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A Note on Generating Functions for the Unification of the Bernstein
Type Basis Functions

Irem Kucukoglu and Yilmaz Simseka

aDepartment of Mathematics, Faculty of Science University of Akdeniz TR-07058 Antalya, Turkey

Abstract. In [3], Simsek unified generating function of the Bernstein basis functions. In this paper, by using
knot sequence, we rewrite generating functions for the unification of the Bernstein type basis functions.
By using these generating functions, we also find generating function for the Hermite type numbers. We
investigate some properties of this functions and these basis. Finally, we simulate these polynomials with
their plots for some selected numerical values.

1. Introduction

Recently many authors have study many kind of the Bernstein basis functions and their generating
functions with various different methods. Because these basis functions have many applications almost
all mathematics, engineering, medicine and also the others. Therefore, we give another aspect of the
generating functions for the unification of the Bernstein type basis functions.

In [3], Simsek constructed unification of the Bernstein type basis functions by means of the following
generating functions:

F (t, b, s : x) =
2bxbs

(
t
2

)bs
exp(t (1 − x))

(bs)!
(1)

=

∞∑
n=0

Gn (b, s, x)
tn

n!
,

where b, s ∈ N0 := {0, 1, 2, 3, . . .}, t ∈ C and x ∈ [0, 1], exp(z) = ez.
By using (1), unification of the Bernstein type basis functions are defined by

Gn (b, s, x) =

(
n
bs

)
xbs (1 − x)n−bs

2b(s−1)
(2)

where n ≥ bs and x ∈ [0, 1] (cf. [3]).
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2. The Polynomials Gn (b, s, x) on the Knot Sequence {t1, t2, . . . , tm+1}

In this section, we rewrite generating functions for the unification of the Bernstein type basis functions
Gn (b, s, x). We investigate some properties of these functions. Simsek [3] gave the formulas and identities
for the interval [0, 1]. Here, we extended (2) to arbitrary intervals

[
t j, t j+1

]
, j ∈ {1, 2, . . . ,m}. Replacing

x by x−t j

t j+1−t j
, (2) yields the corresponding results concerning the unification Bernstein type basis functions

Gn

(
b j, s, x; t j, t j+1

)
:

Gn

(
b j, s, x; t j, t j+1

)
=

(
n

b js

) ( x−t j

t j+1−t j

)b js ( t j+1−x
t j+1−t j

)n−b js

2b j(s−1)
, (3)

where b j, n and s be nonnegative integers and x ∈
[
t j, t j+1

]
, t j , t j+1. Therefore, the generating functions are

written as

F

(
t, b j, s, x; t j, t j+1

)
=

2b j

(
x−t j

t j+1−t j

)b js (
t
2

)b js
exp

(
t t j+1−x

t j+1−t j

)
(
b js

)
!

(4)

=

∞∑
n=0

Gn

(
b j, s, x; t j, t j+1

) tn

n!
.

We redefine the above generating functions on the knot sequence {t1, t2, . . . , tm+1}where t1 < t2 < . . . < tm+1.
Thus we set

h
(
t,
−→
b , s, x;

−→
t ; m

)
=

m∑
j=1

F

(
t, b j, s, x; t j, t j+1

)
(5)

=

∞∑
n=0

Sn

(
−→
b , s, x;

−→
t ; m

) tn

n!
,

where
−→
b = (b1, b2, . . . , bm) and

−→
t = (t1, t2, . . . , tm+1). By using the above equation and (4), we get

Sn

(
−→
b , s, x;

−→
t ; m

)
=

m∑
j=1

Gn

(
b j, s, x; t j, t j+1

)
.

By using (4), we also set

1
(
t,~b, s, x;~t; m

)
=

m∏
j=1

F

(
t, b j, s, x; t j, t j+1

)
=

∞∑
n=0

Tn

(
~b, s, x;~t; m

) tn

n!

or

1

(
t,
−→
b , s, x;

−→
t ; m

)
=

2b1+...+bm
m∏

j=1

(
t
2

x−t j

t j+1−t j

)sb j

m∏
j=1

(
b js

)
!

exp

t
m∑

j=1

t j+1 − x
t j+1 − t j

 . (6)
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Alternative form of the generating functions for (6):

1
(
t,~b, s, x;~t; m

)
exp

−t
m∑

j=1

t j+1

t j+1 − t j

 =

2b1+...+bm
m∏

j=1

(
t
2

x−t j

t j+1−t j

)sb j

m∏
j=1

(
b js

)
!

exp

−tx
m∑

j=1

1
t j+1 − t j

 .
By applying the Laplace transformation to the above equation, we get

∞∑
n=0

Tn

(
−→
b , s, x;

−→
t ; m

)
n!

∞∫
0

tn exp

−t
m∑

j=1

t j+1

t j+1 − t j

 dt

=

2(b1+...+bm)(1−s)
m∏

j=1

(
x−t j

t j+1−t j

)sb j

m∏
j=1

(
b js

)
!

∞∫
0

t(b1+...+bm)s exp

−tx
m∑

j=1

1
t j+1 − t j

 .
By using the above equation, we arrive at the following Theorem:

Theorem 2.1. Let
∣∣∣t j+1 − x

∣∣∣ < ∣∣∣t j+1 − t j

∣∣∣. Then we have

∞∑
n=0

1 m∑
j=1

t j+1

t j+1−t j

n+1Tn

(
~b, s, x;~t; m

)
=

2(b1+...+bm)(1−s)
m∏

j=1

(
x−t j

t j+1−t j

)sb j

((b1 + . . . + bm) s)!

m∏
j=1

(
b js

)
!

x
m∑

j=1

1
t j+1−t j

(b1+...+bm)s+1
.

Remark 2.2. If we substitute m = 1, t1 = 0 and t2 = 1 into the Theorem 2.1, we arrive at Theorem 4.1 in [5, p.6].

Remark 2.3. If we substitute m = 1, s = 1, t1 = 0 and t2 = 1 into the Theorem 2.1, we arrive at Theorem 5.1 in [4,
p.12].

2.1. Integral Representations

In this section, we derive integral representations of extensions of the polynomials Gn (b, s, x). Further-
more, we give an identity which connects the binomial coefficients, gamma and beta functions.

The beta function B
(
α, β

)
is defined by

B
(
α, β

)
=

1∫
0

tα−1 (1 − t)β−1 dt, (7)

where Re (α) > 0, Re
(
β
)
> 0 (cf. [9, p.9, Eq. (60)]). The beta function satisfies the following well-known

relation:

B (n,m) =
Γ (n) Γ (m)
Γ (n + m)

=
(n − 1)! (m − 1)!

(n + m − 1)!
,

where n and m are positive integers and Γ (z) denotes the gamma function (cf. [9, p.9, Eq. (62)]).
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Replacing t by x−t j

t j+1−t j
and taking α = b js + 1, β = n− b js + 1 with n ≥ b js, j ∈ {1, 2, . . . ,m} in (7) using same

method as in [5] and [9], we have

t j+1∫
t j

(
x − t j

)b js(
t j+1 − x

)n−b js
dx =

(
t j+1 − t j

)n+1
B
(
b js + 1,n − b js + 1

)
.

Multiplying of the above equation both sides by 2b j(1−s)( n
b js

)
and using (3) and (5), we easily arrive at the

following result:

t j+1∫
t j

Sn

(
−→
b , s, x;

−→
t ; m

)
dx =

1
n + 1

m∑
j=1

2b j(1−s)
(
t j+1 − t j

)
. (8)

Remark 2.4. If we substitute m = 1, s = 1, t1 = a and t2 = b into the (8), we arrive at Theorem 6.1 in [6, p.483].

3. Applications of the Generating Functions for the Bernstein Type Polynomials

In this section, we derive generating functions for the Hermite type numbers from (1). Throughout
this section, we need the following notations and definitions. The two-variable Hermite polynomials are
defined by means of the following generating functions:

exp
(
xt + yt j

)
=

∞∑
n=0

H( j)
n

(
x, y

) tn

n!
(9)

and

H( j)
n

(
x, y

)
= n!

[
n
j

]∑
r=0

xn− jryr

r!
(
n − jr

)
!
, (10)

where j ≥ 2 is an integer (cf. [1], [2], [8]).
Replacing t by x in (1), we get

∞∑
n=0

Gn (b, s, x)
xn

n!
=

2b(1−s)x2bs

(bs)!
exp(x − x2). (11)

By setting x = 1, y = −1 and j = 2 in (9), we have the following the Hermite type numbers:

exp(t − t2) =

∞∑
n=0

H(2)
n (1,−1)

tn

n!
.

Combining the above equation with (11), we get

(bs)!2b(s−1)
F (x, b, s : x) =

∞∑
n=0

(n)2bs H(2)
n (1,−1)

xn

n!
,

where (n)k = n (n − 1) . . . (n − k + 1) and (n)0 = 1.
Consequently, we obtain generating function for the Hermite type numbers (n)2bs H(2)

n (1,−1) as follows:

(bs)!2b(s−1)
F (x, b, s : x) .



Kucukoglu et al. / Filomat 30:4 (2016), 985–992 989

If we substitute x = 1, y = −1 into the 10, we compute the following numbers:

H(2)
0 (1,−1) = 1, H(2)

1 (1,−1) = 1, H(2)
2 (1,−1) = −1, . . .

If we substitute x = 1
2 and t = 1

2 into (1), and using (2), we get the following sum:

∞∑
n=0

Gn

(
b, s,

1
2

) (1
2

)n

=
2b−3bs 4

√
e

(bs)!
.

If we set x = d ∈ (0, 1) and t = 1
c ; c > 1 into (1), and using (2), we have the following sum:

∞∑
n=0

Gn (b, s, d)
cnn!

=
2b−bs

(bs)!

(
d
c

)bs
c
√

exp (1 − d).

In the special case when d = 1
3 , c = 2, b = 3 and s = 1, after some elementary calculations in the above, we

obtain the following numerical result:

∞∑
n=0

Gn

(
3, 1, 1

3

)
2nn!

= 6−4 3√e.

4. Simulation of the Polynomials Gn (b, s, x)

In this section, some curves and surfaces are plotted using the polynomials Gn (b, s, x), Sn

(
−→
b , s, x;

−→
t ; m

)
,

Tn

(
−→
b , s, x;

−→
t ; m

)
and their generating functions. We simulate these polynomials with their plots for some

selected numerical values. The effects of b, s and n on the shape of the curve are demonstrated for the given
range. These graphics may not only be used in Computer Aided Geometric Design (CAGD) but also in
other areas (cf. [7]).

The figures below are obtained by varying b and s values using (2) for x ∈ [0, 1]. Since n ≥ bs, we set

n = bs + o f f set

where offset is valid between 0 and n − 1.

Figure 1 is obtained by s ∈ {1, . . . , 7}, b = 1 or b = 2 and o f f set = 1 or o f f set = 4 using (2) for x ∈ [0, 1].
By the following figures we see that the unification of the Bernstein type polynomials affect the shape of
the curves related to the b, s and o f f set.
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(a) Varying s values for b = 1 and n = bs + 1. (b) Varying s values for b = 1 and n = bs + 4.

(c) Varying s values for b = 2 and n = bs + 1. (d) Varying s values for b = 2 and n = bs + 4.

Figure 1: Gn (b, s, x) obtained by varying s, b and n values

Figure 2 is obtained by s ∈ {1, . . . , 7}, m = 4,
−→
t = (−2,−1, 0, 1, 2),

−→
b = (1, 1, 1, 1) and o f f set = 1 using

Sn

(
−→
b , s, x;

−→
t ; m

)
for x ∈ [−2, 2]. In this case, we set n = max

{
b j

}
s + o f f set, j ∈ {1, 2, . . . ,m}

Figure 2: The polynomials Sn

(
~b, s, x;~t; m

)
obtained by varying s values.
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Figure 3 is obtained by m = 4,
−→
t = (−2,−1, 0, 1, 2),

−→
b = (1, 1, 1, 1) and o f f set = 1 using (5) and (6) for

x ∈ [−2, 2] and t ∈ [0, 1]. In this case, figure of the functions 1
(
t,
−→
b , s, x;

−→
t ; m

)
and h

(
t,
−→
b , s, x;

−→
t ; m

)
, that is,

generating functions of Sn

(
−→
b , s, x;

−→
t ; m

)
and Tn

(
−→
b , s, x;

−→
t ; m

)
, respectively are given as follows:

(a) Generating function of Sn

(
~b, s, x;~t; m

)
(i.e.

h
(
t,~b, s, x;~t; m

)
) for x ∈ [−2, 2] and t ∈ [0, 1].

(b) Generating function of Tn

(
~b, s, x;~t; m

)
(i.e.

1
(
t,~b, s, x;~t; m

)
) for x ∈ [−2, 2] and t ∈ [0, 1].

Figure 3: Generating functions for x ∈ [−2, 2] and t ∈ [0, 1].

We also plot the surfaces obtained by s = 1, b ∈ {1, . . . , 10} and b = 1, s ∈ {1, . . . , 10}, o f f set = 2 using (2)
for x ∈ [0, 1]. In this case, surface figures of the polynomials Gn (b, s, x) is given by Figure 4.

(a) Surface obtained by varying b values for s = 1
and n = bs + 2.

(b) Surface obtained by varying s values for b = 1
and n = bs + 2.

Figure 4: Surface figures of the polynomials Gn (b, s, x).
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