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n-Dimensional Ostrowski Type Inequalities
with Applications on Time Scales

Sabir Hussaina, Muhammad Sami Rashada

aDepartment of Mathematics, University of Engineering and Technology, Lahore

Abstract. An n−dimensional Montgomery identity in the form of generalized polynomial has been derived
and as a consequence we find Ostrowski type inequalities. Our established results generalized some results
in [12]. Some new applications are also given.

1. Introduction

The classical Ostrowski inequality [11] gives estimate of the absolute deviation of a differentiable function
f : [a, b]→ R from its integral mean as:∣∣∣∣∣∣ f (x) −

1
b − a

∫ b

a
f (t)dt

∣∣∣∣∣∣ ≤
1

4
+

x − a+b
2

b − a

2 (b − a)M, (1)

provided that

M := sup
a≤x≤b

| f ′(x)|.

Inequality (1) has triggered a huge amount of interest over the years, due to vide applications in numerical
analysis, theory of special means. We discuss its recent studies over the last decade. It has been extended,
generalized and refined in a number of ways [2–4, 7, 8, 12–14]. The development of the theory of time scales
was initiated by Stefan Hilger [5] in his Ph. D thesis, as a theory capable of containing both difference and
differential calculus, in a consistent way. Since then, many authors have studied certain integral inequalities
or dynamic equations on time scales [2, 9, 10]. For more information about time scales see [1]. Motivated by
the idea generated by Bin Zheng et al. [12], we establish a generalized n−dimensional Montgomery identity
and subsequently find an Ostrowski type inequalities, unifying the continuous, discrete and quantum cases.
In the whole discussion Ti, i ∈ N, is considered to be a time scale. For n = 1, the sum

∑n−1
k=1 is vacuously

considered to be zero and take IT = I
⋂
T for I ⊆ R. This paper is organized as follows. After this

Introduction in Section 2 we present our main results regarding Ostrowski type inequalities and in Section
3 we give some applications of the results in Section 2.
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2. Main Results

Before stating the main results we come across to some notations for the presentation to be in compact
form.

A1(x1, ..., xn) :=
n−1∑
r=1

∑
1≤m1<...<mr≤n

(−1)r+1L(n)

r∏
j=1

Hk(am j , xm j , bm j )

×

∫ bm1

am1

...

∫ bmr

amr

f (x1, ..., xm1−1, σ(sm1 ), xm1+1, ..., σ(smr ), xmr+1..., xn)

×

r∏
j=1

Pm j,k−1(xm j , sm j )∆sm j

L(n) :=
n∏

i=1

Hk(ai, xi, bi); Hk(ai, xi, bi) = hk(xi, ai) − hk(xi, bi)

Pc
u,k−1(xu, su) :=


(su − au)k−1

(k − 1)!
, su ∈ [au, xu]R

(su − bu)k−1

(k − 1)!
, su ∈ (xu, bu]R;

L
(n)
c :=

n∏
i=1

(xi − ai)k
− (xi − bi)k

k!

Pd
u,k−1(xu, su) :=


(su − au)(k−1)

(k − 1)!
, su ∈ [au, xu]Z

(su − bu)(k−1)

(k − 1)!
, su ∈ [xu + 1, bu]Z;

M1 := sup
ai≤si≤bi

1≤i≤n

|
∂n f (s1, ..., sn)
∂s1...∂sn

|.

L
(n)
d :=

n∏
i=1

(xi − ai)(k)
− (xi − bi)(k)

k!
; L(n)

q :=
n∏

i=1

(xi − ai)k
qi
− (xi − bi)k

qi

[k]!

Pq
u,k(xu, su) :=


(su − au)k

qi

[k]!
, su ∈ [au, xu/qi]Ti

(su − bu)k

[k]!
, su ∈ (xu, bu]Ti ;

Lemma 2.1. Let ai, bi ∈ Ti, xi ∈ [ai, bi]Ti for some i ∈ N; let f ∈ Crd
(∏n

i=1[ai, bi]Ti ,R
)

be such that f ∆n exists. If
hk(., .) is a generalized polynomial, for some k ∈N0, such that:

Pi,k(xi, si) =

{
hk(si, ai), si ∈ [ai, xi]
hk(si, bi), si ∈ (xi, bi],

then

f (x1, ..., xn)L(n)
− A1(x1, ..., xn) =

∫ b1

a1

...

∫ bn

an

∂n f (s1, ..., sn)
∆s1...∆sn

n∏
i=1

Pi,k(xi, si)∆si (2)

+(−1)n+1
∫ b1

a1

...

∫ bn

an

f (σ(s1), ..., σ(sn))
n∏

i=1

Pi,k−1(xi, si)∆si
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Proof. The proof is followed by induction on n.
For n = 1, relation (2) reduces to [6, lemma A]. For n = 2, we have

∫ b1

a1

∫ b2

a2

∂2 f (s1, s2)
∆s1∆s2

2∏
i=1

Pi,k(xi, si)∆si =

∫ b1

a1

∫ x2

a2

hk(s2, a2)
∂2 f (s1, s2)

∆s1∆s2
P1,k(x1, s1)∆s2∆s1

+

∫ b1

a1

∫ b2

x2

hk(s2, b2)
∂2 f (s1, s2)

∆s1∆s2
P1,k(x1, s1)∆s2∆s1

=

2∏
i=1

Hk(ai, xi, bi) f (x1, x2) −Hk(a2, x2, b2)
∫ b1

a1

P1,k−1(x1, s1) f (σ(s1), x2)∆s1

−Hk(a1, x1, b1)
∫ b2

a2

P2,k−1(x2, s2) f (x1, σ(s2))∆s2

+

∫ b1

a1

∫ b2

a2

f (σ(s1), σ(s2))
2∏

i=1

Pi,k−1(xi, si)∆si.

Equivalently:

f (x1, x2)L(2)
− A1(x1, x2) =

∫ b1

a1

∫ b2

a2

∂2 f (s1, s2)
∆s1∆s2

2∏
i=1

Pi,k(xi, si)∆si + (−1)3
∫ b1

a1

∫ b2

a2

f (σ(s1), σ(s2))
2∏

i=1

Pi,k−1(xi, si)∆si

Suppose the statement is true for n = v − 1, that is

∫ b1

a1

...

∫ bv−1

av−1

∂v−1 f (s1, ..., sv−1)
∆s1...∆sv−1

v−1∏
i=1

Pi,k(xi, si)∆si = L(v−1) f (x1, ..., xv−1) (3)

+

v−2∑
r=1

∑
1≤m1<...<mr≤v−1

(−1)rL(v−1)∏r
q=1 Hk(amq , xmq , bmq )

∫ bm1

am1

...

∫ bmr

amr

f (x1, ..., xm1−1, σ(sm1 ), xm1+1, ..., σ(smr ), xmr+1, ..., xv−1)

×

r∏
q=1

Pmq,k−1(xmq , smq )∆smq + (−1)v−1
∫ b1

a1

...

∫ bv−1

av−1

f (σ(s1), ..., σ(sv−1))
v−1∏
j=1

P j,k−1(x j, s j)∆s j.

To prove the relation (2) is true for n = v, we proceed as follows

∫ b1

a1

...

∫ bv

av

∂v f (s1, ..., sv)
∆s1...∆sv

v∏
i=1

Pi,k(xi, si)∆si

=

∫ b1

a1

...

∫ bv−1

av−1

[
∫ bv

av

∂v f (s1, ..., sv)
∆s1...∆sv

Pv,k(xv, sv)∆sv]
v−1∏
i=1

Pi,k(xi, si)∆si

=

∫ b1

a1

...

∫ bv−1

av−1

[
∫ xv

av

∂v f (s1, ..., sv)
∆s1...∆sv

hk(sv, av)∆sv +

∫ bv

xv

∂v f (s1, ..., sv)
∆s1...∆sv

hk(sv, bv)∆sv]
v−1∏
i=1

Pi,k(xi, si)∆si
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= Hk(av, xv, bv)
∫ b1

a1

...

∫ bv−1

av−1

∂v−1 f (s1, ..., sv−1, xv)
∆s1...∆sv−1

v−1∏
i=1

Pi,k(xi, si)∆si

−

∫ bv

av

Pv,k−1(xv, sv){
∫ b1

a1

...

∫ bv−1

av−1

∂v−1 f (s1, ..., sv−1, σ(sv))
∆s1...∆sv−1

v−1∏
i=1

Pi,k(xi, si)∆si}∆sv

= Hk(av, xv, bv){L(v−1) f (x1, ..., xv−1, xv)

+

v−2∑
r=1

∑
1≤m1<...<mr≤v−1

(−1)rL(v−1)∏r
q=1 Hk(amq , xmq , bmq )

∫ bm1

am1

...

∫ bmr

amr

f (x1, ..., xm1−1, σ(sm1 ), xm1+1, ..., σ(smr ), xmr+1, ..., xv−1, xv)

×

r∏
q=1

Pmq,k−1(xmq , smq )∆smq + (−1)v−1
∫ b1

a1

...

∫ bv−1

av−1

f (σ(s1), ..., σ(sv−1), xv)
v−1∏
j=1

P j,k−1(x j, s j)∆s j}

−

∫ bv

av

Pv,k−1(xv, sv){L(v−1) f (x1, ..., xv−1, σ(sv))

+

v−2∑
r=1

∑
1≤m1<...<mr≤v−1

(−1)rL(v−1)∏r
q=1 Hk(amq , xmq , bmq )

∫ bm1

am1

...

∫ bmr

amr

f (x1, ..., xm1−1, σ(sm1 ), xm1+1, ..., σ(smr ), xmr+1, ..., xv−1, σ(sv))

×

r∏
q=1

Pmq,k−1(xmq , smq )∆smq + (−1)v−1
∫ b1

a1

...

∫ bv−1

av−1

f (σ(s1), ..., σ(sv−1), σ(sv))
v−1∏
j=1

P j,k−1(x j, s j)∆s j}.

Equivalently:∫ b1

a1

...

∫ bv

av

∂v f (s1, ..., sv)
∆s1...∆sv

v∏
i=1

Pi,k(xi, si)∆si = L(v) f (x1, ..., xv)

+

v−1∑
r=1

∑
1≤m1<...<mr≤v

(−1)rL(v)∏r
q=1 Hk(amq , xmq , bmq )

∫ bm1

am1

...

∫ bmr

amr

f (x1, ..., xm1−1, σ(sm1 ), xm1+1, ..., σ(smr ), xmr+1, ..., xv)

×

r∏
q=1

Pmq,k−1(xmq , smq )∆smq + (−1)v
∫ b1

a1

...

∫ bv

av

f (σ(s1), ..., σ(sv))
v∏

j=1

P j,k−1(x j, s j)∆s j,

showing that our statement (2) is true for n = v and hence it is true for all n. This completes the proof of the
lemma.

The following result is the n−dimensional Ostrowski type inequality.

Theorem 2.2. Let the conditions of lemma 2.1 be satisfied, then∣∣∣∣∣∣∣ f (x1, ..., xn)L(n)
−

n−1∑
r=1

∑
1≤m1<...<mr≤n

(−1)r+1L(n)∏r
j=1 Hk(am j , xm j , bm j )

(4)

×


∫ bm1

am1

...

∫ bmr

amr

f (x1, ..., xm1−1, σ(sm1 ), xm1+1, ..., σ(smr ), xmr+1..., xn)
r∏

j=1

Pm j,k−1(xm j , sm j )∆sm j


+ (−1)n

∫ b1

a1

...

∫ bn

an

f (σ(s1), ..., σ(sn))
n∏

u=1

Pu,k−1(xu, su)∆su

∣∣∣∣∣∣∣
≤ N

n∏
i=1

Hk+1(ai, xi, bi),
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provided that

N := sup
ai≤si≤bi

1≤i≤n

∣∣∣∣∣∂n f (s1, ..., sn)
∆s1...∆sn

∣∣∣∣∣ .
The inequality (4) is sharp in the sense that its right hand side can not be replaced by a smaller one.

Proof. It is observed that∫ b1

a1

...

∫ bn

an

n∏
i=1

|Pi,k(xi, si)|∆si =

n∏
i=1

Hk+1(ai, xi, bi). (5)

Application of lemma 2.1 yields:∣∣∣∣∣∣∣ f (x1, ..., xn)L(n)
− A1(x1, ..., xn) + (−1)n

∫ b1

a1

...

∫ bn

an

f (σ(s1), ..., σ(sn))
n∏

u=1

Pu,k−1(xu, su)∆su

∣∣∣∣∣∣∣ (6)

=

∣∣∣∣∣∣∣
∫ b1

a1

...

∫ bn

an

∂n f (s1, ..., sn)
∆s1...∆sn

n∏
i=1

Pi,k(xi, si)∆si

∣∣∣∣∣∣∣
≤

n∏
i=1

∫ b1

a1

...

∫ bn

an

|
∂n f (s1, ..., sn)

∆s1...∆sn
||Pi,k(xi, si)|∆si

≤ N
n∏

i=1

Hk+1(ai, xi, bi),

which is the desired result.
For k = 1, the sharpness is proved in [2, Theorem 3.5] and for k > 1, the sharpness can be proved in a

similar fashion.

Remark 2.3. For k = 1, theorem 2.2 coincides with [12, Theorem 2.3]

Theorem 2.4. Let the conditions of theorem 2.2 be satisfied. If there exist constants M1,M2 such that:

M1 ≤
∂n f (s1, ..., sn)

∆s1...∆sn
≤M2,

then ∣∣∣∣∣∣∣ f (x1, ..., xn)L(n)
−

n−1∑
r=1

∑
1≤m1<...<mr≤n

(−1)r+1L(n)∏r
j=1 Hk(am j , xm j , bm j )

(7)

×


∫ bm1

am1

...

∫ bmr

amr

f (x1, ..., xm1−1, σ(sm1 ), xm1+1, ..., σ(smr ), xmr+1..., xn)
r∏

j=1

Pm j,k−1(xm j , sm j )∆sm j


+ (−1)n

∫ b1

a1

...

∫ bn

an

f (σ(s1), ..., σ(sn))
n∏

u=1

Pu,k−1(xu, su)∆su −
M1 + M2

2

n∏
i=1

Hk+1(ai, xi, bi)|

≤
M2 −M1

2

n∏
i=1

Hk+1(ai, xi, bi)
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Proof. It may be noted that:∣∣∣∣∣∂n f (s1, ..., sn)
∆s1...∆sn

−
M1 + M2

2

∣∣∣∣∣ ≤ M2 −M1

2
. (8)

A combination of (5) and (8) yield:∣∣∣∣∣∣∣
∫ b1

a1

...

∫ bn

an

(
∂n f (s1, ..., sn)

∆s1...∆sn
−

M1 + M2

2
)

n∏
i=1

Pi,k(xi, si)∆si

∣∣∣∣∣∣∣ (9)

=

∣∣∣∣∣∣∣
∫ b1

a1

...

∫ bn

an

∂n f (s1, ..., sn)
∆s1...∆sn

n∏
i=1

Pi,k(xi, si)∆si −
M1 + M2

2

n∏
i=1

Hk+1(ai, xi, bi)

∣∣∣∣∣∣∣
≤

n∏
i=1

∫ b1

a1

...

∫ bn

an

|
∂n f (s1, ..., sn)

∆s1...∆sn
−

M1 + M2

2
||Pi,k(xi, si)|∆si

≤
M2 −M1

2

n∏
i=1

Hk+1(ai, xi, bi).

From (2) and (9) we get the desired result.

3. Applications

Corollary 3.1. (continuous case)
Let Ti = R, 1 ≤ i ≤ n, then in this case (4) reduces to∣∣∣∣∣∣∣∣ f (x1, ..., xn)L(n)

c −

n−1∑
r=1

∑
1≤m1<...<mr≤n

n∏
i=1

r∏
j=1

(−1)r+1(xi − ai)k
− (xi − bi)k

(xm j − am j )k − (xm j − bm j )k

×


∫ bm1

am1

...

∫ bmr

amr

f (x1, ..., xm1−1, sm1 , xm1+1, ..., smr , xmr+1..., xn)
r∏

j=1

Pc
m j,k−1(xm j , sm j )dsm j


+ (−1)n

∫ b1

a1

...

∫ bn

an

f (s1, ..., sn)
n∏

u=1

Pc
u,k−1(xu, su)dsu

∣∣∣∣∣∣∣
≤
M1

(k + 1)!

n∏
i=1

[
(xi − ai)k+1

− (xi − bi)k+1
]

Corollary 3.2. (discrete case)
Let Ti = Z, 1 ≤ i ≤ n, then in this case (4) reduces to∣∣∣∣∣∣∣∣ f (x1, ..., xn)L(n)

d −

n−1∑
r=1

∑
1≤m1<...<mr≤n

n∏
i=1

r∏
j=1

(−1)r+1(xi − ai)(k)
− (xi − bi)(k)

(xm j − am j )(k) − (xm j − bm j )(k)

×

bm1−1∑
sm1 =am1

...

bmr−1∑
smr =amr

f (x1, ..., xm1−1, sm1+1, xm1+1, ..., smr+1, xmr+1..., xn)
r∏

j=1

Pd
m j,k−1(xm j , sm j )sm j

+ (−1)n
b1−1∑
s1=a1

...
bn−1∑
sn=an

f (s1 + 1, ..., sn + 1)
n∏

u=1

Pd
u,k−1(xu, su)∆su

∣∣∣∣∣∣∣ ≤ M2

(k + 1)!

n∏
i=1

[(xi − ai)(k+1)
− (xi − bi)(k+1)],

where,
M2 is the maximum value of the absolute of the difference ∆n∆n−1...∆1 f over [a1, b1 − 1]Z × ... × [an, bn − 1]Z
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Corollary 3.3. (quantum case)
Let Ti = qN0

i , 1 ≤ i ≤ n, then in this case (4) reduces to∣∣∣∣∣∣∣∣ f (x1, ..., xn)L(n)
q −

n−1∑
r=1

∑
1≤m1<...<mr≤n

n∏
i=1

r∏
j=1

(−1)r+1[(xi − ai)k
qi
− (xi − bi)k

qi
]

(xm j − am j )
k
qmj
− (xm j − bm j )

k
qmj

×


r∏

l=1

r∏
p=1

aml (qml − 1)

log
(bmp /amp qmp )
qmp∑

smp =0

r∏
t=1

Pq
mt,k−1(xmt , smt )

r∏
i=1

q
smi
mi

× f (x1, ...xm1−1, am1 q
sm1 +1
m1

, xm1+1, ..., amr q
smr +1
mr

, xmr+1, ..., xn)
}

+ (−1)n
n∏

i=1

n∏
u=1

ai(qi − 1)
log(bu/auqu )

qu∑
su=0

n∏
v=1

qsv
v f (a1qs1+1

1 , ..., anqsn+1
n )

∣∣∣∣∣∣∣∣∣
≤M3

n∏
i=1

(xi − ai)k+1
qi
− (xi − bi)k+1

qi

[k + 1]!
,

where,
M3 is the maximum value of the absolute value of qn...q1-difference Dqn...q1 f (x1, ..., xn) over [a1, b1/q1]T1×[a2, b2/q2]T2×

... × [an, bn/qn]Tn .
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[7] Wenjun Liu, Quôc Anh Ngô, Wenbing chen, Ostrowski type inequalities on time scales for double integrals, Acta Appl. Math.,

110(2010), 477-497.
[8] Wenjun Liu, Adnan Tuna and Yong Jiang, On weighted Ostrowski type, trapezoid type, Grüss type and Ostrowski-Grüss like

inequalities on time scales, Applicable Analysis, 93(3)(2014), 551-571.
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