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A PRESERVING PROPERTY OF A LIBERA TYPE
OPERATOR

Mugur Acu and Dorin Blezu

1 Introduction

Let H(U) be the set of functions wich are regular in the unit disc U and

A={f €M), f(0)=0, f(0) =1}
Let the integral operator L, : A — H(U) as:

(1) f(2) = LaF(2) = 1;“ /ZF(z) #'4t  aeC, Rea>0.
0

In the case a = 1 this operator was introduced by R.J. Libera and it was
studied by many authors in different general cases. In the form (1) was used
first time by N.N. Pascu.

The purpose of this note! is to show that the n-uniform starlike functions
of order v and type o and the n-uniform close to convex functions of order
~ and type « are preserved by the operator in form (1).

2 Preliminary results

Let D™ the Salagean differential operator defined as:
Definition 2.1 D" : A — A, ne€ N and
D°f(z) = f(2),
D'f(z) = Df(2) ==2f (2),
Df(z) = D(D"'f(2)) .
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Definition 2.2 [2] Let f € A, we say that f is n-uniform starlike function
of order v and type « if

R6<W>Za.|m“f<z>_l+% .

D f(z) D f(z)

where a > 0, v € [-1,1), a+~v > 0, n € N. We denote this class with
USp(a,7).

Remark 2.1 Geometric interpretation: f € USy(a,~) if and only if DDTLZ;{Z()Z)

take all values in the conver domain included in right half plane A, -, where
Aq.~ 18 a eliptic region for o > 1, a parabolic region for a = 1, a hiperbolic
region for 0 < a < 1, the half plane u >~ for a = 0.

Definition 2.3 [1] Let f € A, we say that f is n-uniform close to convex
function of order v and type « in respect to the funtion n-uniform starlike
of order v and type « g(z), where o >0, v € [-1,1), a+~v >0, if

Dn+1f(z) Dn-‘rlf(z)
Re| ————|>a - |————=—1|+~v, z€U
( Drg(z) Drg(z)
where a > 0, v € [-1,1), a +v > 0, n € N. We denote this class with
Uucc,(a,7).

Remark 2.2 Geometric interpretation: f € UCCy(«,7) if and only if
n+1
DD:g{Z()Z) take all values in the convex domain included in right half plane
an, Where Aq  is a eliptic region for o > 1, a parabolic region for o =1,

a hiperbolic region for 0 < a < 1, the half plane u > v for a = 0.

The next two theorems are results of the so called ”admissible functions
method” introduced by P.T. Mocanu and S.S. Miller (see [3], [4], [5]).

Theorem 2.1 Let h be conver in U and Re[Bh(z)+~] > 0,z € U. If
p € H(U) withp(0) = h(0) and p satisfied the Briot-Bouquet differential

subordination

p(z) + #)(2_27 =< h(z), then p(z) < h(z) .

Theorem 2.2 Let g be convex in U and j : U — C with Re[j(z)] > 0. If
p € H(U) and p satisfied p(z) + j(2) - 2p (2) < q(2), then p(z) < q(2).
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3 Main results

Theorem 3.1 If F(z) € USy(«,7), with a > 0 and v > 0, then
f(2) = LoF(2) € USp(a,y) with « > 0 and v > 0.

Proof. We know that F(z) € US,(«,7) if and only if D;:;g)z) take all

values in the convex domain included in right half plane A, ,
By differentiating (1) we obtain:

(1+a)F(2) =af(z) + zf/(z).

By means of the application of the linear operator D"*! we obtain:

(1+a) D" F(z) = aD" f(2) + D" (2 (2)),

or
(1+a)D" ™ F(2) = aD™ ! f(2) + D" "2 f(2).

Similarly, by means of the application of the linear operator D™ we obtain:
(1+a)D"F(2) = aD" f(2) + D" (2)).

Dn-‘rlF(Z) B Dn+2f(z) +aD"+1f(z)

TS DTG T D) D ()
D) DY) D)
_ D) D) D (2)
(2) n+1 :
D)
Df(2)
()

. . D
With notation DG p(z), where p(z) =1+ p1z + -+, we have

, ntl )Y ZDn+1 Z,~Dn Z_Dn—i-l ). 2(D" Z/
2 (Z):Z'(Dan{Z())) _ (D" f(2)) JE(Dsz(z))z f(z) - 2(D"f(2) _

_ D"2f(2) - D"f(z) — (D" f(2))?

D ()
L DUE) DY) DY)
o P = oG T DG o) P
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From here we obtain

D2 f(z) 1 :
m =p(z) + @ - 2p (2).
Thus from (2) we obtain:
/ 1
priipe PO (25 +pe) e
D"F(2) - p(z)+a -
1 /
3 _ . _
3 P+ e ()
If we consider h € H,(U), with A(0) = 1, which maps the unit disc into the
convex domain included in right half plane A, -, then from %ﬂ;) take

all values in A, using (3) we obtain:
' Zpl(z) = h(Z),

where, from her construction, we have Reh(z) > 0 and from hypothesis
Rea > 0. From here folows that Re(h(z) 4+ a) > 0. In this conditions from
Dn+1 f( z)

D" f(2)
all values in the convex domain included in right half plane A, -, or
f(2) = LoF(z) € USp(«,7), with o > 0 and v > 0.

theorem (2.1) we obtain p(z) < h(z). From here follows that take

Theorem 3.2 If F(z) € UCC,(«a,7), in respect to the funtion n-uniform
starlike of order v and type o G(z), with o > 0 and v > 0, then

f(2) = LoF(2) € UCCy(c,7y) in respect to the funtion n-uniform starlike of
order vy and type « ,see theorem (3.1), g(z) = L,G(z) with « > 0 and v > 0.

Proof. We know that F'(z) € UCCy(«, ) if and only if %@(f) take all
values in the convex domain included in right half plane A,

By differentiating (1) we obtain:

(1+a)F(2) =af(z) + zf (), and

(14 a)G(2) = af(2) + zg (2).

By means of the application of the linear operator D"*! we obtain:

(14 a)D" M F(2) = aD"t' f(2) + D" (2f (2)),
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or
(1+a)D" M F(2) = aD" " f(2) + D" 2 f(2).

Similarly, by means of the application of the linear operator D™ we obtain:
(1+a)D"G(z) = aD"g(z) + D"1g(2)).

With simple calculation we obtain:

D"*2f(z) D"lg(z) D" f(z)
n D™F(z) _ Diig(z)  Drg(z) ' Dg(x)
D"G(z) D"tlg(2) ta
Drg(z)
n+1 n+1
With notation W = p(z), and W = h(z) by a similar calculus

as the above theorem, it follows that:

D2 f(2) B 1 /
D g(z) = p(z) + he) P (2).

Thus from (4) we obtain:

n+1 Py ,
) G =0+ G

If we consider ¢ convex in unit disc U, which maps the unit disc into the

D" E(2) yake

convex domain included in right half plane A, then from k)

all values in A, ., using (5) we obtain:

L (2) < a(2),

where, from her construction, we have Reh(z) > 0 and from hypothesis
Rea > 0. From here folows that RGW > 0. In this conditions from

. D" ()
theorem (2.2) we obtain p(z) < ¢(z). From here follows that 2]

all values in the convex domain included in right half plane A, -, or
f(z) = LyF(2) € UCCy(a,7), in respect to g(z) = L,G(z) € US,(«,7)
with o > 0 and v > 0.

take
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4 Some particular casses

1. From Theorem 3.1, for n = 1, we obtain that the integral operator (1)
preserved the class US¢(«, ), with v > 0, of uniform convex of type o and
of order ~ functions, introduced by I. Magdas.

2. From Theorem 3.1, for n = 1, v = 0 we obtain that the integral opera-
tor (1) preserved the class US¢(«), of uniform convex of type o functions,
introduced by S. Kanas and A. Visniowska.

3. From Theorem 3.1, for n = 1, v = 0, a = 1, we obtain that the integral
operator (1) preserved the class US€, of uniform convex functions, intro-
duced by A.W. Goodman, and studied by W. Ma and D. Minda.

4. From Theorem 3.1, for n = 1, @ = 1, we obtain that the integral operator
(1) preserved the class US°[y], with v > 0, of uniform convex of order =
functions, introduced by F. Ronning.

5. From Theorem 3.1, for n = 0, @ = 1, we obtain that the integral operator
(1) preserved the class SP (1777, HTV), introduced by F. Ronning.

6. From Theorem 3.2, for v = 0, we obtain that the integral operator (1)
preserved the class UCC),(«), of n-uniform close to convex of type « in
respect to a n-uniform starlike of type « functions, introduced by D. Blezu.
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