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Global Well-Posedness for a Viscosity Problem of
the Compressible Heisenberg Chain Equations
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aSchool of Mathematics and Computational Science, Wuyi University, Jiangmen 529020, P.R. China

Abstract. In this paper, we are concerned with the existence and uniqueness of global smooth solutions to
a viscosity problem for the compressible Heisenberg chain equations in one dimension. Furthermore, we
prove the global existence of weak solutions when the parameter A tends to zero by compactness method.

1. Introduction

In this paper, we are concerned with the existence and uniqueness of global smooth solutions to the
following periodic boundary value problem:

~Zt = −ε~Z ×
(
~Z ×

(
G

(
~Zx

)
~Zx

)
x

)
+ ~Z ×

(
G

(
~Zx

)
~Zx

)
x
, x ∈ R, t ∈ R+, (1)

~Z(x, 0) = ~Z0(x), ~Z(x + D, t) = ~Z(x −D, t), |~Z0(x)| ≡ 1, x ∈ R, (2)

where G(ξ) = A + B|ξ|2 and ε,A,B,D > 0 are generic constants. If ε = 0, the above system is reduced
to the compressible Heisenberg chain equations (see [5]). Ding, Guo and Su [2] proved the existence of
measure-valued solutions to the compressible Heisenberg chain equations. If B = 0, the system is reduced
to the Landau-Lifshitz equations, one can refer to [3, 4, 6, 9] and their references for related topics.

There is a fact we will use in this paper: (1) is equivalent to the following form in the classical sense:

~Zt = εG
(
~Zx

)
|~Zx|

2~Z + ε
(
G

(
~Zx

)
~Zx

)
x

+ ~Z ×
(
G

(
~Zx

)
~Zx

)
x
. (3)

Note that if A = 0, (3) is in fact the one-dimensional heat flow of p-harmonic map with values into sphere
and p = 4 by neglecting the last term ~Z× (G(~Zx)~Zx)x on the right hand side of (3), one can refer to [1] for the
global existence of weak solutions to p-harmonic maps in multi-dimensions. The readers can also refer to
[7] for related topics.

We first establish the existence of local smooth solution to problem (1)-(2) by difference-differential
method, and then give a priori estimates for such solutions to obtain the global existence of regular solutions
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for fixed ε = 1, positive A and B. Furthermore, observing that some basic energy estimates independent of
A, we prove the global existence of weak solutions provided that A = 0. Let Ω = [−D,D]. Now we state
the main results as follows.

Theorem 1.1. Let ~Z0(x) ∈ Hk(Ω), k ≥ 2. Then for any given T > 0, problem (1)-(2) admits a unique global regular
solution ~Z(x, t):

~Z(x, t) ∈ F (T) =
( [ k

2 ]⋂
s=0

Ws,∞(0,T; Hk−2s(Ω))
)⋂( [ k+1

2 ]⋂
s=0

Hs(0,T; Hk+1−2s(Ω))
)
.

Theorem 1.2. Let ~Z0(x) ∈ W1,4(Ω) and A = 0. Then for any given T > 0, problem (1)-(2) admits a global weak
solution ~Z(x, t) such that

~Z(x, t) ∈ L∞
(
0,T; W1,4(Ω)

)
, ~Zt(x, t) ∈ L2

(
0,T; L2(Ω)

)
,

and (1) holds in the sense of distribution.

2. Local Smooth Solution

We need the following well known lemmas.

Lemma 2.1. ([8]) Let p be real number and j,m be integers such that 2 ≤ p ≤ ∞, 0 ≤ j < m. Then

‖δ juh‖p ≤ C‖uh‖
1−α
2

(
‖δmuh‖2 +

‖uh‖2

(2D)m

)α
,

where uh = { u j = u(x j) | j = 0,±1,±2, . . . ,±J }, x j = jh, h = 2D/J, α = 1
m ( j + 1

2 −
1
p ), C is a constant which is

independent of uh and h, and

‖δkuh‖p =

 J−k∑
i=0

∣∣∣∣∣∣∆k
+ui

hk

∣∣∣∣∣∣p h


1
p

, ‖δkuh‖∞ = max
0≤ j≤J−k

∣∣∣∣∣∣∆k
+u j

hk

∣∣∣∣∣∣ .
Lemma 2.2. ([8]) Let uh = { u j = u(x j) | j = 0,±1,±2, . . . ,±J, · · · }, vh = { u j = v(x j) | j = 0,±1,±2, . . . ,±J, · · · },
and u j+J = u j, v j+J = v j, we have

(i).
J∑

j=1

u j∆−v j = −

J−1∑
j=0

v j∆+u j,

(ii).
J∑

j=1

u j∆+∆−v j = −

J−1∑
j=0

∆+u j∆+v j,

(iii). ∆+(u jv j) = u j+1∆+v j + v j∆+u j, ∆−(u jv j) = u j−1∆−v j + v j∆−u j,

where ∆+, ∆− denote the forward and backward difference respectively.

To get the existence of local smooth solution of (1)-(2), we apply the differential-difference method. Our
aim is to construct the local solution (in time t) of (1)-(2) as limits of sequence {~Zh}when h tends to zero. We
only consider the case ε = 1. Firstly, we establish the following difference-differential system:

d~Z j

dt
= −~Z j ×

~Z j ×

∆−

(
G

(
∆+
~Z j

h

)
∆+
~Z j

h

)
h

 + ~Z j ×

∆−

(
G

(
∆+
~Z j

h

)
∆+
~Z j

h

)
h

, (4)
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~Z j|t=0 = ~Z0 j = ~Z0( jh), (5)
~Z j+J = ~Z j, (6)

where j = 0,±1,±2, . . . ,±J, · · · , h = 2D
J , ~Z j = ~Z( jh, t), J > 0.

It is clear that the initial value problem for ordinary differential equations (4)-(6) admits a local smooth
solution. For such solution, we shall give some estimates uniformly in h and then get a local smooth solution
to problem (1)-(2). In this section we always denote a smooth solution of (4)-(6) by ~Z j, j = 0,±1,±2, · · · .

Lemma 2.3. If ~Z0(x) ∈W1,4(Ω), then ~Z j(t) ∈ S2 for all t and there are uniform constants T0 > 0,C > 0 independent
of h such that

sup
0≤t≤T0

(‖δ~Zh(t)‖2 + ‖δ~Zh(t)‖4) ≤ C. (7)

Proof. Firstly, multiplying (4) by ~Z j, we obtain ~Z j · ~Z jt = 0, j ∈ Z. Then we have

|~Z j(t)| = |~Z0 j| ≡ 1, j ∈ Z. (8)

Secondly, it follows from (4) that

d∆+
~Z j

dt
= −∆+

~Z j ×

~Z j ×

∆−

(
G

(
∆+
~Z j

h

)
∆+
~Z j

h

)
h


 + ∆+

~Z j ×

∆−

(
G

(
∆+
~Z j

h

)
∆+
~Z j

h

)
h

 . (9)

It yields from multiplying (9) by G
(

∆+
~Z j

h

)
∆+
~Z j

h and then summing over j from 0 to J − 1 that

J−1∑
j=0

G

∆+
~Z j

h

 ∆+
~Z j

h
·

d∆+
~Z j

dt
= −

J∑
j=1

∣∣∣∣∣∣∣∣∣∣~Z j ×

∆−

(
G

(
∆+
~Z j

h

)
∆+
~Z j

h

)
h

∣∣∣∣∣∣∣∣∣∣
2

. (10)

Therefore, we get

A
2

d
dt
‖δ~Zh‖

2
2 +

B
4

d
dt
‖δ~Zh‖

4
4 +

J∑
j=1

∣∣∣∣∣∣∣∣∣∣~Z j ×

∆−

(
G

(
∆+
~Z j

h

)
∆+
~Z j

h

)
h

∣∣∣∣∣∣∣∣∣∣
2

= 0. (11)

Then we have

‖δ~Zh(t)‖2 + ‖δ~Zh(t)‖4 +

∫ t

0

J∑
j=1

∣∣∣∣∣∣∣∣∣∣~Z j ×

∆−

(
G

(
∆+
~Z j

h

)
∆+
~Z j

h

)
h

∣∣∣∣∣∣∣∣∣∣
2

dt ≤ C(‖~Z0(x)‖W1,4 ). (12)

Now we turn to get higher order estimates. Firstly, by noticing ~Z j(t) ∈ S2, we have from (4) that

d~Z j

dt
=

∆−

(
G

(
∆+
~Z j

h

)
∆+
~Z j

h

)
h

−

~Z j ·

∆−

(
G

(
∆+
~Z j

h

)
∆+
~Z j

h

)
h

 ~Z j + ~Z j ×

∆−

(
G

(
∆+
~Z j

h

)
∆+
~Z j

h

)
h

. (13)

Then we get the following lemma.
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Lemma 2.4. If ~Z0(x) ∈ H2(Ω), then there are uniform constants T0 > 0,C > 0 independent of h such that

sup
0≤t≤T0

(
‖~Zht(t)‖2 + ‖δ2~Zh(t)‖2 + ‖δ~Zh(t)‖∞

)
+

∫ T0

0

(
‖δ3~Zh(t)‖22 + ‖δ~Zht(t)‖22

)
dt ≤ C. (14)

Proof. Taking the forward difference ∆+ of (13), multiplying the resulting equations by ∆2
+∆−~Z j

h3 , and then
summing over j from 1 to J, we have

−
1
2

d
dt

J−1∑
j=0

∣∣∣∣∣∣∣∆
2
+
~Z j

h2

∣∣∣∣∣∣∣
2

h =

J∑
j=1

∆+∆−

(
G

(
∆+
~Z j

h

)
∆+
~Z j

h

)
h

·
∆2

+∆−~Z j

h3

−

J∑
j=1

∆+


~Z j ·

∆−

(
G

(
∆+
~Z j

h

)
∆+
~Z j

h

)
h

 ~Z j

 · ∆
2
+∆−~Z j

h3

+

J∑
j=1

∆+

~Z j ×

∆−

(
G

(
∆+
~Z j

h

)
∆+
~Z j

h

)
h

 · ∆
2
+∆−~Z j

h3

= I + II + III. (15)

It yields from direct calculations, Lemma 2.2 and (8) that

I =

J∑
j=1

G

∆+
~Z j

h


∣∣∣∣∣∣∣∆

2
+∆−~Z j

h3

∣∣∣∣∣∣∣
2

h + 2B
J∑

j=1

∣∣∣∣∣∣∣∆+
~Z j

h
·

∆2
+∆−~Z j

h3

∣∣∣∣∣∣∣
2

h

+B
J∑

j=1


∆2

+
~Z j−1

h2 ·
∆+∆−~Z j

h

 +

∆2
+
~Z j

h
·

∆+∆−~Z j+1

h2


 ·

∆+
~Z j

h
·

∆2
+∆−~Z j

h3


+

J∑
j=1

∆+

G

∆+
~Z j

h



∆+∆−~Z j+1

h2 ·
∆2

+∆−~Z j

h3


+

J∑
j=1

∆−

G

∆+
~Z j

h



∆2

+
~Z j−1

h2 ·
∆2

+∆−~Z j

h3

 ,
II = −

J∑
j=1

∆+

~Z j ·

∆−

(
G

(
∆+
~Z j

h

)
∆+
~Z j

h

)
h


~Z j+1 ·

∆2
+∆−~Z j

h3


−

J∑
j=1

~Z j ·

∆−

(
G

(
∆+
~Z j

h

)
∆+
~Z j

h

)
h


∆+

~Z j ·
∆2

+∆−~Z j

h3


=

J∑
j=1

∆+

~Z j ·

∆−

(
G

(
∆+
~Z j

h

)
∆+
~Z j

h

)
h


∆+

~Z j+1 + ∆−~Z j+1

2h
·

∆+∆−~Z j+1

h2


+

J∑
j=1

∆+

~Z j ·

∆−

(
G

(
∆+
~Z j

h

)
∆+
~Z j

h

)
h


3∆+

~Z j + ∆−~Z j

2h
·

∆+∆−~Z j

h2
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−

J∑
j=1

~Z j ·

∆−

(
G

(
∆+
~Z j

h

)
∆+
~Z j

h

)
h


∆+

~Z j ·
∆2

+∆−~Z j

h3

 ,
III =

J∑
j=1

∆+
~Z j ×

∆−

(
G

(
∆+
~Z j

h

)
∆+
~Z j

h

)
h

 · ∆
2
+∆−~Z j

h3

+

J∑
j=1

~Z j+1 ×

∆+∆−

(
G

(
∆+
~Z j

h

)
∆+
~Z j

h

)
h

 · ∆
2
+∆−~Z j

h3

=

J∑
j=1

∆+
~Z j ×

∆−

(
G

(
∆+
~Z j

h

)
∆+
~Z j

h

)
h

 · ∆
2
+∆−~Z j

h3

+2B
J∑

j=1

∆+
~Z j

h
·

∆2
+∆−~Z j

h2


~Z j+1 ×

∆+
~Z j

h

 · ∆2
+∆−~Z j

h3

−

J∑
j=1

~Z j+1 ×
∆2

+∆−~Z j

h3

 · [∆+

G

∆+
~Z j

h


 ∆+∆−~Z j+1

h2

+∆−

G

∆+
~Z j

h


 ∆2

+
~Z j−1

h2 + B

∆2
+
~Z j−1

h
·

∆+∆−~Z j

h2

 ∆+
~Z j

h

+B

∆2
+
~Z j

h
·

∆+∆−~Z j+1

h2

 ∆+
~Z j

h

]
.

Note that we can estimate the second term on the R.H.S. of III by the Cauchy inequality and (8)

2B
J∑

j=1

∆+
~Z j

h
·

∆2
+∆−~Z j

h2


~Z j+1 ×

∆+
~Z j

h

 · ∆2
+∆−~Z j

h3

≤
2
3

B
J∑

j=1

∣∣∣∣∣∣∣∆+
~Z j

h

∣∣∣∣∣∣∣
2 ∣∣∣∣∣∣∣∆

2
+∆−~Z j

h3

∣∣∣∣∣∣∣
2

h +
3
2

B
J∑

j=1

∣∣∣∣∣∣∣∆+
~Z j

h
·

∆2
+∆−~Z j

h3

∣∣∣∣∣∣∣
2

h. (16)

In conclusion, we have from the above calculation, Lemma 2.1, and the Cauchy inequality that

d
dt
‖δ2~Zh‖

2
2 + A‖δ3~Zh‖

2
2

≤
A
2
‖δ3~Zh‖

2
2 + C‖δ~Zh‖

2
∞‖δ

2~Zh‖
2
∞(‖δ2~Zh‖

2
2 + 1) + C

(
‖δ~Zh‖

6
∞ + 1

) (
‖δ2~Zh‖

2
2 + 1

)
≤

3A
4
‖δ3~Zh‖

2
2 + C‖δ2~Zh‖

8
2 + C, (17)

where we have used the following interpolations

‖δ~Zh‖∞ ≤ C‖δ~Zh‖
1
2
2

‖δ2~Zh‖2 +
‖δ~Zh‖2

2D


1
2

, (18)

‖δ2~Zh‖∞ ≤ C‖δ2~Zh‖
1
2
2

‖δ3~Zh‖2 +
‖δ2~Zh‖2

2D


1
2

. (19)
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Following by Gronwall’s inequality, we have there exist a T0 > 0 independent of h, such that

sup
0≤t≤T0

‖δ2~Zh(t)‖22 +

∫ T0

0
‖δ3~Zh(t)‖22dt ≤ C.

Finally, by noticing that

∆−


G

(
∆+
~Z j

h

)
∆+
~Z j

h

h

 = G

∆+
~Z j−1

h

 ∆−∆+
~Z j

h2 + B

∆+
~Z j−1

h
·

∆−∆+
~Z j

h2

 ∆+
~Z j

h
+ B

∆+
~Z j

h
·

∆−∆+
~Z j

h2

 ∆+
~Z j

h
. (20)

Then we get (14) by (13), (18), (19), Lemma 2.3 and the Cauchy inequality.

By the similar method as in the proof of Lemma 2.3 and Lemma 2.4 and using the induction argument,
one gets the following Lemma.

Lemma 2.5. Let ~Z0(x) ∈ Hk(Ω) (k ≥ 2). There are constants T0 > 0,C > 0 independent of h such that

sup
0≤t≤T0

∥∥∥∥δk−2s~Zhts (t)
∥∥∥∥

2
+

∫ T0

0

∥∥∥∥δk+1−2s~Zhts (t)
∥∥∥∥2

2
dt ≤ C. (21)

From Lemma 2.5, a priori estimates for solutions to the differential-difference equation (4)-(6), we con-
clude that there exists a generic constant T0 > 0 such that problem (1)-(2) admits a smooth solution in
Ω × [0,T0] by the standard procedure. This result is stated as follows.

Theorem 2.6. Let ~Z0(x) ∈ Hk(Ω) (k ≥ 2). Then problem (1)-(2) admits at least one local smooth solution ~Z(x, t):

~Z(x, t) ∈ F (T0) =


[ k

2 ]⋂
s=0

Ws,∞
(
0,T0; Hk−2s(Ω)

)⋂


[ k+1
2 ]⋂

s=0

Hs
(
0,T0; Hk+1−2s(Ω)

) .
3. A > 0: Global Smooth Solution

In section 2, we have obtained a local smooth solution for (1)-(2). In this section, we intend to prove the
existence of global smooth solution to problem (1)-(2) by deriving the global (in time) estimates for given A
and B. In the following, we always suppose ~Z(x, t) is a global smooth solution of problem (1)-(2). For p ≥ 1,
denote by Lp = Lp(Ω) the Lp space with the norm ‖ · ‖Lp . For k ≥ 1 and p ≥ 1, denote by Wk,p = Wk,p(Ω) the
Sobolev space whose norm is ‖ · ‖Wk,p , Hk = Wk,2(Ω).

Lemma 3.1. Let ~Z0(x) ∈ W1,4(Ω), and suppose that ~Z(x, t) is a global smooth solution of problem (1)-(2). Then for
any given T > 0, we have

|~Z(x, t)| = 1, ∀(x, t) ∈ Ω × [0,T]. (22)

sup
0≤t≤T

(A
2
‖~Zx(·, t)‖2L2 +

B
4
‖~Zx(·, t)‖4L4

)
+

∫ T

0
‖~Z × (G(~Zx)~Zx)x(·, t)‖2L2 dt =

A
2
‖~Z0x‖

2
L2 +

B
4
‖~Z0x‖

4
L4 , (23)∫ T

0
‖~Zt(·, t)‖2L2 dt ≤ A‖~Z0x‖

2
L2 + B‖~Z0x‖

4
L4 , (24)

8B2
∫ T

0
‖|~Zx|(~Zx · ~Zxx)(·, t)‖2L2 dt ≤

A
2
‖~Z0x‖

2
L2 +

B
4
‖~Z0x‖

4
L4 . (25)
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Proof. Multiplying (1) by ~Z(x, t), we have ~Z(x, t) · ~Zt(x, t) = 0. This implies (22). Then differentiating (1) with
respect to x, multiplying the resulting equation by G(~Zx)~Zx, and then integrating it over Ω , we have

A
2

d
dt
‖~Zx‖

2
L2 +

B
4

d
dt
‖~Zx‖

4
L4 + ‖~Z × (G(~Zx)~Zx)x‖

2
L2 = 0. (26)

This implies the basic energy equality

A
2
‖~Zx(·, t‖2L2 +

B
4
‖~Zx(·, t)‖4L4 +

∫ t

0
‖~Z × (G(~Zx)~Zx)x‖

2
L2 dt =

A
2
‖~Z0x‖

2
L2 +

B
4
‖~Z0x‖

4
L4 . (27)

Note that

‖~Z × (G(~Zx)~Zx)x‖
2
L2 = ‖~Z × (~Z × (G(~Zx)~Zx)x)‖2L2 . (28)

This, together with (1), yields that∫ t

0
‖~Zt‖

2
L2 dt ≤ A‖~Z0x‖

2
L2 + B‖~Z0x‖

4
L4 . (29)

Observing that

‖~Z × (G(~Zx)~Zx)x‖
2
L2

= ‖~Z × (~Z × (G(~Zx)~Zx)x)‖2L2

= ‖[~Z · (G(~Zx)~Zx)x]~Z − (G(~Zx)~Zx)x‖
2
L2

= ‖(G(~Zx)~Zx)x‖
2
2 − ‖

~Z · (G(~Zx)~Zx)x‖
2
L2

=

∫
Ω

[G2(~Zx)|~Zxx|
2 + 4B2

|(~Zx · ~Zxx)~Zx|
2 + 4BG(~Zx)|~Zx · ~Zxx|

2]dx −
∫

Ω

G2(~Zx)(~Z · ~Zxx)2dx

≥

∫
Ω

(4B2
|(~Zx · ~Zxx)~Zx|

2 + 4BG(~Zx)|~Zx · ~Zxx|
2)dx

≥

∫
Ω

8B2
|~Zx|

2
|~Zx · ~Zxx|

2dx. (30)

Therefore, (25) follows.

Remark 3.2. From the proof of (30), we have

‖~Z × (G(~Zx)~Zx)x‖
2
L2

≥

∫
Ω

G2(~Zx)|~Zxx|
2dx −

∫
Ω

G2(~Zx)(~Z · ~Zxx)2dx

≥

∫
Ω

G2(~Zx)|~Zxx|
2dx −

∫
Ω

G2(~Zx)(~Z · ~Zxx)2dx

≥

∫
Ω

G2(~Zx)|~Zxx|
2dx − 2A2

∫
Ω

|~Zx|
4dx − 2B2

∫
Ω

|~Zx|
8dx

≥

∫
Ω

(A2 + B2
|~Zx|

2)|~Zxx|
2dx − 2A2

∫
Ω

|~Zx|
4dx − 2B2

‖|~Zx|
4
‖L∞

∫
Ω

|~Zx|
4dx. (31)

It yields from the one dimensional Sobolev embedding W1,1(Ω) ↪→ L∞(Ω) that

‖|~Zx|
4
‖L∞ ≤ cs‖|~Zx|

4
‖L1 + cs‖(|~Zx|

4)x‖L1

≤ cs‖~Zx‖
4
L4 + 2cs‖|~Zx|

2(~Zx · ~Zxx)‖L1

≤ cs‖~Zx‖
4
L4 + 2cs‖~Zx‖L2‖|~Zx|(~Zx · ~Zxx)‖L2 , (32)
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where cs is a Sobolev constant. If we assume that A < 1, then by using Lemma 3.1, (31) and (32), we can conclude
that

A2
∫ T

0
‖~Zxx(·, t)‖2L2 dt ≤ C(B, cs, ‖~Z0x‖W1,4 ,T), (33)

where the generic constant C(B, cs, ‖~Z0x‖W1,4 ) is independent of A. This remark will be useful in the next section for
the sake of establishing the global existence of weak solutions when A→ 0.

In the following lemmas, denote by C the uniform constants depending on A and B, but independent of
~Z(x, t).

Lemma 3.3. Let ~Z0(x) ∈ H2(Ω), and suppose that ~Z(x, t) is a global smooth solution of problem (1)-(2). Then for
any given T > 0, we have

sup
0≤t≤T

(‖~Zt(·, t)‖L2 + ‖~Zxx(·, t)‖L2 + ‖~Zx(·, t)‖L∞ + ‖(G(~Zx)~Zx)x(·, t)‖L2 ) +

∫ T

0
(‖~Zxt(·, t)‖2L2 + ‖~Zxxx(·, t)‖2L2 )dt ≤ C. (34)

Proof. Differential (3) with respect to t, then multiplying the resulting equation by ~Zt and integrating it over
Ω, one has

1
2

d
dt

∫
Ω

|~Zt|
2dx =

∫
Ω

(G(~Zx)~Zx)xt · ~Ztdx +

∫
Ω

G(~Zx)|~Zx|
2
|~Zt|

2dx +

∫
Ω

(~Z × (G(~Zx)~Zx)xt) · ~Ztdx. (35)

We get from the first term on the right-hand side of (35) that∫
Ω

(G(~Zx)~Zx)xt · ~Ztdx

= −

∫
Ω

(G(~Zx)~Zx)t · ~Zxtdx

= −

∫
Ω

[2B(~Zx · ~Zxt)~Zx + (A + B|~Zx|
2)~Zxt] · ~Zxtdx

= −2B
∫

Ω

|~Zx · ~Zxt|
2dx − A

∫
Ω

|~Zxt|
2dx − B

∫
Ω

|~Zx|
2
|~Zxt|

2dx. (36)

For the second term on the right-hand side of (35), we have∫
Ω

G(~Zx)|~Zx|
2
|~Zt|

2dx ≤ (A‖|~Zx|
2
‖L∞ + B‖|~Zx|

2
‖

2
L∞ )‖~Zt‖

2
L2 ≤ C(1 + ‖|~Zx|(~Zx · ~Zxx)‖2L2 )‖~Zt‖

2
L2 , (37)

where we have used Lemma 3.1, (32) and ‖|~Zx|
2
‖L∞ ≤ C‖|~Zx|

4
‖

1
2
L∞ .

We finally deal with the third term as follows,∫
Ω

[~Z × (G(~Zx)~Zx)xt] · ~Ztdx

= −

∫
Ω

[~Z × (G(~Zx)~Zx)t] · ~Zxtdx −
∫

Ω

[~Zx × (G(~Zx)~Zx)t] · ~Ztdx

= −2B
∫

Ω

(~Zx · ~Zxt)(~Z × ~Zx) · ~Zxtdx −
∫

Ω

G(~Zx)(~Zx × ~Zxt) · ~Ztdx

≤
2B
3

∫
Ω

|~Zx|
2
|~Zxt|

2dx +
3B
2

∫
Ω

|~Zx · ~Zxt|
2dx +

B
6

∫
Ω

|~Zx|
2
|~Zxt|

2 + C
∫

Ω

G2(~Zx)|~Zt|
2dx

=
5B
6

∫
Ω

|~Zx|
2
|~Zxt|

2dx +
3B
2

∫
Ω

|~Zx · ~Zxt|
2dx + C(1 + ‖|~Zx|

4
‖L∞ )

∫
Ω

|~Zt|
2dx



J. R. Huang / Filomat 30:12 (2016), 3317–3327 3325

≤
5B
6

∫
Ω

|~Zx|
2
|~Zxt|

2dx +
3B
2

∫
Ω

|~Zx · ~Zxt|
2dx + C

(
1 +

∥∥∥∥|~Zx|(~Zx · ~Zxx)
∥∥∥∥2

L2

) ∫
Ω

|~Zt|
2dx. (38)

In conclusion, we have

d
dt
‖~Zt‖

2
L2 + A

∫
Ω

|~Zxt|
2dx + B

∫
Ω

|~Zx|
2
|~Zxt|

2dx ≤ C(‖|~Zx|(~Zx · ~Zxx)‖2L2 + 1)‖~Zt‖
2
L2 . (39)

Then following by Gronwall’s inequality and (25), we get

sup
0≤t≤T

‖~Zt‖L2 + A
∫ T

0

∫
Ω

|~Zxt|
2dxdt + B

∫ T

0

∫
Ω

|~Zx|
2
|~Zxt|

2dxdt ≤ C. (40)

Multiply (3) by ~Zxx, and then integrating it over Ω, we have

2B
∫

Ω

|~Zx · ~Zxx|
2dx +

∫
Ω

(A + B|~Zx|
2)|~Zxx|

2dx

=

∫
Ω

~Zt · ~Zxxdx +

∫
Ω

G(~Zx)|~Zx|
4dx − 2B

∫
Ω

(~Zx · ~Zxx)(~Z × ~Zx) · ~Zxxdx

≤
A
2

∫
Ω

|~Zxx|
2dx + C

∫
Ω

|~Zt|
2dx + ‖|~Zx|

4
‖L∞

∫
Ω

(A + B|~Zx|
2)dx

+
3B
2

∫
Ω

|~Zx · ~Zxx|
2dx +

2B
3

∫
Ω

|~Zx|
2
|~Zxx|

2dx

≤
A
2

∫
Ω

|~Zxx|
2dx + C + C‖|~Zx|

2(~Zx · ~Zxx)‖L1 +
3B
2

∫
Ω

|~Zx · ~Zxx|
2dx +

2B
3

∫
Ω

|~Zx|
2
|~Zxx|

2dx

≤
A
2

∫
Ω

|~Zxx|
2dx + C + C

∫
Ω

|~Zx|
4dx +

5B
3

∫
Ω

|~Zx · ~Zxx|
2dx +

2B
3

∫
Ω

|~Zx|
2
|~Zxx|

2dx

≤
A
2

∫
Ω

|~Zxx|
2dx + C +

5B
3

∫
Ω

|~Zx · ~Zxx|
2dx +

2B
3

∫
Ω

|~Zx|
2
|~Zxx|

2dx. (41)

Then we conclude that sup
0≤t≤T

‖~Zxx(·, t)‖2 ≤ C, and then the estimate about ‖~Zx‖∞ follows by one dimensional

Sobolev embedding.
Finally, multiplying (3) by (G(~Zx)~Zx)x, and then integrating over Ω, we have∫

Ω

~Zt · (G(~Zx)~Zx)xdx =

∫
Ω

|(G(~Zx)~Zx)x|
2dx −

∫
Ω

G(~Zx)2
|~Zx|

4dx

=

∫
Ω

|(G(~Zx)~Zx)x|
2dx −

∫
Ω

A2
(
|~Zx|

4 + B2
|~Zx|

8 + 2AB|~Zx|
6
)

dx. (42)

Then (34) follows from the interpolation inequalities.

Using the mathematical induction, we have the following Lemma.

Lemma 3.4. Let ~Z0(x) ∈ Hk(Ω), k ≥ 2 and suppose that ~Z(x, t) is a global smooth solution of problem (1)-(2) . Then
for any given T > 0, there is C > 0 such that

sup
0≤t≤T

‖∂s
t∂

k−2s
x

~Z(·, t)‖L2 +

∫ T

0
‖∂s

t∂
k+1−2s
x

~Z(·, t)‖2L2 dt ≤ C, 0 ≤ s ≤ [k/2]. (43)

Combining the local existence obtained in section 2 and the global in time estimates in Lemma 3.4, we
can get the existence of global smooth solution to problem (1)-(2) in the following sense.
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Theorem 3.5. Let ~Z0(x) ∈ Hk(Ω), k ≥ 2. Then for any given T > 0, problem (1)-(2) admits at least one global
smooth solution ~Z(x, t):

~Z(x, t) ∈ F (T) =


[ k

2 ]⋂
s=0

Ws,∞
(
0,T; Hk−2s(Ω)

)⋂


[ k+1
2 ]⋂

s=0

Hs
(
0,T; Hk+1−2s(Ω)

) .
The uniqueness of the global smooth solution can be proved by standard discussion.

4. A = 0: Global Weak Solution

Lemma 4.1. ([1]) Let p ≥ 2. Then there holds for all a, b ∈ Rk(
|a|p−2a − |b|p−2b

)
· (a − b) ≥ 2p−2

|a − b|p. (44)

Proof of Theorem 1.2 For any ~Z0(x) ∈ W1,4(Ω), we can construct a approximate sequence {~Z(k)
0 (x)}∞k=1 such

that ~Z(k)
0 (x) ∈ Hk(Ω) (k ≥ 2) and ~Z(k)

0 (x) → ~Z0(x) in W1,4(Ω). Suppose that {~Z(k)(x, t)}∞k=1 is the sequence of
regular solutions corresponding to the initial data {~Z(k)

0 (x)}∞k=1. Then by Lemma 3.1 in Section three, we have
from the estimates uniform in the parameter A that

{~Z(k)(x, t)}∞k=1 is a bounded set in L∞(0,T; W1,4(Ω)), (45)

{∂t~Z(k)(x, t)}∞k=1 is a bounded set in L2(0,T; L2(Ω)). (46)

Then one can pass to a subsequence, without changing notation, to get that as k→∞,

~Z(k) ⇀ ~Z weakly∗ in L∞(0,T; W1,4(Ω)), (47)
~Z(k)

t ⇀ ~Zt weakly in L2(0,T; L2(Ω)). (48)

By the compactness argument, one have

~Z(k)
→ ~Z strongly in C(QT), QT = Ω × [0,T]. (49)

Now we claim that

~Z(k)
x →

~Zx strongly in L4(QT). (50)

In fact, by Lemma 4.1, we have∫
QT

|~Z(k)
x −

~Zx|
4dxdt ≤

1
4

∫
QT

(
|~Z(k)

x |
2~Z(k)

x − |
~Zx|

2~Zx

)
·

(
~Z(k)

x −
~Zx

)
dxdt

=
1
4

∫
QT

|~Z(k)
x |

2~Z(k)
x ·

(
~Z(k)

x −
~Zx

)
−

1
4

∫
QT

|~Zx|
2~Zx ·

(
~Z(k)

x −
~Zx

)
dxdt

= I1 + I2. (51)

Note that |~Zx|
2~Zx ∈ L∞(0,T; L

4
3 ) and L

4
3 = (L4)∗ (the dual space of L4) and by the weak convergence of

{~Z(k)(x, t)}∞k=1, we have

I2 → 0, k→∞. (52)

On the other hand, recalling (3), Lemma 3.1 and Remark 3.2, we get

I1 = −
1
4
〈

(
|~Z(k)

x |
2~Z(k)

x

)
x
, ~Z(k)

− ~Z〉



J. R. Huang / Filomat 30:12 (2016), 3317–3327 3327

= −
1
4
〈

(
|~Z(k)

x |
2~Z(k)

x +
A
B
~Z(k)

x

)
x
, ~Z(k)

− ~Z〉 +
1
4
〈

A
B
~Z(k)

xx , ~Z
(k)
− ~Z〉

= −
1

4B
〈~Z(k)

t − G(~Z(k)
x )|~Z(k)

x |
2~Z(k)

− ~Z(k)
× (G(~Z(k)

x )~Z(k)
x )x, ~Z(k)

− ~Z〉 +
1
4
〈

A
B
~Z(k)

xx , ~Z
(k)
− ~Z〉

≤ CB‖~Z(k)
− ~Z‖C(QT)

(
‖~Z(k)

t ‖L2(QT) + ‖G(~Z(k)
x )|~Z(k)

x |
2
‖L1(QT) + ‖~Z(k)

× (G(~Z(k)
x )~Z(k)

x )x‖L2(QT) + A2
‖~Z(k)

xx ‖L2(QT)

)
≤ CB‖~Z(k)

− ~Z‖C(QT) → 0, k→∞, (53)

where 〈·, ·〉 represents the inner product in L2(QT) space. Thus we finish the proof of the claim.
Finally, by the convergence (47)-(50), we can easily conclude that (1) holds in the sense of distribution.
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