.

J. Boos, Classical and Modern Methods in Summability, Oxford University Press Inc. New York, 2000.

J.-X. Fang, H. Huang, On the level convergence of a sequence of fuzzy numbers, Fuzzy Sets and Systems 147 (2004) 417-415.

H. Fast, Sur la convergence statistique, Colloquium Mathematicum 2 (1951) 241-244.

J. A. Fridy, On statistical convergence, Analysis 5 (1985) 301-313.

J. A. Fridy, C. Orhan, Statistical limit superior and limit inferior, Proceedings of the American Mathematical Society 125(12) (1997)
3625-3631.

R. Goetschel, W. Voxman, Elementary fuzzy calculus, Fuzzy Sets and Systems 18 (1986) 31-43.

J. S. Kwon, On statistical and p-Cesaro convergence of fuzzy numbers, The Korean Journal of Computational & Applied
Mathematics 7 (2000) 195-203.

M. Matloka, Sequence of fuzzy numbers, BUSEFAL 28 (1986) 28-37.

E. Moéricz, Tauberian conditions, under which statistical convergence follows from statistical summability (C, 1), Journal of
Mathematical Analysis and Applications 275 (2002) 277-287.

S. Nanda, On sequence of fuzzy numbers, Fuzzy Sets and Systems 33 (1989) 123-126.

F. Nuray, E.Savas, Statistical convergence of fuzzy numbers, Mathematica Slovaca 45(3) (1995) 269-273.

E. Savas, On statistical convergent sequences of fuzzy numbers, Information Sciences 137 (2001) 277-282.

P. V. Subrahmanyam, Cesaro summability of fuzzy real numbers, Journal of Analysis 7 (1999) 159-168.

O. Talo, C. Cakan, On the Cesaro convergence of sequences of fuzzy numbers, Applied Mathematics Letters 25(4) (2012) 676-681.
C.-X. Wu, G. -X. Wang, Convergence of fuzzy numbers and fixed point theorems for incresaing fuzzy mappings and application,
Fuzzy Sets and Systems 130 (2002), 283-290.



