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Abstract. In the present work, the tamed Euler method is proven to be strongly convergent for stochastic
differential equations with piecewise continuous arguments and Poisson jumps, where the diffusion and
jump coefficients are globally Lipschitz continuous, the drift coefficient is one-sided Lipschitz continuous,
and its derivative demonstrates an at most polynomial growth. Moreover, the convergence rate is obtained.

1. Introduction

In recent years, tremendous interest has been expressed for developing stochastic differential equations
(SDEs) with Poisson jumps (SDEwjs), which play an important role in numerous applications. In particular,
the convergence properties of SDEwjs have been the subject of extensive study and application. Of course,
the local Lipschitz condition is not sufficient to guarantee the exsitence of the global solution, but SDEwjs
demonstrate unique solutions under the global Lipschitz condition when the linear growth condition is
included. Moreover, the convergence of the Euler method for SDEwjs under local Lipschitz and linear
growth conditions has been studied by Yu [17]. In addition, the weak convergence of numerical methods
for SDEwjs has been studied [2, 3, 6, 10, 13–15], and other convergence concepts have been investigated as
well, e.g., convergence in probability [16] and almost sure convergence [11, 12].

However, limited work has been conducted for the numerical analysis of SDEs with piecewise con-
tinuous arguments and Poisson jumps (SEPCAswjs). It is apparent from the equations that studies of
SEPCAswjs have been motivated by the fact that they represent a hybrid of continuous and discrete dy-
namical systems, and combine the properties of both differential and difference equations. Due to the
stochastic factors, numerical solutions of the systems play an important role for the investigation of their
analytical solutions. In the past decades, substantial effort has been devoted to the mathematical study
of the convergence and stability of SDEs with piecewise continuous arguments (SEPCAs) under standard
conditions. For example, Dai et al.[4] have given the sufficient condition of convergence for linear SEPCAs.
In 2011, Zhang et al.[19] studied the existence of the solution and the mean-square convergence of the Euler
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method for non-linear SEPCAs under global Lipschitz and linear growth conditions. Meanwhile, the local
Lipschitz condition and p−th moment boundedness have been applied to guarantee the strong conver-
gence of the numerical solutions of SEPCAs [19]. The classical explicit Euler-Maruyama (EM) method has
attracted considerable attention because of its simple algebraic structure, low computational cost, and an
acceptable convergence rate under the global Lipschitz condition [7]. However, if the standard conditions
are relaxed, some of the results are unfortunately not correct. The explicit Euler method is divergent under
the condition of super-linear growth [9]. In 2012, Martin et al.[8] improved the Euler method, and imparted
strong convergence for SDEs under the condition of superlinear growth. In the present work, we prove that
the tamed Euler method is strongly convergent for SEPCAswjs, where the coefficients satisfy non-Lipschitz
conditions. The key issue for the convergence study is the p-th moment boundedness of the numerical
solutions. Moreover, we also give the rate of the convergence.

The remainder of this article is structured as follows. In Section 2, we introduce the tamed Euler method
and some preliminary concepts, and formulate the main result. In Section 3, we introduce various lemmas,
which are used for the proof of the main result. In Section 4, we give a detailed proof of the main theorem.

2. Numerical Method and Main Result

2.1. Setting

Throughout this paper, unless otherwise specified, we use the following notations. We define [·] to
be the greatest-integer function. Let (Ω,F ,P) be a complete probability space with a filtration {Ft}t≥0
satisfying the usual conditions (i.e., it is right continuous and increasing while F0 contains all P-null sets).
L

1([0,∞); R) denotes a family of continuous functions that satisfy
∫
∞

0 |µ(t)|dt < ∞, and L2([0,∞); R) is a

family of continuous functions that satisfy
∫
∞

0 |µ(t)|2dt < ∞. Moreover, let ‖ · ‖Lp = (E‖ · ‖p)
1
p denote the Lp

norm.
The following 1-dimensional SEPCAs with Poisson random measure is considered in our paper

dx(t) = µ(x(t−), x([t−]))dt + σ(x(t−), x([t−]))dW(t) + 1(x(t−), x([t−]))dN(t), 0 < t ≤ T, (2.1)

Here x(0) = ξ,T ∈ R+, lims→t− x(s) = x(t−), and the drift µ : R × R → R, diffusion coefficient σ : R × R → R
and the jump coefficient 1 : R × R → R are assumed to be Borel measurable functions and the coefficients
are sufficiently smooth. Let W(t) be a one-dimensional standard Brownian motion defined on a filtered
probability space (Ω,F , (Ft)t≥0,P). We define N(t) to be a scalar Poisson process with intensity λ and we
require finite intensity 0 < λ < 1. Ñ(t) = N(t) − λt is referred to as compensated Poisson process which is a
martingale. The process x(t) is thus defined on a probability space (Ω,F , (Ft)t≥0,P), and denotes the exact
solution of the equation (2.1) with ξ is a F0/B(R)-measurable random variable. The Wiener process and the
Poisson process are mutually independent.

Definition 2.1. An real value stochastic process {x(t)}0≤t≤T is called a solution of equation (2.1) if it has the following
properties:
(i){x(t)} is Ft−adapted;
(ii){x(t)} is càdlàg;
(iii)equation (2.1) holds for every t ∈ [n,n + 1) with probability 1.
A solution {x(t)} is said to be unique if any other solution {x̄(t)} is indistinguishable from {x(t)}, that is

P{x(t) = x̄(t) f or all 0 ≤ t ≤ T} = 1.

Assumption 2.2. Assume there exists L ∈ [0,∞), and C > 1, such that for every smooth function f : R → R and
any x, x1, x2, y, y1, y2 ∈ R, satisfying
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|σ(x1, y1) − σ(x2, y2)| ≤ L(|x1 − x2| + |y1 − y2|), (2.2)
|1(x1, y1) − 1(x2, y2)| ≤ L(|x1 − x2| + |y1 − y2|), (2.3)

|µ(x, y1) − µ(x, y2)| ≤ L|y1 − y2|, (2.4)
|µx(x, y)| ≤ L(1 + |x|C), (2.5)〈

x1 − x2, µ(x1, y) − µ(x2, y)
〉
≤ L|x1 − x2|

2. (2.6)

Remark 2.3. µ(x, y) satisfies one-sided Lipschitz condition on x and global Lipschitz condition on y. Furthermore,
the p-moment of the exact solution is bounded in any finite interval [0,T](see[19]).

2.2. Existence, uniqueness and moment of the exact solution

By extending the non-jump proof of [8], it can be shown that a unique solution exists for (2.1) under our
assumptions. The essential change to that proof is the inclusion of the jump term; this can be estimated
with the martingle isometry for the compensated Poisson process:

E(
∫ t

0
F(s−)dÑ(s))2 = λ

∫ t

0
E|F(s)|2ds,

which holds for appropriate integrand functions F (in particular , non-anticipative, if random). Thereafter
such terms are handled in the same way as the Ito integral terms. This leads to a solution on any bounded
time interval [0,T] with E|x(t)|2 ≤ C(1 + E|x(0)|2) for some constant C = C(T).

2.3. Numerical Method

In this paper, we investigate the strong convergence of the Tamed Euler method in finite interval. Let
h = 1

m > 0 be a given step-size with integer m ∈ N+ and grid points tn be defined by tn = nh(n = 1, 2, · · · ). The
independent version of the Tamed Euler method applied to (2.1) computes approximations Yn, by setting
Y0 = ξ and forming

Yn+1 =Yn +
µ(Yn,Y[nh]m)

1 + |µ(Yn,Y[nh]m)|h
h + σ(Yn,Y[nh]m)4Wn + 1(Yn,Y[nh]m)4Nn, (2.7)

for n = 0, 1, 2, · · · ,Tm and for simplicity, we assume T = Nh. Here 4Wn = W(tn+1) − W(tn) and 4Nn =
N(tn+1)−N(tn). Actually, we can see [18] that4Nn ∼Poisson(λh), E[4Nn] = λh, Var(4Nn) = λh, and E|4Nn|

i =∑i
j=1(λh) j 1

j!
∑ j

s=0(−1) j−sCs
js

i(where Cs
j =

j!
s!( j−s)! ). Furthermore, let n = km + l, (km + l ∈ {0, 1, 2, · · · ,Tm}, l =

0, 1, 2, · · · ,m − 1). The equation (2.7) becomes the following type:

Ykm+l+1 =Ykm+l +
µ(Ykm+l,Ykm)

1 + |µ(Ykm+l,Ykm)|h
h + σ(Ykm+l,Ykm)4Wkm+l + 1(Ykm+l,Ykm)4Nkm+l, (2.8)

where 4Wkm+l = W(tkm+l+1)−W(tkm+l) and 4Nkm+l = N(tkm+l+1)−N(tkm+l). We denote the piecewise constant
interpolant of the Tamed Euler method solution by Y(t) = Ykm+l,Y([t]) = Ykm for t ∈ [tkm+l, tkm+l+1). We then
define the ”piecewise linear” interpolant by

Ȳ(t) =x0 +

∫ t

0

µ(Y(s−),Y([s−]))
1 + |µ(Y(s−),Y([s−]))|h

ds +

∫ t

0
σ(Y(s−),Y([s−]))dW(s) +

∫ t

0
1(Y(s−),Y([s−]))dN(s), (2.9)

for t ∈ [tkm+l, tkm+l+1).
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2.4. Main Result

We now prove that Assumption 2.2 is sufficient condition to ensure strong convergence of the Tamed
Euler method for the equation (2.1).

Theorem 2.4. If Assumption 2.2 holds, then for every p ≥ 2, we have

(E|x(t) − Ȳ(t)|p)
1
p ≤Mh

1
2 ,

for ω ∈ Ω and t ∈ [0,T]. Here M is independent of h.

3. Lemmas

In order to prove Theorem 2.4, the following objects are needed. First of all, let the F /B(R)-measurable
mappings Qkm+l : Ω→ R,Rkm+l : Ω→ R,Akm+l : Ω→ R, and Ckm+l : Ω→ R be defined as

Qkm+l(ω) = Lh + s1n(Ykm+l)
σ(Ykm+l(ω),Ykm(ω)) − σ(0, 0)

|Ykm+l| + |Ykm|
4Wkm+l(ω),

Rkm+l(ω) = s1n(Ykm+l)
1(Ykm+l(ω),Ykm(ω)) − 1(0, 0)

|Ykm+l| + |Ykm|
4Nkm+l(ω),

Akm+l(ω) = Qkm+l(ω) + Rkm+l(ω),
Ckm+l(ω) = µ(0, 0)h + σ(0, 0)4Wkm+l(ω),

(3.1)

for every ω ∈ Ω, km + l ∈ {0, 1, · · · ,Tm} and l ∈ {0, 1, · · · ,m − 1}. Let the F /P({0, 1, · · · ,n})-measurable
mapping

τkm+l(ω) = max ({0} ∪ {υm + j ∈ {1, 2, · · · , km + l}|s1n(Yυm+ j(ω)) , s1n(Yυm+ j−1(ω))}),

for every ω ∈ Ω, τ0(ω) = 0 and every km + l ∈ {0, 1, · · · ,Tm}, l ∈ {0, 1, · · · ,m − 1}. Using these notations, we
now define Dτn (ω) : Ω→ R which is F /B(R)-measurable, given by

Dτkm+l (ω) :=αkm+l(ω) + βkm+l

(
αm[ km+l−1

m ](ω) +

[ km+l−1
m ]−1∑
j=1

α jm(ω)
[ km+l−1

m ]∏
s= j+1

βsm(ω) + |Y0|

[ km+l−1
m ]∏

j=1

β jm(ω)
)
, (3.2)

where

αkm+l(ω) =(9L + |σ(0, 0)| + |µ(0, 0)| + |1(0, 0)|) exp (
km+l−1∑
j=τkm+l

A j(ω))

+ sup
v∈{0,1,··· ,km+l}

( km+l−1∑
j=v

(s1n(Y j)C j(ω) exp (
km+l−1∑
s= j+1

As(ω)))
)

+ sup
v∈{0,1,··· ,km+l}

( km+l−1∑
j=v

(s1n(Y j)1(0, 0)(ω)4N j exp (
km+l−1∑
s= j+1

As(ω)))
)
,

(3.3)

βkm+l(ω) = exp (
km+l−1∑

j=m[ km+l−1
m ]

A j(ω)) + sup
v∈{0,1,··· ,km+l}

|

km+l−1∑
j=v

A j(ω) exp (
km+l−1∑
s= j+1

As(ω))|,

for every v ∈ {0, 1, · · · ,Tm} and km + l ∈ {0, 1, · · · ,Tm}, l ∈ {0, 1, · · · ,m − 1}. As usual,
∑w−1

j=v α j = 0 and
Πw−1

j=v β j = 1 for every v > w − 1.
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Remark 3.1. It is apparent from the definitions of αkm+l, βkm+l and Dτkm+l that αkm+l ≥ 0, βkm+l ≥ 0, and αkm+l +
βkm+lDτkm = Dτkm+l for all l = 1, 2, · · · ,m − 1, km + l ∈ {0, 1, · · · ,Tm}.

Next we define these events Ωkm+l, km + l ∈ {0, 1, · · · ,Tm} and every m ∈ N+. Let the real number rh = 1

h
1

C+1
∈

[0,∞). Let

Ωkm+l :={ω ∈ Ω| sup
j∈{0,1,··· ,km+l−1}

|Dτ j (ω)| ≤ rh, sup
j∈{0,1,··· ,km+l−1}

|4W j(ω)| ≤ h
1

C+1 , sup
j∈{0,1,··· ,km+l−1}

|4N j(ω)| ≤ h
1

C+1 },

for all l ∈ {0, 1, · · · ,m − 1}. We use the following lemmas in order to prove Theorem 2.4.

Lemma 3.2. Let Q j(ω) be given by (3.1) with j = 0, 1, · · · , then we have

sup
z∈{−1,1}

‖ exp(
u−1∑
j=v

zQ j) ‖Lp≤ eLT+
p
2 L2T,

for all v,u with 0 ≤ v ≤ u ≤ Tm,m ∈ N+, p ≥ 1 and z ∈ {−1, 1} .

Proof. Note that the time discrete stochastic process
∑u−1

j=v z σ(Y j(ω),Y[ jh]m(ω))−σ(0,0)
|Y j |+|Y[ jh]m |

4W j(ω) is anFtu martingale for

z ∈ {−1, 1}. Therefore, the time discrete stochastic process exp (
∑u−1

j=v z σ(Y j(ω),Y[ jh]m(ω))−σ(0,0)
|Y j |+|Y[ jh]m |

4W j(ω)) is a positive
Ftu sub-martingale. Using the formula,

E[exp(cY)] = exp(
c2

2
), (3.4)

where Y is a standard normally distributed F /B(R)-measurable mapping, we have by (2.2) for all x, y ∈
R, z ∈ {−1, 1} and p ≥ 1

E[exp(zpLh + pz
σ(x, y) − σ(0, 0)
|x| + |y|

4W j)]

≤epLhE[exp(pz
σ(x, y) − σ(0, 0)
|x| + |y|

4W j)]

≤epLhe
p2L2

2 h = e(pL+
p2L2

2 )h,

(3.5)

for all x, y ∈ R, z ∈ {−1, 1} and p ≥ 1, which implies that

E[exp(zpQ j)|Ft j ] ≤ e(pL+
p2L2

2 )h,

for j = 0, 1, · · · ,Tm, and

E[exp(zp
u−1∑

v

Q j)] ≤ E[exp(zp
u−2∑

v

Q j)E[epzQu−1 |Ftu−1 ]]

≤E[exp(zp
u−2∑

v

Q j)]e(pL+
p2L2

2 )h
≤ e(pL+

p2L2

2 )T.

(3.6)

Therefore, ‖ exp(
∑u−1

v zQ j) ‖Lp≤ e(L+
pL2

2 )T. This completes the proof of the Lemma 3.2.

Lemma 3.3. Let R j(ω) be given by (3.1), then we have

‖ sup
km+l∈{0,1,··· ,Tm}

exp(
km+l−1∑

j=0

R j(ω)) ‖Lp≤
2p

2p − 1
eLTλ(e2pL

−1).
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Proof. Using the Hölder inequality and the formula (2.3), we have

‖ sup
km+l∈{0,1,··· ,Tm}

exp(
km+l−1∑

j=0

R j(ω)) ‖Lp

= ‖ sup
km+l∈{0,1,··· ,Tm}

exp(
km+l−1∑

j=0

s1n(Y j)
1(Y j,Y[ jh]m) − 1(0, 0)
|Y j| + |Y[ jh]m|

4N j(ω)) ‖Lp

≤ ‖ sup
km+l∈{0,1,··· ,Tm}

exp(
km+l−1∑

j=0

L4Ñ j(ω)s1n(Y j)) ‖L2p · ‖ sup
km+l∈{0,1,··· ,Tm}

exp(
km+l−1∑

j=0

Ls1n(Y j)hλ) ‖L2p ,

(3.7)

According to the Doob’s martingale inequality, we have

‖ sup
km+l∈{0,1,··· ,Tm}

exp(
km+l−1∑

j=0

R j(ω)) ‖Lp

≤
2p

2p − 1

(
E[exp(2p

Tm−1∑
j=0

L4Ñ j(ω))]
) 1

2p
· ‖ sup

km+l∈{0,1,··· ,Tm}

km+l−1∏
j=0

exp (Lhλ) ‖L2p

≤
2p

2p − 1

(
E[exp(2p

Tm−1∑
j=0

L(4N j(ω) − hλ)]
) 1

2p
· ‖ sup

km+l∈{0,1,··· ,Tm}

km+l−1∏
j=0

exp (Lhλ) ‖L2p

≤
2p

2p − 1

(
E[exp(2p

Tm−1∑
j=0

L(4N j(ω))]
) 1

2p ,

(3.8)

Applying the formula E[euX] = eλ(eu
−1) in [5], we obtain

‖ sup
km+l∈{0,1,··· ,Tm}

exp(
km+l−1∑

j=0

R j(ω)) ‖Lp≤
2p

2p − 1
(
Tm−1∏

j=0

e2pLλh(e2pL
−1))

1
2p

≤
2p

2p − 1
eLTλ(e2pL

−1).

(3.9)

This completes the proof of the Lemma 3.3.

Lemma 3.4. If the Assumptions (2.2),(2.3),(2.4) and (2.5) hold, then for ω ∈ Ωkm+l and p ≥ 1, we have

|Ykm+l(ω)| ≤ Dτkm+l (ω). (3.10)

Proof. Let km + l ∈ {0, 1, · · · ,Tm} be fixed and arbitrary. We establish (3.10) in the case Ykm ≥ 0 since
the case Ykm ≤ 0 is immediately follows from the case Ykm ≥ 0. Now we establish by induction on
km + l ∈ {0, 1, · · · ,Tm}where k ∈ N, l ∈ {0, 1, · · · ,m − 1}, and m is fixed. First of all, when τ0(ω) = 0, we have

|Y0(ω)| =|ξ| ≤ (9L + |µ(0, 0)| + |σ(0, 0)| + |1(0, 0)| + |ξ|)

=(9L + |µ(0, 0)| + |σ(0, 0)| + |1(0, 0)|) exp (
−1∑

j=τ0

A j) +

−1∑
j=0

(C js1n(Y j) exp (
−1∑

s= j+1

As))

+ [exp (
−1∑

j=−m

A j) + |

−1∑
j=0

A j exp (
−1∑

s= j+1

As)|]|ξ|

=α0 + β0|ξ| = Dτ0 .

(3.11)
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for all ω ∈ Ω0, which shows (3.10) in the base case km + l = 0. Now we suppose that (3.10) holds for im + j

|Yim+ j(ω)| ≤ Dτim+ j (ω), (3.12)

where ω ∈ Ωim+ j, im + j ∈ {0, 1, · · · , km + l}. Moreover, we fix an arbitrary ω ∈ Ωkm+l+1 ⊂ Ωkm+l and now we
show (3.10) for ω ∈ Ωkm+l+1. For this we divide it into four different cases.
(i) If Ykm+l ≥ 0 and Ykm+l+1 < 0 hold, then we obtain τkm+l+1 = km + l + 1. Moreover, note that

|Yim+ j(ω)| ≤ sup
j∈{0,1,··· ,km+m−1}

Dτ j (ω) ≤ rh, (3.13)

holds due to the induction hypothesis and ω ∈ Ωkm+l+1 ⊂ Ωim+ j for im + j ∈ {0, 1, · · · , km + l}. Therefore, we
obtain

0 >Ykm+l+1(ω)

=Ykm+l(ω) +
µ(Ykm+l(ω),Ykm(ω))

1 + |µ(Ykm+l(ω),Ykm(ω))|h
h + σ(Ykm+l(ω),Ykm(ω))4Wkm+l + 1(Ykm+l(ω),Ykm(ω))4Nkm+l

=Ykm+l(ω) +
1

1 + |µ(Ykm+l(ω),Ykm(ω))|h
[(µ(Ykm+l(ω),Ykm(ω))

− µ(Ykm+l(ω), 0))h + (µ(Ykm+l(ω), 0) − µ(0, 0))h + µ(0, 0)h]
+ (σ(Ykm+l(ω),Ykm(ω)) − σ(0, 0))4Wkm+l + σ(0, 0)4Wkm+l

+ (1(Ykm+l(ω),Ykm(ω)) − 1(0, 0))4Nkm+l + 1(0, 0)4Nkm+l

≥
1

1 + |µ(Ykm+l(ω),Ykm(ω))|h
[−|µ(Ykm+l(ω),Ykm(ω)) − µ(Ykm+l(ω), 0)|h

− |µ(Ykm+l(ω), 0) − µ(0, 0)|h − |µ(0, 0)|h]
− |σ(Ykm+l(ω),Ykm(ω)) − σ(0, 0)||4Wkm+l| − |σ(0, 0)||4Wkm+l|

− |1(Ykm+l(ω),Ykm(ω)) − 1(0, 0)||4Nkm+l| − |1(0, 0)||4Nkm+l|

≥[−|µ(Ykm+l(ω),Ykm(ω)) − µ(Ykm+l(ω), 0)|h
− |µ(Ykm+l(ω), 0) − µ(0, 0)|h − |µ(0, 0)|h]
− |σ(Ykm+l(ω),Ykm(ω)) − σ(0, 0)||4Wkm+l| − |σ(0, 0)||4Wkm+l|

− |1(Ykm+l(ω),Ykm(ω)) − 1(0, 0)||4Nkm+l| − |1(0, 0)||4Nkm+l|

≥ − L|Ykm(ω)|h − hL(1 + |Ykm+l|
C)|Ykm+l| − |µ(0, 0)|

− L|Ykm+l(ω)||4Wkm+l| − L|Ykm(ω)||4Wkm+l| − |σ(0, 0)||4Wkm+l|

− L|Ykm+l(ω)||4Nkm+l| − L|Ykm(ω)||4Nkm+l| − |1(0, 0)||4Nkm+l|

≥ − 9L − |µ(0, 0)| − |σ(0, 0)| − |1(0, 0)|.

(3.14)

(ii) If Ykm+l < 0 and Ykm+l+1 ≥ 0 hold, then τkm+l+1 = km + l + 1. Similarly, we also see for ω ∈ Ωkm+l+1, we
have

0 ≤Ykm+l+1(ω)

=Ykm+l(ω) +
µ(Ykm+l(ω),Ykm(ω))

1 + |µ(Ykm+l(ω),Ykm(ω))|h
h

+ σ(Ykm+l(ω),Ykm(ω))4Wkm+l + 1(Ykm+l(ω),Ykm(ω))4Nkm+l

=Ykm+l(ω) +
1

1 + |µ(Ykm+l(ω),Ykm(ω))|h
[(µ(Ykm+l(ω),Ykm(ω))

− µ(Ykm+l(ω), 0))h + (µ(Ykm+l(ω), 0) − µ(0, 0))h + µ(0, 0)h]
+ (σ(Ykm+l(ω),Ykm(ω)) − σ(0, 0))4Wkm+l + σ(0, 0)4Wkm+l

+ (1(Ykm+l(ω),Ykm(ω)) − 1(0, 0))4Nkm+l + 1(0, 0)4Nkm+l

(3.15)
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≤L|Ykm(ω)|h + hL(1 + |Ykm+l|
C)|Ykm+l| + |µ(0, 0)|

+ L|Ykm+l(ω)||4Wkm+l| + L|Ykm(ω)||4Wkm+l| + |σ(0, 0)||4Wkm+l|

+ L|Ykm+l(ω)||4Nkm+l| + L|Ykm(ω)||4Nkm+l| + |1(0, 0)||4Nkm+l|

≤9L + |µ(0, 0)| + |σ(0, 0)| + |1(0, 0)|.

Therefore, when τkm+l+1 = km + l + 1, we can have

|Ykm+l+1(ω)| ≤9L + |σ(0, 0)| + |µ(0, 0)| + |1(0, 0)|

≤(9L + |σ(0, 0)| + |µ(0, 0)| + |1(0, 0)|) exp (
km+l∑

j=τkm+l+1

A j)

+
(

exp (
km+l∑
j=km

A j) + sup
v∈{0,1,··· ,km+l+1}

( km+l∑
j=v

(
C js1n(Y j(ω)) exp (

km+l∑
s= j+1

As)
))

+ sup
v∈{0,1,··· ,km+l+1}

( km+l∑
j=v

(
1(0, 0)s1n(Y j(ω))4N j exp (

km+l∑
s= j+1

As)
))

+ sup
v∈{0,1,··· ,km+l+1}

|

km+l∑
j=v

(A j exp (
km+l∑
s= j+1

As))|
)(
ατkm,km

+

k−1∑
j=1

α jmΠk
s= j+1βsm + |ξ|Πk

j=1β jm)
]

=Dτkm+l+1 (ω).

(3.16)

which shows that (3.11) holds in this case for ω ∈ Ωkm+l+1 and km + l + 1.
(iii) If Ykm+l > 0 and Ykm+l+1 ≥ 0 hold, then τkm+l+1 = τkm+l. And we observe

x(µ(x, y) − µ(0, y)) ≤ Lx2,

Then, we have
x(µ(x, y) − µ(0, y) − Lx) ≤ 0.

for x ∈ R. Hence we obtain

0 ≤Ykm+l+1(ω)

=Ykm+l(ω) +
µ(Ykm+l(ω),Ykm(ω))

1 + h|µ(Ykm+l(ω),Ykm(ω))|
h + σ(Ykm+l(ω),Ykm(ω))4Wkm+l + 1(Ykm+l(ω),Ykm(ω))4Nkm+l

=Ykm+l(ω) +
1

1 + h|µ(Ykm+l(ω),Ykm(ω))|
[(µ(Ykm+l(ω),Ykm(ω))

− µ(0,Ykm(ω)) − LYkm+l(ω))h + LYkm+l(ω)h + (µ(0,Ykm(ω)) − µ(0, 0))h + µ(0, 0)h]

+ σ(0, 0)4Wkm+l + (
σ(Ykm+l(ω),Ykm(ω)) − σ(0, 0)

|Ykm+l| + |Ykm|
)(|Ykm+l| + |Ykm|)4Wkm+l

+ 1(0, 0)4Nkm+l + (
1(Ykm+l(ω),Ykm(ω)) − 1(0, 0)

|Ykm+l| + |Ykm|
)(|Ykm+l| + |Ykm|)4Nkm+l

≤|Ykm+l(ω)|(1 + hL +
σ(Ykm+l(ω),Ykm) − σ(0, 0)

|Ykm+l| + |Ykm|
4Wkm+l +

1(Ykm+l(ω),Ykm) − 1(0, 0)
|Ykm+l| + |Ykm|

4Nkm+l)

+ µ(0, 0)h + σ(0, 0)4Wkm+l + |Ykm(ω)|(hL +
σ(Ykm+l(ω),Ykm(ω)) − σ(0, 0)

|Ykm+l| + |Ykm|
4Wkm+l

+
1(Ykm+l(ω),Ykm) − 1(0, 0)

|Ykm+l| + |Ykm|
4Nkm+l) + 1(0, 0)4Nkm+l.

(3.17)
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for ω ∈ Ωkm+l+1.
(iv) If Ykm+l ≤ 0 and Ykm+l+1 < 0 hold, then τkm+l+1 = τkm+l. For ω ∈ Ωkm+l+1, we also obtain

0 ≥Ykm+l+1(ω)

=Ykm+l(ω) +
µ(Ykm+l(ω),Ykm(ω))

1 + h|µ(Ykm+l(ω),Ykm(ω))|
h + σ(Ykm+l(ω),Ykm(ω))4Wkm+l + 1(Ykm+l(ω),Ykm(ω))4Nkm+l

=Ykm+l(ω) +
1

1 + h|µ(Ykm+l(ω),Ykm(ω))|
[(µ(Ykm+l(ω),Ykm(ω)) − µ(0,Ykm(ω)) − LYkm+l(ω))h

+ LYkm+l(ω)h + (µ(0,Ykm(ω)) − µ(0, 0))h + µ(0, 0)h]

+ σ(0, 0)4Wkm+l + (
σ(Ykm+l(ω),Ykm(ω)) − σ(0, 0)

|Ykm+l| + |Ykm|
)(|Ykm+l| + |Ykm|)4Wkm+l + 1(0, 0)4Nkm+l

+ (
1(Ykm+l(ω),Ykm(ω)) − 1(0, 0)

|Ykm+l| + |Ykm|
)(|Ykm+l| + |Ykm|)4Nkm+l

≥ − |Ykm+l(ω)|(1 + hL + s1n(Ykm+l)
σ(Ykm+l(ω),Ykm) − σ(0, 0)

|Ykm+l| + |Ykm|
4Wkm+l

+ s1n(Ykm+l)
1(Ykm+l(ω),Ykm) − 1(0, 0)

|Ykm+l| + |Ykm|
4Nkm+l) + µ(0, 0)h

− |Ykm(ω)|(hL + s1n(Ykm+l)
σ(Ykm+l(ω),Ykm(ω)) − σ(0, 0)

|Ykm+l| + |Ykm|
4Wkm+l

+ s1n(Ykm+l)
1(Ykm+l(ω),Ykm(ω)) − 1(0, 0)

|Ykm+l| + |Ykm|
4Nkm+l) + σ(0, 0)4Wkm+l + 1(0, 0)4Nkm+l.

(3.18)

Hence, when τkm+l+1 = τkm+l, we have

|Ykm+l+1(ω)| ≤|Ykm+l(ω)| exp (Akm+l) + |Ykm(ω)|Akm+l

+ s1n(Ykm+l(ω))Ckm+l + s1n(Ykm+l(ω))1(0, 0)4Nkm+l.
(3.19)

Case 1 τkm+l ≥ km, we have

|Ykm+l+1(ω)|
≤|Ykm+l(ω)| exp (Akm+l) + |Ykm(ω)|Akm+l + s1n(Ykm+l(ω))Ckm+l + s1n(Ykm+l(ω))1(0, 0)4Nkm+l

≤|Yτkm+l (ω)| exp (
km+l∑

j=τkm+l

A j) + |Ykm(ω)|
km+l∑

j=τkm+l

(A j exp (
km+l∑
s= j+1

As)) +

km+l∑
j=τkm+l

(
C js1n(Y j(ω)) exp (

km+l∑
s= j+1

As)
)

+

km+l∑
j=τkm+l

(
1(0, 0)s1n(Y j(ω))4N j exp (

km+l∑
s= j+1

As)
)

≤(9L + |σ(0, 0)| + |µ(0, 0)| + |1(0, 0)|) exp (
km+l∑

j=τkm+l

A j)

+ |Ykm(ω)|
km+l∑

j=τkm+l

A j exp (
km+l∑
s= j+1

As)) +

km+l∑
j=τkm+l

(
C js1n(Y j(ω)) exp (

km+l∑
s= j+1

As)
)

+

km+l∑
j=τkm+l

(
1(0, 0)s1n(Y j(ω))4N j exp (

km+l∑
s= j+1

As)
)

(3.20)
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≤(9L + |σ(0, 0)| + |µ(0, 0)| + |1(0, 0)|) exp (
km+l∑

j=τkm+l+1

A j)

+ |Ykm(ω)|
(

exp (
km+l∑
j=km

A j) + sup
v∈{0,1,··· ,km+l+1}

|

km+l∑
j=v

A j exp (
km+l∑
s= j+1

As)|
)

+ sup
v∈{0,1,··· ,km+l+1}

( km+l∑
j=v

(
C js1n(Y j(ω)) exp (

km+l∑
s= j+1

As)
))

+ sup
v∈{0,1,··· ,km+l+1}

( km+l∑
j=v

(
4N js1n(Y j(ω))1(0, 0) exp (

km+l∑
s= j+1

As)
))
,

for ω ∈ Ωkm+l+1. By the hypothesis, we show

|Ykm+l+1(ω)| ≤(9L + |σ(0, 0)| + |µ(0, 0)| + |1(0, 0)|) exp (
km+l∑

j=τkm+l+1

A j)

+ Dτkm

(
exp (

km+l∑
j=km

A j) + sup
v∈{0,1,··· ,km+l+1}

|

km+l∑
j=v

A j exp (
km+l∑
s= j+1

As)|
)

+ sup
v∈{0,1,··· ,km+l+1}

( km+l∑
j=v

(
C js1n(Y j(ω)) exp (

km+l∑
s= j+1

As)
))

+ sup
v∈{0,1,··· ,km+l+1}

( km+l∑
j=v

(
4N js1n(Y j(ω))1(0, 0) exp (

km+l∑
s= j+1

As)
))

=αkm+l+1 + βkm+l+1Dτkm = Dτkm+l+1 (ω).

(3.21)

Case 2 τkm+l < km, we have

|Ykm+l+1(ω)| ≤|Ykm+l(ω)| exp (Akm+l) + |Ykm(ω)|Akm+l + s1n(Ykm+l(ω))Ckm+l + s1n(Ykm+l(ω))1(0, 0)4Nkm+l

≤|Ykm(ω)| exp (
km+l∑
j=km

A j) + |Ykm|

km+l∑
j=km

A j exp (
km+l∑
s= j+1

As) +

km+l∑
j=km

(
C js1n(Y j(ω)) exp (

km+l∑
s= j+1

As)
)

+

km+l∑
j=km

(
1(0, 0)4N js1n(Y j(ω)) exp (

km+l∑
s= j+1

As)
) (3.22)

≤(9L + |σ(0, 0)| + |µ(0, 0)| + |1(0, 0)|) exp (
km+l∑

j=τkm+l+1

A j) + |Ykm(ω)|
(

exp (
km+l∑
j=km

A j)

+ sup
v∈{0,1,··· ,km+l+1}

|

km+l∑
j=v

A j exp (
km+l∑
s= j+1

As))|
)

+ sup
v∈{0,1,··· ,km+l+1}

( km+l∑
j=v

(
C js1n(Y j(ω)) exp (

km+l∑
s= j+1

As)
))

+ sup
v∈{0,1,··· ,km+l+1}

( km+l∑
j=v

(
1(0, 0)4N js1n(Y j(ω)) exp (

km+l∑
s= j+1

As)
))
,

(3.23)



H. Yang et al. / Filomat 31:12 (2017), 3815–3836 3825

By the hypothesis, we obtain

|Ykm+l+1(ω)| ≤(9L + |σ(0, 0)| + |µ(0, 0)| + |1(0, 0)|) exp (
km+l∑

j=τkm+l+1

A j)

+ Dτkm

(
exp (

km+l∑
j=km

A j) + sup
v∈{0,1,··· ,km+l+1}

|

km+l∑
j=v

A j exp (
km+l∑
s= j+1

As)|
)

+ sup
v∈{0,1,··· ,km+l+1}

( km+l∑
j=v

(
C js1n(Y j(ω)) exp (

km+l∑
s= j+1

As)
))

+ sup
v∈{0,1,··· ,km+l+1}

( km+l∑
j=v

(
1(0, 0)4N js1n(Y j(ω)) exp (

km+l∑
s= j+1

As)
))

=αkm+l+1 + βkm+l+1Dτkm = αkm+l+1 + βkm+l+1

[
αkm + βkm(α(k−1)m +

k−2∑
j=1

α jmΠk−1
s= j+1βsm + |ξ|Πk−1

j=1β jm)
]

=Dτkm+l+1 (ω).
(3.24)

for all ω ∈ Ωkm+l+1. Therefore, when τkm+l+1 = τkm+l, we get

|Ykm+l+1(ω)| ≤ Dτkm+l+1 (ω). (3.25)

which shows that (3.11) holds for every ω ∈ Ωkm+l, km + l ∈ {0, 1, · · · ,Tm} and every m ∈ N by induction.
This completes the proof of Lemma 3.4.

Lemma 3.5. ([8]) (Time discrete Burkholder-Davis-Gundy type inequality). Let k ∈ N and let Zl : Ω → R, l ∈
{0, 1, · · · ,Tm},m ∈ N+, be a family of mappings such that Zl : Ω→ R is measurable for all l ∈ {0, 1, · · · ,Tm} and all
m ∈ N+. Then we obtain that

‖ sup
j∈{0,1,··· ,km+l}

|

j−1∑
l=0

Zl4W j| ‖Lp≤ p(
km+l−1∑

l=0

‖ Zl ‖
2
Lp h)

1
2 , (3.26)

for km + l ∈ {0, 1, · · · ,Tm}, k ∈ N and p ∈ [2,∞).

Lemma 3.6. Let α j, β j be defined by (3.3). If the Assumption (2.5),(2.6) and (2.7) hold, then for all j = 1, 2, · · · ,Tm
(i) ‖ α j ‖Lp≤ c1(T, p,L, λ);
(ii) ‖ β j ‖Lp≤ c2(T, p,L, λ);

(iii)‖
∑[ j−1

m ]−1
i=0 αim

∏[ j−1
m ]

s=i+1 βsm ‖Lp≤ c3(T, p,L, λ);

(iv) ‖ |ξ|
∏[ j−1

m ]
i=1 βim ‖Lp≤ c4(T, p,L, λ). where c1, c2, c3, c4 are constants and dependent on T, p,L, λ, but independent

of h and j.
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Proof. Let i ≤ Tm, then we have from Lemma 3.2 and Lemma 3.3

‖αi ‖LP

≤(9L + |σ(0, 0)| + |µ(0, 0)| + ||ξ||L2p + |1(0, 0)|) ‖ e
∑i−1

j=τi
A j
‖L2P + ‖ sup

v∈{0,1,··· ,i}

( i−1∑
j=v

C js1n(Y j(ω))e
∑i−1

s= j+1 As
)
‖Lp

+ ‖ sup
v∈{0,1,··· ,i}

( i−1∑
j=v

1(0, 0)4N js1n(Y j(ω))e
∑i−1

s= j+1 As
)
‖Lp

≤(9L + |σ(0, 0)| + |µ(0, 0)| + ||ξ||L2p + |1(0, 0)|)e(L+2pL2)T
· ‖ e

∑i−1
j=τi

R j
‖L4p

+ ‖ sup
v∈{0,1,··· ,i}

( i−1∑
j=v

(µ(0, 0)hs1n(Y j(ω))e
∑i−1

s= j+1 Qs )
)
‖L2p + ‖ sup

v∈{0,1,··· ,i}

( i−1∑
j=v

(µ(0, 0)hs1n(Y j(ω))e
∑i−1

s= j+1 Rs )
)
‖L2p

(3.27)

+ ‖ sup
v∈{0,1,··· ,i}

( i−1∑
j=v

(σ(0, 0)s1n(Y j(ω))e
∑i−1

s= j+1 Qs4W j)
)
‖L2p + ‖ sup

v∈{0,1,··· ,i}

( i−1∑
j=v

(σ(0, 0)s1n(Y j(ω))e
∑i−1

s= j+1 Rs4W j)
)
‖L2p

+ ‖ sup
v∈{0,1,··· ,i}

( i−1∑
j=v

1(0, 0)4N js1n(Y j(ω))e
∑i−1

s= j+1 As
)
‖Lp

≤(9L + |σ(0, 0)| + |µ(0, 0)| + ||ξ||L2p + |1(0, 0)|)e(L+2pL2)T
·

8p
8p − 1

exp (LTλ(e8pL
− 1))

+ |µ(0, 0)|T
(
e(L+pL2)T +

4p
4p − 1

exp (LTλ(e4pL
− 1))

)
+ ‖ sup

v∈{0,1,··· ,i}

∣∣∣ i−1∑
j=0

(σ(0, 0)s1n(Y j(ω))e
∑i−1

s= j+1 Qs4W j)

−

v−1∑
j=0

(σ(0, 0)s1n(Y j(ω))e
∑i−1

s= j+1 Qs4W j)
∣∣∣ ‖L2p + ‖ sup

v∈{0,1,··· ,i}

∣∣∣ i−1∑
j=0

(σ(0, 0)s1n(Y j(ω))e
∑i−1

s= j+1 Rs4W j)

−

v−1∑
j=0

(σ(0, 0)s1n(Y j(ω))e
∑i−1

s= j+1 Rs4W j)
∣∣∣ ‖L2p + ‖ e

∑km+l−1
s=0 As ‖L2p ·|1(0, 0)|

Tm−1∑
j=0

‖ 4N j ‖L4p‖ e−
∑ j

s=0 As ‖L4p

≤(9L + |σ(0, 0)| + |µ(0, 0)| + ||ξ||L2p + |1(0, 0)|)e(L+2pL2)T
·

8p
8p − 1

exp (LTλ(e8pL
− 1))

+ |µ(0, 0)|T
(
e(L+pL2)T +

4p
4p − 1

exp (LTλ(e4pL
− 1))

)
+ ‖

∣∣∣ i−1∑
j=0

(σ(0, 0)s1n(Y j(ω))e
∑i−1

s= j+1 Qs4W j)
∣∣∣ ‖L2p + ‖ sup

v∈{0,1,··· ,i}

∣∣∣ v−1∑
j=0

(σ(0, 0)s1n(Y j(ω))e
∑i−1

s= j+1 Qs4W j)
∣∣∣ ‖L2p

+ ‖
∣∣∣ i−1∑

j=0

(σ(0, 0)s1n(Y j(ω))e
∑i−1

s= j+1 Rs4W j) ‖L2p

+ ‖ sup
v∈{0,1,··· ,i}

∣∣∣ v−1∑
j=0

(σ(0, 0)s1n(Y j(ω))e
∑i−1

s= j+1 Rs4W j)
∣∣∣ ‖L2p

+ ‖ e
∑km+l−1

s=0 As ‖L2p ·|1(0, 0)|
Tm−1∑

j=0

‖ 4N j ‖L4p‖ e−
∑ j

s=0 As | ‖L4p ,

(3.28)
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Using the inequality (3.26) of the Lemma 3.5 , we have

‖ αi ‖Lp

≤(9L + |σ(0, 0)| + |µ(0, 0)| + ||ξ||L2p + |1(0, 0)|)e(L+2pL2)T
·

8p
8p − 1

exp (LTλ(e8pL
− 1))

+ |µ(0, 0)|T
(
e(L+pL2)T +

4p
4p − 1

exp (LTλ(e4pL
− 1))

)
+ 2p(

i−1∑
j=0

‖ σ(0, 0)s1n(Y j(ω))e
∑i−1

s= j+1 Qs ‖
2
L2p h)

1
2 + 2p(

i−1∑
j=0

‖ σ(0, 0)s1n(Y j(ω))e
∑i−1

s= j+1 Qs ‖
2
L2p h)

1
2

+ 2p(
i−1∑
j=0

‖ σ(0, 0)s1n(Y j(ω))e
∑i−1

s= j+1 Rs ‖
2
L2p h)

1
2 + 2p(

i−1∑
j=0

‖ σ(0, 0)s1n(Y j(ω))e
∑i−1

s= j+1 Rs ‖
2
L2p h)

1
2

+ ‖ e
∑km+l−1

s=0 Qs ‖L4p · ‖ e
∑km+l−1

s=0 Rs ‖L4p ·|1(0, 0)|
Tm−1∑

j=0

‖ 4N j ‖L4p‖ e−
∑ j

s=0 Qs ‖L8p · ‖ e−
∑ j

s=0 Rs ‖L8p

≤(9L + |σ(0, 0)| + |µ(0, 0)| + ||ξ||L2p + |1(0, 0)|)e(L+2pL2)T
·

8p
8p − 1

exp (LTλ(e8pL
− 1))

+ |µ(0, 0)|T
(
e(L+pL2)T +

4p
4p − 1

exp (LTλ(e4pL
− 1))

)
+ 4p(

i−1∑
j=0

‖ σ(0, 0)s1n(Y j(ω))e
∑i−1

s= j+1 Qs ‖
2
L2p h)

1
2 + 4p(

i−1∑
j=0

‖ σ(0, 0)s1n(Y j(ω))e
∑i−1

s= j+1 Rs ‖
2
L2p h)

1
2

+ e(L+4pL2)T 8p
8p − 1

exp (LTλ(e8pL−1)) · |1(0, 0)|
Tm−1∑

j=0

‖ 4N j ‖L4p ·e(L+4pL2)T 16p
16p − 1

exp (LTλ(e16pL−1)).

(3.29)

Now, we approximation the 4N j and we have by the properties of the Poisson jump

Tm−1∑
j=0

‖ 4N j ‖L4p=

Tm−1∑
j=0

λh +

Tm−1∑
j=0

‖ 4Ñ j ‖L4p= Tλ + C(4p)T = TC(4p, λ).

Therefore, we have

‖ αi ‖LP≤(9L + |σ(0, 0)| + |µ(0, 0)| + ||ξ||L2p + |1(0, 0)|)e(L+2pL2)T 8p
8p − 1

exp (LTλ(e8pL−1))

+ |µ(0, 0)|T
(
e(L+pL2)T +

2p
2p − 1

exp (LTλ(e2pL−1))
)

+ 4p|σ(0, 0)|
√

T(e(L+pL2)T +
4p

4p − 1
exp (LTλ(e4pL

− 1)))

+ e(L+2pL2)T 8p
8p − 1

exp (LTλ(e8pL
− 1))|1(0, 0)|TC(4p, λ)

· e(L+4pL2)T 16p
16p − 1

exp (LTλ(e16pL
− 1)) = c1(T, p,L, λ).
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(ii) In view of Lemma 3.2 and Lemma 3.3, we have

‖ βi ‖Lp≤ ‖ e
∑i−1

j=[ih]m A j ‖Lp + ‖ sup
v∈{0,1,··· ,i}

∣∣∣ i−1∑
j=v

A je
∑i−1

s= j+1 As
∣∣∣ ‖Lp

≤ ‖ e
∑i−1

j=[ih]m Q j ‖L2p · ‖ e
∑i−1

j=[ih]m R j ‖L2p + ‖ sup
i∈{0,1,··· ,Tm}

e
∑i−1

s=o As ‖L2p · ‖ sup
i∈{0,1,··· ,Tm}

sup
v∈{0,1,··· ,i}

∣∣∣ i−1∑
j=v

A je−
∑ j

s=0 As
∣∣∣ ‖L2p

≤e(L+pL2)T 4p
4p − 1

exp (TLλ(e4pL
− 1))

+ e(L+2pL2)T 8p
8p − 1

exp (TLλ(e8pL
− 1)) · [‖ sup

i∈{0,1,··· ,Tm}
sup

v∈{0,1,··· ,i}

∣∣∣ i−1∑
j=v

Q je−
∑ j

s=0 As
∣∣∣ ‖L2p

+ ‖ sup
i∈{0,1,··· ,Tm}

sup
v∈{0,1,··· ,i}

∣∣∣ i−1∑
j=v

R je−
∑ j

s=0 As
∣∣∣ ‖L2p ]

(3.30)

≤e(L+pL2)T 4p
4p − 1

exp (TLλ(e4pL
− 1))

+ e(L+2pL2)T 8p
8p − 1

exp (TLλ(e8pL
− 1)) · [‖ sup

i∈{0,1,··· ,Tm}
sup

v∈{0,1,··· ,i}

∣∣∣ i−1∑
j=v

Lhe−
∑ j

s=0 As
∣∣∣ ‖L2p

+ ‖ sup
v∈{0,1,··· ,i}

|

i−1∑
j=v

σ(Y j,Y[ jh]m) − σ(0, 0)
|Y j| + |Y[ jh]m|

4W je
∑i−1

s= j+1 As | ‖L2p

+ ‖ sup
i∈{0,1,··· ,Tm}

sup
v∈{0,1,··· ,i}

∣∣∣ i−1∑
j=v

1(Y j,Y[ jh]m) − 1(0, 0)
|Y j| + |Y[ jh]m|

4N je−
∑ j

s=0 As
∣∣∣ ‖L2p ]

≤e(L+pL2)T 4p
4p − 1

exp (TLλ(e4pL
− 1)) + e(L+2pL2)T 8p

8p − 1
exp (TLλ(e8pL

− 1)) · [2Lh ‖ sup
i∈{0,1,··· ,Tm}

∣∣∣ i−1∑
j=0

e−
∑ j

s=0 As
∣∣∣ ‖L2p

+ 2L ‖ sup
i∈{0,1,··· ,Tm}

|

i−1∑
j=0

4W je
∑i−1

s= j+1 As | ‖L2p +2L ‖ sup
i∈{0,1,··· ,Tm}

sup
i∈{0,1,··· ,Tm}

∣∣∣ i−1∑
j=0

4N je−
∑ j

s=0 As
∣∣∣ ‖L2p ]

≤e(L+2pL2)T 4p
4p − 1

exp (TLλ(e4pL
− 1))

+ e(L+4pL2)T 8p
8p − 1

exp (TLλ(e8pL
− 1)) · [2Lh ‖ sup

i∈{0,1,··· ,Tm}

∣∣∣ i−1∑
j=0

e−
∑ j

s=0 As
∣∣∣ ‖L2p

+ 2L2p(
Tm−1∑

j=0

‖ e−
∑ j

s=0 As ‖
2
L2p h)

1
2 + 2L

Tm−1∑
j=0

‖

∣∣∣e−∑ j
s=0 As

∣∣∣ ‖L4p ·

Tm−1∑
j=0

‖

∣∣∣4N j

∣∣∣ ‖L4p ] = c2(T, p,L, λ).

(3.31)

(iii) According to the above formula, we obtain

‖ |

[ i−1
m ]−1∑
j=0

α1
jmΠ

[ i−1
m ]

s= j+1β
1
sm| ‖LP≤

[ i−1
m ]−1∑
j=0

‖ α1
jm ‖L2P‖ Π

[ i−1
m ]

s= j+1β
1
sm| ‖L2P

≤Tc1cT
2 = c3(T, p,L, λ).

(3.32)
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(iv) Similarly, we have

‖ |Π
[ i−1

m ]
j=0 β jm|ξ|| ‖LP≤ ‖ |Π

[ i−1
m ]

j=0 β jm| ‖L2P‖ |ξ| ‖L2p

≤c2(T, p,L)T
‖ |ξ| ‖L2p= c4(T, p,L, λ).

(3.33)

This completes the proof of Lemma 3.6.

Lemma 3.7. If the Assumptions (2.5),(2.6) and (2.7) hold, then we have

sup
m∈N+

E[ sup
km+l∈{0,1,··· ,Tm}

|Dτkm+l (ω)|p] < ∞, (3.34)

for ω ∈ Ω and p ≥ 1.

Proof. Let p ≥ 1, k ∈ N,m ∈ N+. It comes from Hölder inequality that

‖ |Dτkm+l | ‖Lp≤ ‖ |αkm+l| ‖Lp + ‖ |βkm+lα[ km+l−1
m ]m| ‖Lp + ‖ |

[ km+l−1
m ]−1∑
j=1

βkm+lα jmΠ
[ km+l−1

m ]
s= j+1 βsm| ‖Lp

+ ‖ |Π
[ km+l−1

m ]
j=1 βkm+lβ jm|Y0|| ‖Lp

≤ ‖ |αkm+l| ‖Lp + ‖ |βkm+l| ‖L2p‖ |α[ km+l−1
m ]m| ‖L2p

+ ‖ |βkm+l| ‖L2p‖ sup
km+l∈{0,1,··· ,Tm}

|

[ km+l−1
m ]−1∑
j=1

α jmΠk
s= j+1βsm| ‖L2p

+ ‖ |βkm+l| ‖L2p‖ |Π
[ km+l−1

m ]
j=1 β jm|Y0|| ‖L2p .

(3.35)

We obtain from Lemma 3.6

‖ |Dτkm+l | ‖LP≤c1(T, p,L) + c2(T, p,L)c1(T, p,L, λ) + c2(T, p,L, λ)c3(T, p,L, λ)
+ c2(T, p,L, λ)c4(T, p,L, λ) = c5(T, p,L, λ) < ∞,

(3.36)

where c5 is independent of h. This completes the proof of Lemma 3.7.

Corollary 3.8. Let the Euler approximation Ykm+l : Ω→ R for k,m ∈ N, l ∈ {0, 1, · · · ,m − 1}, then we have

E[IΩkm+l |Ykm+l|
p] < ∞,

for every p ∈ [1,∞).

Remark 3.9. It is easy to see that Ωkm+l is decreasing set on km + l by the definition of Ωkm+l. Hence, we have
E[IΩTm |Ykm+l|

p] < ∞.

Lemma 3.10. Let Ωkm+l ∈ F , for m ∈ N+ and Ω̃ ∈ F be given by (3.1) and Remark 3.1. If Assumption 2.2 holds,
then we have that

mpP[(ΩTm)c] < ∞.



H. Yang et al. / Filomat 31:12 (2017), 3815–3836 3830

Proof. Using the definition of the ΩTm, Chebyshev’s inequality, and 0 < λ < 1 we obtain for q > 0

P[(ΩTm)c] ≤P[{ω ∈ Ω : sup
n∈{0,1,··· ,Tm−1}

|Dτn (ω)| ≥ rh
}] + P[{ω ∈ Ω : sup

n∈{0,1,··· ,Tm−1}
|4Wn(ω)| ≥ h

1
C+1 }]

+ P[{ω ∈ Ω : sup
n∈{0,1,··· ,Tm−1}

|4Nn(ω)| ≥ h
1

C+1 }]

≤E[ sup
n∈{0,1,··· ,Tm−1}

|Dτn (ω)|q](rh)−q + Tm · P[{ω ∈ Ω : |4W1(ω)| ≥ h
1

C+1 }]

+ P[{ω ∈ Ω : sup
n∈{0,1,··· ,Tm−1}

|4Nn(ω) − λh + λh| ≥ h
1

C+1 }]

≤E[ sup
n∈{0,1,··· ,Tm−1}

|Dτn (ω)|q](rh)−q + Tm · P[{ω ∈ Ω :
√

h|∆χ1(ω)| ≥ h
1

C+1 }]

+ P[{ω ∈ Ω : sup
n∈{0,1,··· ,Tm−1}

|4Nn(ω) − λh| ≥ h
1

C+1 − λh}]

≤E[ sup
n∈{0,1,··· ,Tm−1}

|Dτn (ω)|q](rh)−q + Tm · P[{ω ∈ Ω :
√

h|∆χ1(ω)| ≥ h
1

C+1 }]

+ P[{ω ∈ Ω : sup
n∈{0,1,··· ,Tm−1}

|4Nn(ω) − λh| ≥ h
1

C+1 (1 − λ)}]

≤E[ sup
n∈{0,1,··· ,Tm−1}

|Dτn (ω)|q](rh)−q + T · E[|∆χ1(ω)|q]m1−0.5q+
q

C+1

+
1

h
q

C+1 (1 − λ)q
TmE[|4Ñn(ω)|q]

≤E[ sup
n∈{0,1,··· ,Tm−1}

|Dτn (ω)|q](rh)−q + T · E[|∆χ1(ω)|q]m1−0.5q+
q

C+1

+ T ·m1−0.5q+
q

C+1 .

(3.37)

where ∆χ1 ∼ N(0, 1). Taking q ≥ {p(C + 1) ∨ 2(p+1)(C+1)
C−1 }, we obtain

mpP[(ΩTm)c]

≤mp− q
C+1 E[ sup

n∈{0,1,··· ,Tm−1}
|Dτn (ω)|q] + T · E[|∆χ1(ω)|q]mp+1−0.5q+

q
C+1

≤E[ sup
n∈{0,1,··· ,Tm−1}

|Dτn (ω)|q] + TE[|∆χ1(ω)|q].

This completes the proof of the Lemma 3.10.

Lemma 3.11.

sup
m∈N

[ sup
0≤n≤Tm

E ‖ Yn ‖
p] < ∞,

for all p ∈ [1,∞).

Proof. According to the formula of the Tamed Euler method and Minkowski inequality, we have

‖ Yn ‖Lp≤ ‖ ξ ‖Lp + ‖ σ(0, 0)4Wn ‖Lp + ‖ 1(0, 0)4Nn ‖Lp

+ ‖

n−1∑
i=0

hµ(Yi,Y[ih]m)
1 + |µ(Yi,Y[ih]m)|h

‖Lp
(3.38)
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+ ‖

n−1∑
i=0

(
σ(Yi,Y[ih]m) − σ(0, 0)

)
4Wi ‖Lp + ‖

n−1∑
i=0

(
1(Yi,Y[ih]m) − 1(0, 0)

)
4Ni ‖Lp

≤ ‖ ξ ‖Lp +p
√

T|σ(0, 0)| + Tm + (E ‖ 1(0, 0)4Nn ‖
p)

1
p

+ p(
n−1∑
i=0

h ‖ σ(Yi,Y[ih]m) − σ(0, 0) ‖2Lp )
1
2 +

n−1∑
i=0

(E[L(|Yi| + |Y[ih]m|)]pE|4Ni|
p)

1
p

≤ ‖ ξ ‖Lp +p
√

T|σ(0, 0)| + Tm + |1(0, 0)|hC(p, λ)

+ pL
√

2h(
n−1∑
i=0

h ‖ Yi ‖
2
Lp + ‖ Y[ih]m ‖

2
Lp )

1
2 + hLC(p, λ)

n−1∑
i=0

(‖ Yi ‖Lp + ‖ Y[ih]m ‖Lp )

≤ ‖ ξ ‖Lp +p
√

T|σ(0, 0)| + Tm + |1(0, 0)|hC(p, λ)

+ pL
√

2h(
n−1∑
i=0

h ‖ Yi ‖
2
Lp + ‖ Y[ih]m ‖

2
Lp )

1
2 + hL

√

2nC(p, λ)
( n−1∑

i=0

(‖ Yi ‖
2
Lp + ‖ Y[ih]m ‖

2
Lp )

) 1
2

≤ ‖ ξ ‖Lp +p
√

T|σ(0, 0)| + Tm + |1(0, 0)|hC(p, λ)

+ pL
√

2h(
n−1∑
i=0

h ‖ Yi ‖
2
Lp + ‖ Y[ih]m ‖

2
Lp )

1
2 + hL

√

2TmC(p, λ)
( n−1∑

i=0

(‖ Yi ‖
2
Lp + ‖ Y[ih]m ‖

2
Lp )

) 1
2

≤ ‖ ξ ‖Lp +p
√

T|σ(0, 0)| + Tm + |1(0, 0)|hC(p, λ)

+ L
√

2h(
√

TC(p, λ) + p)
( n−1∑

i=0

(‖ Yi ‖
2
Lp + ‖ Y[ih]m ‖

2
Lp )

) 1
2 .

Using the Gronwall’s inequality, we obtain

‖ Yn ‖
2
Lp≤ 2(‖ ξ ‖Lp +p

√

T|σ(0, 0)| + Tm + |1(0, 0)|hC(p, λ))2eT8L2(p+
√

TC(p,λ))2
. (3.39)

Therefore, it is easy to see that

‖ Yn ‖Lp≤

√

2(‖ ξ ‖Lp +p
√

T|σ(0, 0)| + Tm + |1(0, 0)|C(p, λ))eT4L2(p+
√

TC(p,λ))2
. (3.40)

Using the Hölder inequality and Lemma 3.7, then we have

sup
m∈N

sup
n∈{0,1,··· ,Tm}

‖ I(ΩTm)C Yn ‖Lp

≤ sup
m∈N

sup
n∈{0,1,··· ,Tm}

‖ mI(ΩTm)C ‖L2p ×(sup
m∈N

sup
n∈{0,1,··· ,Tm}

m−1
‖ Yn ‖L2p )

≤

√

2eT4L2(p+
√

TC(p,λ))2
(sup

m∈N
m2pP[(ΩTm)C])

1
2p (‖ ξ ‖L2p +p

√

T|σ(0, 0)| + T + |1(0, 0)|C(p, λ)) < ∞.

(3.41)

And we know the supm∈N supn∈{0,1,··· ,Tm} ‖ IΩTm Yn ‖Lp< ∞ from the Corollary 3.8. Hence, this completes the
proof of the Lemma 3.11.

Lemma 3.12. If Assumption 2.1 holds, then for t ∈ [0,T]

E|Ȳ(t) − Y(t)|p ≤M(p, λ)h
p
2 . (3.42)

Proof. In section 2, we know the formula of Ȳ(t) and we have

|Ȳ(t) − Y(t)| =|
∫ t

tkm+l

µ(Y(s−),Y([s−]))ds +

∫ t

tkm+l

σ(Y(s−),Y([s−]))dW(s)

+

∫ t

tkm+l

1(Y(s−),Y([s−]))dN(s)|

(3.43)
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Taking the supremum of the above formula, we have

sup
t∈[0,T]

|Ȳ(t) − Y(t)|p

≤4p−1hp sup
km+l∈{0,1,··· ,Tm}

|µ(Ykm+l,Ykm)|p + 4p−1 sup
km+l∈{0,1,··· ,Tm}

|

∫ t

tkm+l

σ(Y(s−),Y([s−]))dW(s)|p

+ 4p−1 sup
km+l∈{0,1,··· ,Tm}

|

∫ t

tkm+l

1(Y(s−),Y([s−]))dÑ(s)|p + 4p−1 sup
km+l∈{0,1,··· ,Tm}

|

∫ t

tkm+l

λ1(Y(s),Y([s]))ds|p.

(3.44)

Now, we take the expectation of the above formula, we obtain by Burkholder-Davis-Gundy

E[ sup
t∈[0,T]

|Ȳ(t) − Y(t)|p]

≤4p−1hpE[ sup
km+l∈{0,1,··· ,Tm}

|µ(Ykm+l,Ykm)|p] + 4p−1C̃ph
p
2 E[ sup

km+l∈{0,1,··· ,Tm}
|σ(Ykm+l,Ykm)|p]

+ 4p−1(C̃p + 1)h
p
2 E[ sup

km+l∈{0,1,··· ,Tm}
λp
|1(Ykm+l,Ykm)|p]

≤M(p, λ)h
p
2 .

(3.45)

This completes the proof of the Lemma 3.12.

4. Proof of Theorem 2.4

We can know from the (2.9)

x(t) − Ȳ(t) =

∫ t

0
[µ(x(s−), x([s−])) −

µ(Y(s−),Y([s−]))
1 + h|µ(Y(s−),Y([s−]))|

]ds

+

∫ t

0
[σ(x(s−), x([s−])) − σ(Y(s−),Y([s−]))]dW(s)

+

∫ t

0
[1(x(s−), x([s−])) − 1(Y(s−),Y([s−]))]dN(s).

(4.1)

Proof. According to the Itô formula, we have

|x(t) − Ȳ(t)|2

=

∫ t

0
2 < x(s−) − Ȳ(s−), µ(x(s−), x([s−])) −

µ(Y(s−),Y([s−]))
1 + h|µ(Y(s−),Y([s−]))|

> ds

+

∫ t

0
2 < x(s−) − Ȳ(s−), σ(x(s−), x([s−])) − σ(Y(s−),Y([s−])) > dW(s)

+

∫ t

0
|σ(x(s−), x([s−])) − σ(Y(s−),Y([s−]))|2ds

+

∫ t

0
[(|x(s−) − Ȳ(s−)| + 1(x(s−), x([s−])) − 1(Y(s−),Y([s−])))2

− |x(s−) − Ȳ(s−)|2]dN(s)

(4.2)
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=

∫ t

0
2 < x(s−) − Ȳ(s−), µ(x(s−), x([s−])) − µ(Ȳ(s−),Y([s−])) > ds

+

∫ t

0
2 < x(s−) − Ȳ(s−), µ(Ȳ(s−),Y([s−])) − µ(Y(s−),Y([s−])) > ds

+ 2h
∫ t

0
< x(s−) − Ȳ(s−),

µ(Y(s−),Y([s−]))|µ(Y(s−),Y([s−]))|
1 + h|µ(Y(s−),Y([s−]))|

> ds

+

∫ t

0
2 < x(s−) − Ȳ(s−), σ(x(s−), x([s−])) − σ(Y(s−),Y([s−])) > dW(s)

+

∫ t

0
|σ(x(s−), x([s−])) − σ(Y(s−),Y([s−]))|2ds

+

∫ t

0
[(|x(s−) − Ȳ(s−)| + 1(x(s−), x([s−]))

− 1(Y(s−),Y([s−])))2
− |x(s−) − Ȳ(s−)|2]dÑ(s)

+

∫ t

0
[(|x(s−) − Ȳ(s−)| + 1(x(s−), x([s−]))

− 1(Y(s−),Y([s−])))2
− |x(s−) − Ȳ(s−)|2]λds.

By the Assumption 2.2, it is easy to know that

sup
t∈[0,t1]

|x(t) − Ȳ(t)|2

≤(4L2 + 2L + 3)
∫ t1

0
|x(s−) − Ȳ(s−)|2ds + 5L2

∫ t1

0
|x([s−]) − Y([s−])|2ds

+ h2
∫ T

0
|µ(Y(s−),Y([s−]))|4ds +

∫ T

0
|µ(Ȳ(s−),Y([s−])) − µ(Y(s−),Y([s−]))|2ds

+ 2L2
∫ T

0
|Ȳ(s−) − Y(s−)|2ds

+ sup
t∈[0,t1]

|

∫ t

0
2 < x(s−) − Ȳ(s−), σ(x(s−), x([s−])) − σ(Y(s−),Y([s−])) > dW(s)|

+ sup
t∈[0,t1]

|

∫ t

0
[(|x(s−) − Ȳ(s−)| + 1(x(s−), x([s−])) − 1(Y(s−),Y([s−])))2

− |x(s−) − Ȳ(s−)|2]dÑ(s)|

+ sup
t∈[0,t1]

|

∫ t

0
[(|x(s−) − Ȳ(s−)| + 1(x(s−), x([s−])) − 1(Y(s−),Y([s−])))2

− |x(s−) − Ȳ(s−)|2]λds|

(4.3)

≤(9L2 + 2L + 3)
∫ t1

0
sup

u∈[0,s]
|x(u) − Y(u)|2ds +

∫ T

0
|µ(Ȳ(s−),Y([s−])) − µ(Y(s−),Y([s−]))|2ds

+ h2
∫ T

0
|µ(Y(s−),Y([s−]))|4ds + 2L2

∫ T

0
|Ȳ(s−) − Y(s−)|2ds

+ sup
t∈[0,t1]

|

∫ t

0
2 < x(s−) − Ȳ(s−), σ(x(s−), x([s−])) − σ(Y(s−),Y([s−])) > dW(s)|

+ sup
t∈[0,t1]

|

∫ t

0

[
(|x(s−) − Ȳ(s−)| + 1(x(s−), x([s−])) − 1(Y(s−),Y([s−])))2

− |x(s−) − Ȳ(s−)|2
]
dÑ(s)|

+ sup
t∈[0,t1]

|

∫ t

0

[
(|x(s−) − Y(s−)| + 1(x(s−), x([s−])) − 1(Y(s−),Y([s−])))2

− |x(s−) − Ȳ(s−)|2
]
λds|.
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Now, we estimate the p
2 -th power of the above formula, and we have by fundamental inequality

( sup
t∈[0,t1]

|x(t) − Ȳ(t)|2)
p
2

≤7
p
2−1

[
(9L2 + 2L + 3)

p
2 (
∫ t1

0
sup

u∈[0,s]
|x(u) − Ȳ(u)|2ds)

p
2 + (

∫ T

0
|µ(Ȳ(s−),Y([s−])) − µ(Y(s−),Y([s−]))|2ds)

p
2

+ hp(
∫ T

0
|µ(Y(s−),Y([s−]))|4ds)

p
2 + 2

p
2 Lp(

∫ T

0
|Ȳ(s−) − Y(s−)|2ds)

p
2

+ 2
p
2 ( sup

t∈[0,t1]
|

∫ t

0
2 < x(s−) − Ȳ(s−), σ(x(s−), x([s−])) − σ(Y(s−),Y([s−])) > dW(s)|)

p
2

+ ( sup
t∈[0,t1]

|

∫ t

0

[
(|x(s−) − Ȳ(s−)| + 1(x(s−), x([s−])) − 1(Y(s−),Y([s−])))2

− |x(s−) − Ȳ(s−)|2
]
dÑ(s)|)

p
2

+ ( sup
t∈[0,t1]

|

∫ t

0

[
(|x(s−) − Ȳ(s−)| + 1(x(s−), x([s−])) − 1(Y(s−),Y([s−])))2

− |x(s−) − Ȳ(s−)|2
]
λds|)

p
2

]
.

(4.4)

Taking the expectation for the above formula, we obtain applying the Burkholder-Davis-Gundy’s inequality,
Kunita’s first inequality [1], Hölder inequality, and lemmas for t1 ∈ [0,T],

E[ sup
t∈[0,t1]

|x(t) − Ȳ(t)|p]

≤7
p
2−1

[
(9L2 + 2L + 3)

p
2 T

p
2−1E[

∫ t1

0
sup

u∈[0,s]
|x(u) − Y(u)|pds]

+ T
p
2−1E[

∫ T

0
|µ(Ȳ(s−),Y([s−])) − µ(Y(s−),Y([s−]))|pds]

+ T
p
2−1hpE[

∫ T

0
|µ(Y(s−),Y([s−]))|2pds]

+ 2
p
2 LpT

p
2−1E[

∫ T

0
|Ȳ(s−) − Y(s−)|pds]

+ 2
p
2 C̃pE[

∫ t

0
| < x(s−) − Ȳ(s−), σ(x(s−), x([s−])) − σ(Y(s−),Y([s−])) > |2ds]

p
4

+ 2
p
2 Dp

(
E[

∫ t1

0
((x(s−) − Ȳ(s−))(1(x(s−), x([s−])) − 1(Y(s−),Y([s−])))

+ |1(x(s−), x([s−])) − 1(Y(s−),Y([s−]))|2)2λds]
p
4

+ E[
∫ t1

0
((x(s−) − Ȳ(s−))(1(x(s−), x([s−])) − 1(Y(s−),Y([s−])))

+ |1(x(s−), x([s−])) − 1(Y(s−),Y([s−]))|2)
p
2λds]

)
+ 2

p
2−1E[( sup

t∈[0,t1]

∫ t

0
2(x(s−) − Ȳ(s−))(1(x(s−), x([s−])) − 1(Y(s−),Y([s−]))λds)

p
2 ]

+ 2
p
2−1E[( sup

t∈[0,t1]

∫ t

0
|1(x(s−), x([s−])) − 1(Y(s−),Y([s−])|2λds)

p
2 ]

(4.5)
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≤7
p
2−1

[
(9L2 + 2L + 3)

p
2 T

p
2−1E[

∫ t1

0
sup

u∈[0,s]
|x(u) − Ȳ(u)|pds]

+ T
p
2−1E[

∫ T

0
|µ(Ȳ(s−),Y([s−])) − µ(Y(s−),Y([s−]))|pds] + T

p
2−1hpE[

∫ T

0
|µ(Y(s−),Y([s−]))|2pds]

+ 2
p
2 LpT

p
2−1E[

∫ T

0
|Ȳ(s−) − Y(s−)|pds]

+ T
p
4−12

p
2 C̃p

[
E[

∫ t1

0
|
1
2
|x(s−) − Ȳ(s−)|pds] + E[

∫ t1

0
2p−1Lp sup

u∈[0,s]
|x(u) − Ȳ(u)|pds]

]
+ 22p−1Dp(T

p
4−1 + 1)Lp3E[

∫ t1

0
|(x(s−) − Ȳ(s−)|pλds)]

+ 22p−1T
p
2 3LpE[

∫ t1

0
sup

u∈[0,s]
|x(u) − Ȳ(u)|pλds)]

]
.

Then,we have according to the Lemma 3.12

E[ sup
t∈[0,t1]

|x(t) − Ȳ(t)|p] ≤7
p
2−1T

p
2−1

∫ t1

0
E[ sup

u∈[0,s]
|x(u) − Ȳ(u)|p]ds + 7

p
2−1T

p
2−1Lp

∫ t1

0
E[|Ȳ(s−) − Y(s−)|p]ds

+ 7
p
2−1T

p
2−1hp

∫ t1

0
E[|µ(Y(s−),Y([s−]))|2p]ds

+ 7
p
2−1T

p
2−12

p
2 Lp

∫ t1

0
E[|Ȳ(s−) − Y(s−)|p]ds

+ 7
p
2−1T

p
4−12

p
2 C̃p(

1
2

+ 2p−1Lp)
∫ t1

0
E[ sup

u∈[0,s]
|x(u) − Ȳ(u)|p]ds

+ 7
p
2−1T

p
2−13 · 22p−1LpDp

∫ t1

0
E[ sup

u∈[0,s]
|x(u) − Ȳ(u)|p]ds.

(4.6)

Hence, we have according to the lemmas in section 3 and the Gronwall’s inequality

‖ sup
t∈[0,T]

|x(t) − Ȳ(t)|p ‖Lp≤ eR1(p,T)M1(p,T, λ)h
1
2 . (4.7)

This completes the proof of the Theorem 2.4.

Acknowledgements

The authors thank the referees and the editors for their valuable detailed comments and helpful sug-
gestions. This work was supported by NSF of China of China (No.11071050).

References

[1] D. Applebaum, Levy processes and stochastic calculus, M. Second Edition, Cambridge University Press, 2009.
[2] N. Bruti-Liberati, E. Platen, On the weak approximation of jump-diffusion processes, Technical report, University of Technology,

Sydney, (2006).
[3] F. Carbonell, J.C. Jimenez, Weak local linear discretization for stochastic differential equations with jumps, Journal of Applied

Probability. 45 (2008) 201–210.
[4] H.Y. Dai, M.Z. Liu, Mean square stability of stochastic differential equations with piecewise continuous arguments, Journal of

Natural Science of Heilongjiang University. 25 (2008) 625–629.
[5] C.K. Fima, Introduction to stochastic calculus with applications, Posts and Telecom Press, 2008.
[6] P. Glasserman, N. Merener, Convergence of a discretization scheme for jump-diffusion processes with state dependent intensities,

Proceedings of The Royal Society. 460 (2004) 111–127.



H. Yang et al. / Filomat 31:12 (2017), 3815–3836 3836

[7] D. J. Higham, Stochastic ordinary differential equations in applied and computational mathematics, IMA Journal of Applied
Mathematics. 76 (2011) 449–474.

[8] M. Hutzenthaler, A. Jentzen, P.E. Kloeden, Strong convergence of an explicit numerical method for SDEs with nonglobally
Lipschitz continuous coefficients, The Annals of Applied Probability. 22 (2012) 1611–1641.

[9] M. Hutzenthaler, A. Jentzen, P.E. Kloeden, Divergence of the multilevel Monte Carlo Euler method for nonlinear stochastic
differential equations, Annals of Applied Probability. 23(2013) 1913–1966.

[10] K. Kubilis, E. Platen, Rate of weak convergence of the Euler approximation for diffusion processes with jumps, Monte Carlo
Methods and Applications. 8 (2002) 83–96.

[11] C.W. Li, Almost sure convergence of stochastic differential equations of jump-diffusion type, Progress in Probability. 36 (1995)
187–197.

[12] X.Q. Liu, C.W. Li, Almost sure convergence of the numerical discretisation of stochastic jump diffusions, Acta Applicandae
Mathematicae. 62 (2000) 225–244.

[13] X.Q. Liu, C.W. Li, Weak approximations and extrapolations of stochastic differential equations with jumps, SIAM Journal on
Numerical Analysis. 37 (2000) 1747–1767.

[14] R. Mikulevicius, E. Platen, Time discrete Taylor approximations for Itô processes with jump component, Mathematische
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