
Filomat 29:9 (2015), 1941–1951
DOI 10.2298/FIL1509941S

Published by Faculty of Sciences and Mathematics,
University of Niš, Serbia
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Some Relations in Non-Symmetric Affine Connection Spaces with
Regard to a Special almost Geodesic Mappings of the Third Type

Mića S. Stankovića, Nenad O. Vesića

aFaculty of Science and Mathematics Niš

Abstract. We investigate two kinds of special almost geodesic mappings of the third type in this paper.
We also find some relations for curvature tensors of almost geodesic mappings of the third type.

1. Introduction

A lot of research papers and monographs [1]-[30] are dedicated to the theory of geodesic mappings
of Riemannian spaces, affine connected ones and their generalizations. Sinyukov [22] and Mikeš [1], [2]
[12], [13], [29] gave some other significant contributions to the study of almost geodesic mappings of affine
connected spaces.

Let GAN be an N-dimensional space with an affine connection L given with the aid of components Li
jk

in each local map V on a differentiable manifold. Generally, it is Li
jk , Li

k j.
Generalizing conception of a geodesic mappings for Riemannian and affine connected spaces, Sinyukov

introduced [22] the following notations:
A curve l : xh = xh(t) is an almost geodesic line if its tangential vector λh(t) = dxh/dt , 0 satisfies the

equations

λ
h
(2) = a(t)λh + b(t)λ

h
(1), λ

h
(1) = λh

||αλ
α , λ

h
(2) = λ

h
(1)||αλ

α ,

where a(t) and b(t) are functions of a parameter t, and || denotes the covariant derivative with respect to the
connection in AN.

A mapping f of an affine connected space AN onto a space AN is an almost geodesic mapping if it any
geodesic line of the space AN turns into an almost geodesic line of the space AN.

Sinyukov [22] singled out the three types, π1, π2, π3, of almost geodesic mappings for spaces without
torsion. We investigate mappings of the type π3 for spaces with torsion in the present article. In the case of
a differentiable manifold with non-symmetric affine connection Li

jk, there exist two kinds of the covariant

derivative of a vector λh defined as follows:

λh
|
1
m = λh

,m + Lh
pmλ

p, λh
|
2
m = λh

,m + Lh
mpλ

p.
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For this reason, in the case of a space with non-symmetric affine connection we can define two kinds of
almost geodesic lines on this space and we can also define two kinds of almost geodesic mappings between
two spaces.

There are five linearly independent curvature tensors into space GAN [16]. We are specially interested
in the following ones [30] in this paper:

K
1

h
ijk =Lh

ij,k − Lh
ik, j + Lαi jL

h
αk − LαikLh

α j;

K
2

h
ijk =

1
2

(
Lh

ij,k − Lh
ik, j + Lh

ji,k − Lh
ki, j + Lαi jL

h
αk − LαikLi

jα − LαkiL
h
α j

)
;

K
3

h
ijk =Lh

ij,k − Lh
ki, j + Lαi jL

i
kα − LαkiL

i
α j + 2LαkjL

h
αi
∨

;

K
4

h
ijk =

1
2

(
Lh

ij,k − Lh
ik, j + Lh

ji,k − Lh
ki, j + LαjiL

h
αk + Lαi jL

h
kα − LαikLh

α j − LαkiL
h
jα

)
;

K
5

h
ijk =

1
2

(
Lh

ij,k − Lh
ik, j + Lh

ji,k − Lh
ki, j + Lαi jL

h
kα − LαkiL

h
jα + LαjiL

h
αk − LαkiL

h
α j + Lαkj

∨

Lh
αi
∨

)
,

(1.1)

where ′′,′′ denotes prime derivative of a magnitude (affine connection coefficients in our case).
Curvature tensors (1.1) may be expressed in the form

K
1

h
ijk = Rh

ijk + Lh
ij
∨

;k − Lh
ik
∨

; j + Lαi j
∨

Lh
αk
∨

− Lαik
∨

Lh
α j
∨

;

K
2

h
ijk = Rh

ijk − Lαi j
∨

Lh
αk
∨

+ Lαik
∨

Lh
α j
∨

;

K
3

h
ijk = Rh

ijk + Lh
ij
∨

;k + Lh
ik
∨

; j − Lαi j
∨

Lh
αk
∨

+ Lαik
∨

Lh
α j
∨

− 2Lαjk
∨

Lh
αi
∨

;

K
4

h
ijk = Rh

ijk − Lαi j
∨

Lh
αk
∨

− Lαik
∨

Lh
α j
∨

;

K
5

h
ijk = Rh

ijk −
1
2

Lαjk
∨

Lh
αi
∨

.

(1.2)

where

Rh
ijk = Lh

ij,k − Lh
ik, j + Lαi jL

h
αk − LαikLh

α j (1.3)

is Riemannnian-Christofel curvature tensor and ”;” denotes the covariant derivative of a magnitude with
respect to the affine connection of the associated spaceAN of the space GAN.

2. Almost geodesic mappings of non-symmetric affine connected spaces

One can define four kinds of a covariant derivative [14], [15] in the space GAN with non-symmetric
affine connection Li

jk. These four kinds of covariant derivative become two ones in the case of a vector λh.

Signify by |
θ
, ||
θ

a covariant derivative of the kind θ (θ = 1, 2) in GAN and GAN respectively. For example,

for a tensor ai
j in GAN we have

ai
j |
1
m = ai

j,m + Li
αmaαj − Lαjmai

α and ai
j |
2
m = ai

j,m + Li
mαaαj − Lαmja

i
α.

A curve ` = `(t) is the first kind almost geodesic line if its tangential vector λh(t) = dxh/dt , 0 satisfies
the equations



M. S. Stanković, N. O. Vesić / Filomat 29:9 (2015), 1941–1951 1943

λ
1

h
(2) = a

1
(t)λh + b

1
(t)λ

1

h
(1), λ

1

h
(1) = λh

||
1
αλ

α , λ
1

h
(2) = λ

1

h
(1)||

1
αλ

α , (2.1)

where a
1
(t) and b

1
(t) are functions of a parameter t. This curve is the second kind almost geodesic line if its

tangential vector λh(t) = dxh/dt , 0 satisfies the equations

λ
2

h
(2) = a

2
(t)λh + b

2
(t)λ

2

h
(1), λ

2

h
(1) = λh

||
2
αλ

α , λ
2

h
(2) = λ

2

h
(1)||

2
αλ

α , (2.2)

where a
2
(t) and b

2
(t) are functions of a parameter t.

A mapping f of the space GAN onto a space with non-symmetric affine connection GAN is the first kind
almost geodesic mapping if any geodesic line of the space GAN turns into the first kind almost geodesic
line of the space GAN. This mapping is the second kind almost geodesic mapping if any geodesic line of
the space GAN turns into the second kind almost geodesic line of the space GAN.

We put

Ph
ij = L

h
ij(x) − Lh

ij(x) , (2.3)

where Lh
ij(x) and L

h
ij(x) are connection coefficients of the space GAN and GAN, (N > 2). Magnitude Ph

ij is
deformation tensor. The following theorems are satisfied [24]–[27]:

Theorem 2.1. A mapping f of the space GAN onto GAN is an almost geodesic mapping of the first kind if and only
if the deformation tensor Ph

ij satisfies the conditions

(Ph
αβ |

1
γ + Ph

δαPδβγ)λα λβ λγ = b
1
Ph
αβλ

α λβ + a
1
λh (2.4)

identically, where a
1

and b
1

are invariants.

Analogously it is satisfied the next one:

Theorem 2.2. A mapping f of the space GAN onto GAN is an almost geodesic mapping of the second kind if and
only if the deformation tensor Ph

ij satisfies the conditions

(Ph
αβ |

2
γ + Ph

αδP
δ
βγ)λα λβ λγ = b

2
Ph
αβλ

α λβ + a
2
λh (2.5)

identically, where a
1

and b
1

are invariant.

Almost geodesic mappings of the space AN without torsion are investigated by Sinyukov in [22].
The third type almost geodesic mappings of the first kind is determined by a condition for the function b

1
(x; λ)

from the equation (2.4):

b
1

=
b
1
αβγλα λβ λγ

σεδλε λδ
, (2.6)

where σεδλε λδ , 0. Then, deformation tensor Ph
ij satisfies the following equation [25]

Ph
ij(x) = ψi δ

h
j + ψ j δ

h
i + σi j(x)ϕh(x) + ξh

ij(x) . (2.7)
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Magnitude ξh
ij in the equation (2.7) is an anti-symmetric tensor of the type

(1
2
)
. From (2.7) and (2.4) we have

(ϕh
|
1
γ + ξh

εγϕ
ε)λγ = (νγϕh + µδh

γ )λγ , (2.8)

wherefrom

ϕh
|
1
m + ξh

εmϕ
ε = νmϕ

h + µδh
m . (2.9)

In the equation (2.9), magnitude νm is a covariant vector, magnitude µ is an invariant one and magnitude
ξh

ij is an anti-symmetric tensor.
The equations (2.7) and (2.9) characterize the third type almost geodesic mapping of the first kind. We

denote that mapping as π
1

3.

Almost geodesic mapping of the second kind of a spaceGAN into a spaceGAN is the third kind π
2

3 if the

function b
2
(x; λ) in (2.5) has the form

b
2

=
b
2
αβγλα λβ λγ

σεδλε λδ
, (2.10)

where is σεδλε λδ , 0. Deformation tensor Ph
ij has the form (2.5) in this case. Analogously as in the case of

π
1

3, we obtain it holds

ϕh
|
2
m + ξh

mεϕ
ε = νmϕ

h + µδh
m . (2.11)

In this case, as in the previous one, a magnitude νm is a covariant vector, magnitude µ is an invariant one
and magnitude ξh

ij is an antisymmetric tensor.
The equations (2.7) and (2.11) characterize the third type almost geodesic mapping of the first kind.

That mapping we denote as π
1

3.

Let a mapping π
1

3 : GAN → GAN has the property of reciprocity, i.e. let its inverse mapping be a mapping

of the type π̃
1

3 type also. Then, it is satisfied

ϕh
||
1
m − ξ

h
αmϕ

α = ν̃mϕ
h + µ̃δh

m , (2.12)

where ν̃m is a vector and µ̃ is an invariant.
From this equation (see [25]) it follows the condition

ξh
αmϕ

α = θmϕ
h + ρδh

m , (2.13)

where
θm = νm − ν̃m + σαmϕ

α + ψm, ρ = µ − µ̃ + ψαϕ
α.

Magnitude ρ in this equation is an invariant, and magnitude θm is a vector.
Suppose the conditions (2.13) are satisfied identically with respect to ϕh. Then, there exists a special

class of almost geodesic mappings of the type π̃
1

3. Basic equations which characterize mappings from this

class [25] has the form

L
h
ij = Lh

ij + ψiδ
h
j + ψ jδ

h
i + σi jϕ

h + θ jδ
h
i − θiδ

h
j , (2.14)

ϕh
|
1
m = ηmϕ

h + ρδi
m , (2.15)
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where magnitudes θi, ηi are vectors and magnitude ρ is an invariant.
Basic equations which characterize almost geodesic mappings of the type π̃

2
3 are

L
h
ij = Lh

ij + ψiδ
h
j + ψ jδ

h
i + σi jϕ

h + θ jδ
h
i − θiδ

h
j , (2.16)

ϕh
|
2
m = ηmϕ

h + ρδi
m , (2.17)

where θi, ηi are vectors and ρ is an invariant.

3. Curvature tensors and π̃3-mappings

Our purpose is discovering change formulas of curvature tensors under the almost geodesic mappings
of the types π̃

1
3 and π̃

2
3. Let prove the following propositions at the start.

Proposition 3.1. Covariant derivativeϕh
;k of a vectorϕh from the spaceGAN based on the connection of the associated

spaceAN, in the case of ϕh
|
1
k is

ϕh
;k = ρδh

k + ηkϕ
h
− Lh

αk
∨

ϕα. (3.1)

Covariant derivative ϕh
;k of a vector ϕh from the space GAN based on the connection of the associated space AN,

in the case of ϕh
|
2
k is

ϕh
;k = ρδh

k + ηkϕ
h + Lh

αk
∨

ϕα. (3.2)

Magnitudes ρ, ηi and ϕi in the equations (3.1), (3.2) are an invariant, a covariant vector and a contravariant one,
respectively.

Proof. Validity of this proposition holds directly from the equations (2.15), (2.16) and the definition of the
covariant derivatives of the first and the second kind. �

Proposition 3.2. Let f : GAN → GAN be an almost geodesic mapping of the third type between spaces GAN and

GAN. Affine connection coefficients Lh
ij and L

h
ij of these spaces satisfy the equation

L
h
ij;k = Lh

ij;k + σi j;kϕ
h + σi jηkϕ

h
− σi jLh

αk
∨

ϕα + ψi;kδ
h
j + ψ j;kδ

h
i + σi jρδ

h
k + θ j;kδ

h
i − θi;kδ

h
j . (3.3)

Proof. Covariant derivative of the equation (2.14) by xk with respect to the spaceAN returns

L
h
ij;k = Lh

ij;k + ψi;kδ
h
j + ψ j;kδ

h
i + σi j;kϕ

h + σi jϕ
h
;k + θ j;kδ

h
i − θi;kδ

h
j .

If we interchange the result (3.1) in this equation, we obtain

L
h
ij;k = Lh

ij;k + ψi;kδ
h
j + ψ j;kδ

h
i + σi j;kϕ

h + σi jρδ
h
k + σi jηkϕ

h
− σi jLh

αk
∨

ϕα + θ j;kδ
h
i − θi;kδ

h
j ,

which proves this proposition. �
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Proposition 3.3. Let f : GAN → GAN be an almost geodesic mapping of the third type. Affine connection

coefficients Lh
ij and L

h
ij of these spaces satisfy the equation

L
α

i j
∨

L
h
αk
∨

= Lαi j
∨

Lh
αk
∨

+ Lh
ij
∨

θk + Lh
ik
∨

θ j + θ jθkδ
h
i − Lh

jk
∨

θi − Lαi j
∨

θαδ
h
k − θiθkδ

h
j . (3.4)

Proof. From the equation (2.14) we get

L
h
ij
∨

= Lh
ij
∨

+ θ jδ
h
i − θiδ

h
j .

Based on the this result, we obtain

L
α

i j
∨

L
h
αk
∨

=Lαi j
∨

Lh
αk
∨

+ Lαi j
∨

θkδ
h
α − Lαi j

∨

θαδ
h
k + Lh

αk
∨

θ jδ
α
i + θ jθkδ

h
i − θ jθαδ

α
i δ

h
k − Lh

αk
∨

θiδ
α
j − θiθkδ

h
j + θiθαδ

α
j δ

h
k

=Lαi j
∨

Lh
αk
∨

+ Lh
ij
∨

θk − Lαi j
∨

θαδ
h
k + Lh

ik
∨

θ j + θ jθkδ
h
i − θ jθiδ

h
k − Lh

jk
∨

θi − θiθkδ
h
j + θiθ jδ

h
k

which, after ordering of this equation, proves the proposition. �

The following lemma is useful in our research presented below.

Lemma 3.4. Let f : GAN → GAN be an almost geodesic mapping of the type π̃
1

3. Riemann-Christoffel curvature

tensor defined with respect to the connection coefficients Lh
ij = 1

2

(
Lh

ij + Lh
ji

)
Rh

ijk = Lh
ij,k − Lh

ik, j + Lαi jL
h
αk − LαikLh

α j (3.5)

of the associated spaceAN and the corresponding one R
h
ijk of the spaceAN satisfy the equation

R
h
ijk = Rh

ijk +
(
ψi; j − ψiψ j − σi j(ρ + ϕαψα)

)
δh

k −
(
ψi;k − ψiψk − σik(ρ + ϕαψα)

)
δh

j +
(
ψ j;k − ψk; j

)
δh

i

+
(
σi j;k − σik; j + ηkσi j − η jσik + σi jσkpϕ

p
− σikσ jpϕ

p
)
ϕh
− σi jLh

pk
∨

ϕp + σikLh
pj
∨

ϕp.
(3.6)

Proof. With respect to the equation (2.14) we have it holds

L
h
ij = Lh

ij + ψiδ
h
j + ψ jδ

h
i + σi jϕ

h

and

L
h
ij,k = Lh

ij,k + ψi,kδ
h
j + ψi, jδ

h
k + σi j,kϕ

h + σi jϕ
h
,k,

which causes the equation

L
h
ij,k − L

h
ik, j = Lh

ij,k − Lh
ik, j + ψi,kδ

h
j − ψi, jδ

h
k + (ψ j,k − ψk, j)δh

i + (σi j,k − σik, j)ϕh + σi jϕ
h
,k − σikϕ

h
, j.
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which proves this lemma. �
If we denote expressions in brackets from the equation (3.6) as

ψi j = ψi; j − ψiψ j − σi j(ρ + ϕαψα)
σi jk = σi j;k − σik; j + σi jηk − σikη j + σi jσkαϕ

α
− σikσ jαϕ

α,
(3.7)

this equation becomes

R
h
ijk = Rh

ijk + ψi jδ
h
k − ψikδ

h
j − ψ[ jk]δ

h
i − σi jkϕ

h
− σi jLh

αk
∨

ϕα + σikLh
α j
∨

ϕα. (3.8)

Theorem 3.5. Let f : GAN → GAN be an almost geodesic mapping of the type π̃
1

3. Curvature tensors K
1

h
ijk and K

1
h
ijk

satisfy the equation

K
1

h
ijk = K

1

h
ijk + ψ

1
i jδ

h
k − ψ

1
ikδ

h
j + ψ

1
[ jk]δ

h
i + σi jkϕ

h
− σi jLh

αk
∨

ϕα + σikLh
α j
∨

ϕα − Lαi j
∨

θαδ
h
k + Lαik

∨

θαδ
h
j − 2Lh

jk
∨

θi, (3.9)

where

ψ
1

i j = ψi j + θi; j + θiθ j, (3.10)

and ψik and σi jk are given by (3.7).

Proof. Firstly, based on the equation (3.3), we obtain it holds

L
h
ij
∨

;k − L
h
ik
∨

; j = Lh
ij
∨

;k − Lh
ik
∨

; j +
(
θ j;k − θk; j

)
δh

i − θi;kδ
h
j + θi; jδ

h
k .

Based on Proposition 3.3, we get

L
α

i j
∨

L
h
αk
∨

− L
α

ik
∨

L
h
α j
∨

= Lαi j
∨

Lh
αk
∨

− Lαik
∨

Lh
α j
∨

+
(
Lαik
∨

θα − θiθk

)
δh

j −

(
Lαi j
∨

θα − θiθ j

)
δh

k − 2Lh
jk
∨

θi. (3.11)

The first of the equations in (1.2) is

K
1

h
ijk = Rh

ijk + Lh
ij
∨

;k − Lh
ik
∨

; j + Lαi j
∨

Lh
αk
∨

− Lαik
∨

Lh
α j
∨

.

Based on it, after the involving of results obtained in this proof and result presented in Lemma 2.1, we
prove this theorem is valid. �

Theorem 3.6. Let f : GAN → GAN be an almost geodesic mapping of the type π̃
1

3. Curvature tensors K
2

h
ijk and K

2
h
ijk

satisfy the equation

K
2

h
ijk = K

2
h
ijk + ψ

2
i jδ

h
k − ψ

2
ikδ

h
j + ψ

2
[ jk]δ

h
i + σi jkϕ

h
− σi jLh

αk
∨

ϕα + σikLh
α j
∨

ϕα + Lαi j
∨

θαδ
h
k − Lαik

∨

θαδ
h
j + 2Lh

jk
∨

θi, (3.12)

where

ψ
2

i j = ψi j − θiθ j (3.13)

and ψik and σi jk are given by (3.7).
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Proof. Based on the second of the equations (1.2) which is

K
2

h
ijk = Rh

ijk − Lαi j
∨

Lh
αk
∨

+ Lαik
∨

Lh
α j
∨

,

the equation (3.1) and the result (3.11) we obtain it holds

K
2

h
ijk = K

2
h
ijk +

(
ψi; j − ψiψ j − σi j(ρ + ϕαψα) + Lαi j

∨

θα − θiθ j

)
δh

k

−

(
ψi;k − ψiψk − σik(ρ + ϕαψα) + Lαik

∨

θα − θiθk

)
δh

j

+
(
ψ j;k − ψk; j

)
δh

i +
(
σi j;k − σik; j + ηkσi j − η jσik + σi jσkαϕ

α
− σikσ jαϕ

α
)
ϕh

− σi jLh
αk
∨

ϕα + σikLh
α j
∨

ϕα + 2Lh
jk
∨

θi,

which proves this theorem. �

Theorem 3.7. Let f : GAN → GAN be an almost geodesic mapping of the type π3. Curvature tensors K
3

h
ijk and K

3
h
ijk

satisfy the equation

K
3

h
ijk = K

3
h
ijk + ψ

3
i jδ

h
k − ψ

3
ikδ

h
j + ψ

3
[ jk]δ

h
i + σi jkϕ

h
− σi jLh

αk
∨

ϕα + σikLh
α j
∨

ϕα

− 2θi; jδ
h
k + 2Lαjk

∨

θαδ
h
i − 2Lh

ik
∨

θ j + 2Lh
ij
∨

θk
(3.14)

where

ψ
3

i j = ψi j + θi; j + θiθ j, (3.15)

and ψik and σi jk are given by (3.7).

Proof. As we can conclude from the second and the third equation in (1.2), it holds

K
3

h
ijk = K

2
h
ijk + Lh

ij
∨

;k + Lh
ik
∨

; j − 2Lαjk
∨

Lh
αi
∨

.

Based on the equation (3.4), we conclude it holds

L
α

jk
∨

L
h
αi
∨

= Lαjk
∨

Lh
αi
∨

− θiθ jδ
h
k + θiθkδ

h
j − Lαjk

∨

θαδ
h
i + Lh

jk
∨

θi − Lh
ij
∨

θk + Lh
ik
∨

θ j. (3.16)

It also holds

L
h
ij
∨

;k + L
h
ik
∨

; j = Lh
ij
∨

;k + Lh
ik
∨

; j +
(
θ j;k + θk; j

)
δh

i − θi;kδ
h
j − θi; jδ

h
k ,

which combined with K
2

h
ijk and the equation (3.16) proves this theorem. �
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Theorem 3.8. Let f : GAN → GAN be an almost geodesic mapping of the type π3. Curvature tensors K
4

h
ijk and K

4
h
ijk

satisfy the equation

K
4

h
ijk = K

4

h
ijk + ψ

4
i jδ

h
k − ψ

4
ikδ

h
j + ψ

4
[ jk]δ

h
i

+ σi jkϕ
h
− σi jLh

αk
∨

ϕα + σikLh
α j
∨

ϕα + Lαi j
∨

θαδ
h
k + 2

(
Lαik
∨

θα + θiθk

)
δh

j − 2θ jθkδ
h
i − 2Lh

ij
∨

θk − 2Lh
ik
∨

θ j,
(3.17)

where

ψ
4

i j = ψi j + θiθ j, (3.18)

and ψi j and σi jk given by (3.7).

Proof. After the symmetrization without division of the equation (3.4) by indices j and k, we obtain

L
α

i j
∨

L
h
αk
∨

+ L
α

ik
∨

L
h
α j
∨

= Lαi j
∨

Lh
αk
∨

+ Lαik
∨

Lh
α j
∨

−

(
Lαik
∨

θα + θiθk

)
δh

j −

(
Lαi j
∨

θα + θiθ j

)
δh

k + 2θ jθkδ
h
i + 2Lh

ij
∨

θk + 2Lh
ik
∨

θ j.

Based on the equation

K
4

h
ijk = Rh

ijk − Lαi j
∨

Lh
αk
∨

− Lαik
∨

Lh
α j
∨

(the forth one in the equation 1.2) and the last obtained one we conclude the equation (3.17) is valid. �
After involving of (3.16) in the fifth equation in (1.2) we have the next theorem:

Theorem 3.9. Let f : GAN → GAN be an almost geodesic mapping of the type π3. Curvature tensors K
5

h
ijk and K

5
h
ijk

satisfy the equation

K
5

h
ijk = K

5
h
ijk + ψ

5
i jδ

h
k − ψ

5
ikδ

h
j + ψ

5
[ jk]δ

h
i + σi jkϕ

h
− σi jLh

αk
∨

ϕα + σikLh
α j
∨

ϕα

+
1
2

Lαjk
∨

θαδ
h
i −

1
2

Lh
jk
∨

θi +
1
2

Lh
ij
∨

θk −
1
2

Lh
ik
∨

θ j,
(3.19)

where

ψ
5

i j = ψi j +
1
2
θiθ j, (3.20)

and ψi j and σi jk given by (3.7).

Proof. The validity of this theorem holds directly from the equation (1.2), the fifth one which is

K
5

h
ijk = Rh

ijk −
1
2

Lαjk
∨

Lh
αi
∨

,

and the equation (3.16). �
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Based on the equation (3.2), we obtain Riemann-Christofel curvature tensor Rh
ijk of the associated space

AN of a space GAN after application of an almost geodesic mapping π̃
2

3 satisfies the equation

R
h
ijk = Rh

ijk +
(
ψi; j − ψiψ j − σi j(ρ + ϕαψα)

)
δh

k −
(
ψi;k − ψiψk − σik(ρ + ϕαψα)

)
δh

j +
(
ψ j;k − ψk; j

)
δh

i

+
(
σi j;k − σik; j + ηkσi j − η jσik + σi jσkαϕ

α
− σikσ jαϕ

α
)
ϕh + σi jLh

αk
∨

ϕα − σikLh
α j
∨

ϕα.
(3.21)

As result of the equation (3.21), we obtain it holds

K
1

h
ijk = K

1

h
ijk + ψ

1
i jδ

h
k − ψ

1
ikδ

h
j + ψ

1
[ jk]δ

h
i + σi jkϕ

h + σi jLh
αk
∨

ϕα − σikLh
α j
∨

ϕα − Lαi j
∨

θαδ
h
k + Lαik

∨

θαδ
h
j − 2Lh

jk
∨

θi, (3.22)

K
2

h
ijk = K

2
h
ijk + ψ

2
i jδ

h
k − ψ

2
ikδ

h
j + ψ

2
[ jk]δ

h
i + σi jkϕ

h + σi jLh
αk
∨

ϕα − σikLh
α j
∨

ϕα + Lαi j
∨

θαδ
h
k − Lαik

∨

θαδ
h
j + 2Lh

jk
∨

θi, (3.23)

K
3

h
ijk = K

3
h
ijk + ψ

3
i jδ

h
k

− ψ
3

ikδ
h
j + ψ

3
[ jk]δ

h
i + σi jkϕ

h + σi jLh
αk
∨

ϕα − σikLh
α j
∨

ϕα − 2θi; jδ
h
k + 2Lαjk

∨

θαδ
h
i − 2Lh

ik
∨

θ j + 2Lh
ij
∨

θk
(3.24)

K
4

h
ijk = K

4

h
ijk + ψ

4
i jδ

h
k − ψ

4
ikδ

h
j + ψ

4
[ jk]δ

h
i

+ σi jkϕ
h + σi jLh

αk
∨

ϕα − σikLh
α j
∨

ϕα + Lαi j
∨

θαδ
h
k + 2

(
Lαik
∨

θα + θiθk

)
δh

j − 2θ jθkδ
h
i − 2Lh

ij
∨

θk − 2Lh
ik
∨

θ j,
(3.25)

K
5

h
ijk = K

5
h
ijk + ψ

5
i jδ

h
k

− ψ
5

ikδ
h
j + ψ

5
[ jk]δ

h
i + σi jkϕ

h + σi jLh
αk
∨

ϕα − σikLh
α j
∨

ϕα +
1
2

Lαjk
∨

θα −
1
2

Lh
jk
∨

θi +
1
2

Lh
ij
∨

θk −
1
2

Lh
ik
∨

θ j,
(3.26)

for ψ
r

i j, ψi j, σi jk defined as above.
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