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Some Invariants of Conformal Mappings
of a Generalized Riemannian Space
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Abstract. Invariants of conformal mappings between non-symmetric affine connection spaces are ob-
tained in this paper. Correlations between these invariants and the Weyl conformal curvature tensor are
established. Before these invariants, it is obtained a necessary and sufficient condition for a mapping to be
conformal. Some appurtenant invariants of conformal mappings are obtained.

1. Introduction and motivation

A lot of research papers, books and monographs are dedicated to development of the theory of Rieman-
nian spaces and applications (see [1–23]).

Definition 1.1. [19, 22, 23] An N-dimensional manifold MN endowed with a metric tensor Gi j,
Gi j , G ji, is the generalized Riemannian space GRN.

Because of the non-symmetry Gi j , G ji, the symmetric and anti-symmetric part of the tensor Gi j are:

1i j =
1
2

(
Gi j + G ji

)
and Fi j =

1
2

(
Gi j − G ji

)
. (1)

It evidently holds the equalities Gi j = 1i j +Fi j, 1i j = 1 ji,Fi j = −F ji. An N-dimensional manifoldMN endowed
with the above defined symmetric metric tensor 1i j is the associated (Riemannian) space RN of the space
GRN.
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1.1. Affine connection of Riemannian spaces
Christoffel symbols of the first and second kind of the space GRN are

Γi. jk =
1
2

(G ji,k − G jk,i + Gik, j) and Γi
jk = 1iαΓα. jk, (2)

for partial derivation denoted by comma and the symmetric contravariant metric tensor(
1i j

)
=

(
1i j

)−1
. The Christoffel symbols Γi

jk are affine connection coefficients of the space GRN.

Because of Γi
jk , Γi

k j, the symmetric and antisymmetric part of Γi
jk are respectively defined as:

0
Γi

jk =
1
2

(
Γi

jk + Γi
k j

)
and Ti

jk =
1
2

(
Γi

jk − Γi
k j

)
. (3)

The antisymmetric part Ti
jk is called the torsion tensor of the space GRN. It is easy to obtain that is

0
Γi

jk =
1
2
1iα

(
1 jα,k − 1 jk,α + 1αk, j

)
and Ti

jk =
1
2
1iα

(
F jα,k − F jk,α + Fαk, j

)
. (4)

A space RN endowed with affine connection
0
Γi

jk is the associated space of the space GRN.

Because of the symmetry
0
Γi

jk =
0
Γi

k j, it exists only one kind of covariant derivation with regard to the
affine connection of the associated space RN defined as

ai
j;k := ai

j,k +
0
Γi
αkaαj −

0
Γαjkai

α, (5)

for a tensor a of the type (1, 1). From this covariant derivative, it is derived one Ricci-type identity. The
curvature tensor of associated space RN obtained from this identity is

0
Ri

jmn =
0
Γi

jm;n −
0
Γi

jn;m =
0
Γi

jm,n −
0
Γi

jn,m +
0
Γαjm

0
Γi
αn −

0
Γαjn

0
Γi
αm. (6)

Because of non-symmetry Γi
jk , Γi

k j, it was found four kinds of covariant differentiation (see [14, 15])
with regard to affine connection of the spaceGRN. For this reason, it exists twelve Ricci-type identities with
regard to affine connection of this space. From these identities, it was obtained twelve curvature tensors of
GRN:

Ri
jmn =

0
Ri

jmn + uTi
jm;n + u′Ti

jn;m + vTαjmTi
αn + v′TαjnTi

αm + wTαmnTi
α j, (7)

for the curvature tensor
0
Ri

jmn of the associated space and the corresponding real constants u,u′, v, v′,w. Five
of these tensors are linearly independent:

R
1

i
jmn =

0
Ri

jmn + Ti
jm;n − Ti

jn;m + TαjmTi
αn − TαjnTi

αm, (8)

R
2

i
jmn =

0
Ri

jmn − Ti
jm;n + Ti

jn;m + TαjmTi
αn − TαjnTi

αm, (9)

R
3

i
jmn =

0
Ri

jmn + Ti
jm;n + Ti

jn;m − TαjmTi
αn + TαjnTi

αm − 2TαmnTi
α j, (10)

R
4

i
jmn =

0
Ri

jmn + Ti
jm;n + Ti

jn;m − TαjmTi
αn + TαjnTi

αm + 2TαmnTi
α j, (11)

R
5

i
jmn =

0
Ri

jmn + TαjmTi
αn + TαjnTi

αm. (12)
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1.2. Conformal mappings and conformal curvature tensors

A conformal mapping of Riemannian space RN [13] is a transformation that preserves local angles.
Conformal mappings are very important in complex analysis. Moreover, these mappings are significant in
different areas of physics and engineering.

Formally, conformal mapping f : RN → RN is determined with the equation

1i j = e2ψ1i j, (13)

for a scalar function ψ. The affine connection coefficients
0
Γi

jk and
0

Γi
jk satisfy the equation

0

Γi
jk =

0
Γi

jk + ψ jδ
i
k + ψkδ

i
j − ψα1

iα1 jk, (14)

for ψi = ψ,i. An invariant of the conformal mapping f is the Weyl conformal curvature tensor [2, 13]:

Ci
jmn =

0
Ri

jmn +
1

N − 2

(
δi

m

0
R jn − δ

i
n

0
R jm +

0
Ri

m1 jn −
0
Ri

n1 jm

)
+

0
R

(N − 1)(N − 2)

(
δi

m1 jn − δ
i
n1 jm

)
, (15)

for
0
Ri j =

0
Rαi jα,

0
Ri

j = 1iα
0
Rα j,

0
R =

0
Rαα.

A diffeomorphism f : GRN → GRN is the conformal mapping if the basic tensors Gi j and Gi j satisfy the
equation [19, 22, 23]

Gi j = e2ψGi j, (16)

for a scalar function ψ. The basic equation of mapping f is

Γi
jk = Γi

jk + δi
jψk + δi

kψ j − ψα1
iα1 jk + ξi

jk, (17)

for the tensor ψi as above and the tensor ξi
jk anti-symmetric by indices j and k.

The Weyl conformal curvature tensor Ci
jmn is generalized for conformal mappings which preserve the

torsion tensor Ti
jk (also called the equitorsion conformal mappings) in [22, 23]. Invariants of random

conformal mappings of equidistant Riemannian spaces are obtained in [19]. The main aim of this paper
is to generalize the Weyl conformal curvature tensor Ci

jmn for a random conformal mapping defined on
a random generalized Riemannian space GRN. Furthermore, we will obtain some other invariants of
conformal mappings and a necessary and sufficient condition for a mapping f to be conformal in here.

2. Generalizations of the Weyl conformal curvature tensor

Let f : GRN → GRN be a conformal mapping determined by the equation (17). The affine connection

coefficients
0
Γi

jk and
0

Γi
jk satisfy the equation

0

Γi
jk =

0
Γi

jk + ψ jδ
i
k + ψkδ

i
j − ψα1

iα1 jk. (18)

After contracting of this equation, we obtain that is

ψi =
1
N

(0

Γαiα −
0
Γαiα

)
. (19)
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This result, involved in the equation (18), proves that it holds

0

Γi
jk =

0
Γi

jk +
1
N

(0

Γαjαδ
i
k +

0

Γαkαδ
i
j −

0

Γ
β
αβ1

iα
1 jk

)
−

1
N

(0
Γαjαδ

i
k +

0
Γαkαδ

i
j −

0
Γ
β
αβ1

iα1 jk

)
. (20)

From this equation, we obtain that it is satisfied

Γ̃i
jk = Γ̃i

jk,

for

Γ̃i
jk =

0
Γi

jk −
1
N

(0
Γαjαδ

i
k +

0
Γαkαδ

i
j −

0
Γ
β
αβ1

iα1 jk

)
, (21)

Γ̃i
jk =

0

Γi
jk −

1
N

(0

Γαjαδ
i
k +

0

Γαkαδ
i
j −

0

Γ
β
αβ1

iα
1 jk

)
. (22)

It holds the following proposition.

Proposition 2.1. Let f : GRN → GRN be a conformal mapping of an affine connection spaceGRN. The geometrical
object Γ̃i

jk is an invariant of the mapping f .

Remark 2.2. The invariant Γ̃i
jk is analogy of generalized Thomas projective parameter [17] of associated space RN.

The following equations are satisfied:

1i j =
1
2

(Gi j + G ji) =
1
2

(e2ψGi j + e2ψG ji) =
1
2

e2ψ(Gi j + G ji)
(1)
= e2ψ1i j, (23)

Fi j =
1
2

(Gi j − G ji) =
1
2

(e2ψGi j − e2ψG ji) =
1
2

e2ψ(Gi j − G ji)
(1)
= e2ψFi j, (24)

δi
j = 1

iα
1 jα = 1

iαe2ψ1 jα = 1iα1 jα =⇒ 1
iα

= e−2ψ1iα, (25)

1
i j
1mn

(23,25)
=

(
e−2ψ1i j

)(
e2ψ1mn

)
= 1i j1mn, (26)

1
i jFmn

(24,25)
=

(
e−2ψ1i j

)(
e2ψFmn

)
= 1i jFmn. (27)

Based on the equations (25, 26, 27), we conclude that it is satisfied the following proposition:

Proposition 2.3. Let f : GRN → GRN be a conformal mapping. The geometrical objects

1i jGmn, 1i j1mn, 1i jFmn, 1i jGmn,p + 1
i j
,pGmn, 1i j1mn,p + 1

i j
,p1mn, 1i jFmn,p + 1

i j
,pFmn (28)

are invariants of the mapping f .

Let us now analyze the change of torsion tensor Ti
jk under the conformal mapping f .

Proposition 2.4. The torsion tensors Ti
jk and T

i
jk of the spaces GRN and GRN are

Ti
jk =

1
2

((
1iαF jα

)
;k
−

(
1iαFkα

)
; j
−

(
1iαF jk

)
;α

)
, (29)

T
i
jk =

1
2

((
1

iαF jα

)
;k
−

(
1

iαFkα

)
; j
−

(
1

iαF jk

)
;α

)
, (30)

for covariant differentiations with regard to affine connections of RN and RN denoted by ; and ;.
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Proof. Let us prove the equation (29). The equation (30) may be proved in the same way.
It is satisfied the equalities

F ji;k − F jk;i + Fik; j = F ji,k − F jk,i + Fik, j −
0
ΓαjkFαi −

0
ΓαikF jα +

0
ΓαjiFαk +

0
ΓαkiF jα −

0
Γαi jFαk −

0
ΓαkjFiα︸                                                          ︷︷                                                          ︸

=0

= F ji,k − F jk,i + Fik, j.

From 2Ti
jk = Γi

jk − Γi
k j = 1iα(Γα. jk − Γα.kj), we obtain that it is satisfied

Ti
jk =

1
2
1iα(F jα,k − F jk,α + Fαk, j) =

1
2

(
1iαF jα;k − 1

iαF jk;α + 1iαFαk; j

)
.

Moreover, because 1i j
;k = 0 it holds 1i jFmn;p =

(
1i jFmn

)
;p

, i.e.

Ti
jk =

1
2

((
1iαF jα

)
;k
−

(
1iαF jk

)
;α

+
(
1iαFαk

)
; j

)
,

which proves this proposition.

From this proposition and the invariance (27), we obtain that is

(
1

i jFmn

)
;p
−

(
1i jFmn

)
;p

=
0

Γi
αp1

α jFmn +
0

Γ
j
αp1

iαFmn −

0

Γαmp1
i jFαn −

0

Γαnp1
i jFmα

−
0
Γi
αp1

α jFmn −
0
Γ

j
αp1

iαFmn +
0
Γαmp1

i jFαn +
0
Γαnp1

i jFmα,

T
i
jk − Ti

jk =
1
2

((
1

iαF jα

)
,k

+
0

Γi
αk1

αβF jβ−

0

Γαjk1
iβFαβ −

(
1

iαFkα

)
, j
−

0

Γi
α j1

αβFkβ+
0

Γαkj1
iβFαβ −

(
1

iαF jk

)
;α

)
−

1
2

((
1iαF jα

)
,k

+
0
Γi
αk1

αβF jβ−
0
Γαjk1

iβFαβ −
(
1iαFkα

)
, j
−

0
Γi
α j1

αβFkβ+
0
Γαkj1

iβFαβ −
(
1iαF jk

)
;α

)
(27)
=

1
2

(
1
αβ

(0

Γi
αkF jβ −

0

Γi
α jFkβ

)
−

(0

Γi
αβ1

αβ
+

0

Γ
β
αβ1

iα
)
F jk + 1

iβ
(0

ΓαjβFαk −

0

ΓαkβFα j

))
−

1
2

(
1αβ

(0
Γi
αkF jβ −

0
Γi
α jFkβ

)
−

(0
Γi
αβ1

αβ +
0
Γ
β
αβ1

iα
)
F jk + 1iβ

(0
ΓαjβFαk −

0
ΓαkβFα j

))
.

From these equalities, we get

T
i
jk = Ti

jk + τi
jk − τ

i
jk, (31)

for

τi
jk = −

1
2

(
1αβ

(0
Γi
αkF jβ −

0
Γi
α jFkβ

)
−

(0
Γi
αβ1

αβ +
0
Γ
β
αβ1

iα
)
F jk + 1iβ

(0
ΓαjβFαk −

0
ΓαkβFα j

))
, (32)

τi
jk = −

1
2

(
1
αβ

(0

Γi
αkF jβ −

0

Γi
α jFkβ

)
−

(0

Γi
αβ1

αβ
+

0

Γ
β
αβ1

iα
)
F jk + 1

iβ
(0

ΓαjβFαk −

0

ΓαkβFα j

))
. (33)

From the equation (31), we obtain

T
i
jk + τi

jk = Ti
jk + τi

jk. (34)

From the invariants (21, 22), the equation (31) and the basic equation (17), we conclude that the following
lemma holds:
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Lemma 2.5. Let f : GRN → GRN be a mapping between generalized Riemannian spaces GRN and GRN.

a) If f is a conformal mapping, the geometrical object

Γ̂i
jk = Ti

jk + τi
jk (35)

is an invariant of this mapping.
b) The mapping f is a conformal mapping if and only if the geometrical object

∗

Γi
jk = Γi

jk −
1
N

(0
Γαjαδ

i
k +

0
Γαkαδ

i
j −

0
Γ
β
αβ1

iα1 jk

)
−

1
2

(
1αβ

(0
Γi
αkF jβ −

0
Γi
α jFkβ

)
−

(0
Γi
αβ1

αβ +
0
Γ
β
αβ1

iα
)
F jk + 1iβ

(0
ΓαjβFαk −

0
ΓαkβFα j

)) (36)

is an invariant of this mapping.

The invariance Γ̂αjmΓ̂i
αn = Γ̂αjmΓ̂i

αn proves that it is satisfied

T
α

jmT
i
αn = Ti

jmTi
αn + ταjmTi

αn + τi
αnTαjm + ταjmτ

i
αn − τ

α
jmT

i
αn − τ

i
αnT

α

jm − τ
α
jmτ

i
αn. (37)

From the invariance Γ̂i
jm,n = Γ̂i

jm,n, we get

Γ̂i
jm;n − Γ̂i

jm;n =
0

Γi
αnΓ̂αjm −

0

ΓαjnΓ̂i
αm −

0

ΓαmnΓ̂i
jα −

0
Γi
αnΓ̂αjm +

0
ΓαjnΓ̂i

αm +
0
ΓαmnΓ̂i

jα,
(38)

i.e.

T
i
jm;n = Ti

jm;n + σi
jmn − σ

i
jmn (39)

for

σi
jmn =

0
Γi
αnΓ̂αjm −

0
ΓαjnΓ̂i

αm −
0
ΓαmnΓ̂i

jα − τ
i
jm;n, (40)

σi
jmn =

0

Γi
αnΓ̂αjm −

0

ΓαjnΓ̂i
αm −

0

ΓαmnΓ̂i
jα − τ

i
jm;n.

(41)

Let

Ri
jmn =

0
Ri

jmn + u0Ti
jm;n + u′0Ti

jn;m + v0TαjmTi
αn + v′0TαjnTi

αm + w0TαmnTi
α j (42)

be a curvature tensor of generalized Riemannian space GRN expressed as linear function of the curvature

tensor
0
Ri

jmn of the associated space RN. From the equation (42), after the contraction i = n and the
corresponding compositions with 1i j, we obtain that is

0
Ri

jmn = Ri
jmn − u0Ti

jm;n − u′0Ti
jn;m − v0TαjmTi

αn − v′0TαjnTi
αm − w0TαmnTi

α j, (43)
0
Ri j = Ri j − u0Tαi j;α − (v′0 + w0)TαiβT

β
α j, (44)

0
Ri

j = Ri
j − u01

iαTβα j;β − (v′0 + w0)1iαTβαγTγβ j, (45)

0
R = R − (v′0 + w0)TαγβT

β
αδ1

γδ. (46)
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Because Weyl conformal curvature tensor Ci
jmn is an invariant of the mapping f ,

i.e. C
i
jmn = Ci

jmn, and from the equations (43, 44, 45, 46), we obtain that it is satisfied

Ri
jmn = Ri

jmn − u0Ti
jm;n − u′0Ti

jn;m − v0TαjmTi
αn − v′0TαjnTi

αm − w0TαmnTi
α j

+ u0T
i
jm;n + u′0T

i
jn;m + v0T

α

jmT
i
αn + v′0T

α

jnT
i
αm + w0T

α

mnT
i
α j

+
1

N − 2

(
δi

mR jn−δ
i
nR jm+Ri

m1 jn−Ri
n1 jm−δ

i
mR jn+δi

nR jm−R
i
m1 jn+R

i
n1 jm

)
−

u0

N − 2

(
δi

mTαjn;α − δ
i
nTαjm;α − δ

i
mT

α

jn;α + δi
nT

α

jm;α

)
−

u0

N − 2

(
1iαTβαm;β1 jn − 1

iαTβαn;β1 jm − 1
iαT

β

αm;β1 jn + 1
iαT

β

αn;β1 jm

)
−

v′0 + w0

N − 2

(
δi

mTαjβT
β
αn − δ

i
nTαjβT

β
αm − δ

i
mT

α

jβT
β

αn + δi
nT

α

jβT
β

αm

)
−

v′0 + w0

N − 2

(
1iαTβαγTγβm1 jn − 1

iαTβαγTγβn1 jm − 1
iαT

β

αγT
γ

βm1 jn + 1
iαT

β

αγT
γ

βn1 jm

)
+

1
(N − 1)(N − 2)

(
R(δi

m1 jn − δ
i
n1 jm) − R(δi

m1 jn − δ
i
n1 jm)

)
−

v′0 + w0

(N − 1)(N − 2)

(
TαγβT

β
αδ1

γδ
(
δi

m1 jn − δ
i
n1 jm

)
− T

α

γβT
β

αδ1
γδ

(
δi

m1 jn − δ
i
n1 jm

))
.

(47)

From the equations (37, 38), we get:

T
i
jm;n = Ti

jm;n + σi
jmn − σ

i
jmn, (48)

T
i
jn;m = Ti

jn;m + σi
jnm − σ

i
jnm, (49)

T
α

jmT
i
αn = TαjmTi

αn + ταjmTi
αn + τi

αnTαjm + ταjmτ
i
αn − τ

α
jmT

i
αn − τ

i
αnT

α

jm − τ
α
jmτ

i
αn, (50)

T
α

jnT
i
αm = TαjnTi

αm + ταjnTi
αm + τi

αmTαjn + ταjnτ
i
αm − τ

α
jnT

i
αm − τ

i
αmT

α

jn − τ
α
jnτ

i
αm, (51)

T
α

mnT
i
α j = TαmnTi

α j + ταmnTi
α j + τi

α jT
α
mn + ταmnτ

i
α j − τ

α
mnT

i
α j − τ

i
α jT

α

mn − τ
α
mnτ

i
α j. (52)

By the equation (47), it is presented the transformation of curvature tensor
0
Ri

jmn to
0

Ri
jmn as function of the

curvature tensors Ri
jmn and Ri

jmn

(
in the form (42)

)
of the spaces GRN and GRN. For this reason, from the

corresponding linear combination of the equations (47 – 52):

(47) + u0 · (48) + u′0 · (49) + v0 · (50) + v′0 · (51) + w0 · (52)

we obtain that it holds the equality

Ĉi
jmn = Ĉi

jmn
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for

Ĉi
jmn = Ri

jmn +
1

N − 2

(
δi

mR jn − δ
i
nR jm + Ri

m1 jn − Ri
n1 jm

)
+

R
(N − 1)(N − 2)

(
δi

m1 jn − δ
i
n1 jm

)
−

u0

N − 2

(
δi

mTαjn;α − δ
i
nTαjm;α + 1iαTβαm;β1 jn − 1

iαTβαn;β1 jm

)
−

v′0 + w0

N − 2

(
δi

mTαjβT
β
αn − δ

i
nTαjβT

β
αm + 1iαTβαγTγβm1 jn − 1

iαTβαγTγβn1 jm

)
−

v′0 + w0

(N − 1)(N − 2)
TαγβT

β
αδ1

γδ(δi
m1 jn − δ

i
n1 jm)

− u0σ
i
jmn − u′0σ

i
jnm + v0(ταjmTi

αn + τi
αnTαjm + ταjmτ

i
αn)

+ v′0(ταjnTi
αm + τi

αmTαjn + ταjnτ
i
αm) + w0(ταmnTi

α j + τi
α jT

α
mn + ταmnτ

i
α j)

(53)

and the corresponding Ĉi
jmn. In this way, it is proved that the following theorem holds:

Theorem 2.6. Let f : GRN → GRN be a conformal mapping of a generalized Riemannian space GRN. The
geometrical objects (53), for the corresponding constants u0,u′0, v0, v′0,w0 are invariants of the mapping f .

Corollary 2.7. The invariant Ĉi
jmn of conformal mapping f : GRN → GRN and the Weyl conformal curvature

tensor Ci
jmn of the associated space RN satisfy the equation

Ĉi
jmn = Ci

jmn − u0σ
i
jmn − u′0σ

i
jnm + v0(ταjmTi

αn + τi
αnTαjm + ταjmτ

i
αn)

+ v′0(ταjnTi
αm + τi

αmTαjn + ταjnτ
i
αm) + w0(ταmnTi

α j + τi
α jT

α
mn + ταmnτ

i
α j)

(54)

for the above defined σi
jmn and τi

jk.

Corollary 2.8. The invariants Ĉ
k

i
jmn of conformal mapping f : GRN → GRN derived from the linearly independent

curvature tensors R
k

i
jmn, k = 1, . . . , 5, given in the equations (8–12) are:

Ĉ
1

i
jmn = R

1

i
jmn +

1
N − 2

(
δi

mR
1

jn − δ
i
nR

1
jm + R

1

i
m1 jn − R

1

i
n1 jm

)
+

1
(N − 1)(N − 2)

R
1

(
δi

m1 jn − δ
i
n1 jm

)
−

1
N − 2

(
δi

mTαjn;α − δ
i
nTαjm;α + 1iαTβαm;β1 jn − 1

iαTβαn;β1 jm

)
+

1
N − 2

(
δi

mTαjβT
β
αn − δ

i
nTαjβT

β
αm + 1iαTβαγTγβm1 jn − 1

iαTβαγTγβn1 jm

)
+

1
(N − 1)(N − 2)

TαγβT
β
αδ1

γδ(δi
m1 jn − δ

i
n1 jm)

− σi
jmn + σi

jnm + ταjmTi
αn + τi

αnTαjm + ταjmτ
i
αn − τ

α
jnTi

αm − τ
i
αmTαjn − τ

α
jnτ

i
αm,

(55)

Ĉ
2

i
jmn = R

2
i
jmn +

1
N − 2

(
δi

mR
2

jn − δ
i
nR

2
jm + R

2
i
m1 jn − R

2
i
n1 jm

)
+

1
(N − 1)(N − 2)

R
2

(
δi

m1 jn − δ
i
n1 jm

)
+

1
N − 2

(
δi

mTαjn;α − δ
i
nTαjm;α + 1iαTβαm;β1 jn − 1

iαTβαn;β1 jm

)
+

1
N − 2

(
δi

mTαjβT
β
αn − δ

i
nTαjβT

β
αm + 1iαTβαγTγβm1 jn − 1

iαTβαγTγβn1 jm

)
+

1
(N − 1)(N − 2)

TαγβT
β
αδ1

γδ(δi
m1 jn − δ

i
n1 jm)

+ σi
jmn − σ

i
jnm + ταjmTi

αn + τi
αnTαjm + ταjmτ

i
αn − τ

α
jnTi

αm − τ
i
αmTαjn − τ

α
jnτ

i
αm,

(56)
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Ĉ
3

i
jmn = R

3
i
jmn +

1
N − 2

(
δi

mR
3

jn − δ
i
nR

3
jm + R

3
i
m1 jn − R

3
i
n1 jm

)
+

1
(N − 1)(N − 2)

R
3

(
δi

m1 jn − δ
i
n1 jm

)
−

1
N − 2

(
δi

mTαjn;α − δ
i
nTαjm;α + 1iαTβαm;β1 jn − 1

iαTβαn;β1 jm

)
+

1
N − 2

(
δi

mTαjβT
β
αn − δ

i
nTαjβT

β
αm + 1iαTβαγTγβm1 jn − 1

iαTβαγTγβn1 jm

)
+

1
(N − 1)(N − 2)

TαγβT
β
αδ1

γδ(δi
m1 jn − δ

i
n1 jm)

− σi
jmn − σ

i
jnm − τ

α
jmTi

αn − τ
i
αnTαjm − τ

α
jmτ

i
αn + ταjnTi

αm + τi
αmTαjn + ταjnτ

i
αm

− 2(ταmnTi
α j + τi

α jT
α
mn + ταmnτ

i
α j),

(57)

Ĉ
4

i
jmn = R

4

i
jmn +

1
N − 2

(
δi

mR
4

jn − δ
i
nR

4
jm + R

4

i
m1 jn − R

4

i
n1 jm

)
+

1
(N − 1)(N − 2)

R
4

(
δi

m1 jn − δ
i
n1 jm

)
−

1
N − 2

(
δi

mTαjn;α − δ
i
nTαjm;α + 1iαTβαm;β1 jn − 1

iαTβαn;β1 jm

)
−

3
N − 2

(
δi

mTαjβT
β
αn − δ

i
nTαjβT

β
αm + 1iαTβαγTγβm1 jn − 1

iαTβαγTγβn1 jm

)
−

3
(N − 1)(N − 2)

TαγβT
β
αδ1

γδ(δi
m1 jn − δ

i
n1 jm)

− σi
jmn − σ

i
jnm − τ

α
jmTi

αn − τ
i
αnTαjm − τ

α
jmτ

i
αn + ταjnTi

αm + τi
αmTαjn + ταjnτ

i
αm

+ 2(ταmnTi
α j + τi

α jT
α
mn + ταmnτ

i
α j),

(58)

Ĉ
5

i
jmn = R

5
i
jmn +

1
N − 2

(
δi

mR
5

jn − δ
i
nR

5
jm + R

5
i
m1 jn − R

5
i
n1 jm

)
+

1
(N − 1)(N − 2)

R
5

(
δi

m1 jn − δ
i
n1 jm

)
−

1
N − 2

(
δi

mTαjβT
β
αn − δ

i
nTαjβT

β
αm + 1iαTβαγTγβm1 jn − 1

iαTβαγTγβn1 jm

)
−

1
(N − 1)(N − 2)

TαγβT
β
αδ1

γδ(δi
m1 jn − δ

i
n1 jm)

+ ταjmTi
αn + τi

αnTαjm + ταjmτ
i
αn + ταjnTi

αm + τi
αmTαjn + ταjnτ

i
αm,

(59)

for R
k

i j = R
k
α
i jα,Rk

i
j = 1iαR

k
α j,R

k
= R

k
α
α, k = 1, . . . , 5, and the above defined objects τi

jk and σi
jmn.
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Matematički Vesnik, 49 (1997), 27–33.
[18] P. Mocanu, Spatii partial projective, Acad RPR, 6, 1955, 3, 4.
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