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NEW SPECIAL GEODESIC MAPPINGS OF
GENERAL AFFINE CONNECTION SPACES

Miéa S. Stankovié and Svetislav M. Ming¢ié

Abstract
In this work! we define }Q%-projective geodesic mappings (0 = 1,...,5)
of two general affine connection spaces and obtain some invariant geo-

metric objects of these mappings, generalizing Weyl’s tensor. Also,
we define l;%—projectively flat affine connection spaces GAy and find

necessary conditions for the space GAn to be Ij—projectively flat.

Introduction

Consider two N-dimensional differentiable manifolds GAy and GAx and dif-
ferentiable mapping f : GAy — GAy. We can consider these manifolds in the
common by this mapping system of local coordinates. 1f the connection coefficients
L;k(x) and f;k(x) , for the connection introduced in GAy and GAy respectively,
are non-symmetric in lower indices, we call GAy and GAy general affine connection
spaces.

One says that reciprocal one valued mapping f : GAy — GAp is geodesic,
[5,6] if geodesics of the space GAy pass to geodesics of the space GAx. In the
corresponding points M (z) and M (z) we can put

%

(0.1) Lj(x) = Lip(z) + Pj(z), (i,5,k=1,..,N),

where Pj’k(:p) is the deformation tensor of the connection L of GAn according to
the mapping f: GAy — GAy.
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A necessary and sufficient condition that the mapping f be geodesic [5] is that
the deformation tensor P from (0.2) has the form

(0.2) ik (2) = 0 () + 6, by () + & (=),
where
1 -
(0.3) Y = m(L; - L7),
(0.4 &= Lix — Ly

and jk denotes symmetrisation and jk -antisymmetrisation with respect to j, k. In
— v

GAp one can define four kinds of covariant derivatives [1,2,3]. For example, for a

tensor aj in GApn we have

i i P rp i i i PP i
@ \m = Qg+ Lppmay — Liay, a5 = @5y + Lypay — Ly, ap,
1 2
i i p_rp i i _ i i p_rp i
Wl = Qg + L @5 — Loy @G0, = @5 + Loppay — Ly ay,.
3 4

Denote by |, | a covariant derivative of the kind 6 in GAy and G Ay respectively.
]
In the case of the space GAn we have five independent curvature tensors [4] (in
[4] ]5% is denoted by ]2%)

R puin = L = Ly & Ly = DL,
gzw”l=aL;$n——L2$nl+nL%jL;p——LﬁjL;w7
‘?ijmn = Lé'm,n - L;j,m + L?mLizp - LijL;m + szm(L;)j - L;p)’
{Eijmn = Lém,n o Litj,m + L;)mL:'zp - Lﬁjin)m + Lfnn(L;)j - L;p)7
R = 3L+ Dy = L = Ly + DL+ Ly L

— L2 Li  —LP L ).

jn—mp nj—'pm

By virtue of the geodesic mapping f : GAxy — GAx we obtain tensors ?’:

jmn

(0=

1,...,5), where for example

(0.5) R =T, . -L. +I0 T -I"T

ljmn jm.n jn,m+ imTpn — HinHpm:
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In the case of geodesic mapping [ : Ay — Ap of the symmetric affine connection
spaces Ay and Ay we have an invariant geometric object

i % 2 9
ijn = ijn + N + 15j R[nm,]

(0.6) + (6, (NRjn + Rpj) — 0}, (NRjm + Rimj)],

N2 -1

where Rijmn is Riemann-Cristoffel’s curvature tensor of the space Ay, and Rjn,

Richi’s tensor.

The object Wijmn is called Weil’s tensor, or a tensor of projective curvature [8].
Having a geodesic mapping of two general affine connection spaces, we can not find
a generalization of Weil’s tensor as an invariant of geodesic mapping in general case.
For that reason we define a special geodesic mapping.

1. ll%-projective mappings

For the first kind curvature tensors of the spaces GAx and GApN respectively we
find the relation

Flaémn = Il%ijmn + 6; (Ifmn - ,({Jnm) + 6:71 71#3'71 - 62 lebjm
(1].) - 5;1 g)ndjp + 5; fmwp + szm\n - g;'nhn + 211[}35;171
1 1
+ ?mfzion - ?nézi?m + QL%M/)J' + 2L%ﬂ¢P6§ + 2Lzﬂ)1vn€;19’
%mn :wm\n*ﬂ)mwm (0=1,2).
0

Contracting with respect to ¢ and n from (1.1) we get

ij = ij - 1/)[7771] - (N - l)w]m =+ (N - 1) mep + §pm

(1.2) 1 1 1 1 J gm|p

1.2
P

- ?p\lm + Wi Loy + me pq ~ ?q pm T QL%ij + QL%LI ?p

Here ?jm and ]1%]»,71 are the first kind Ricci tensors of the spaces GAy and GAy

respectively and [jm] denotes an alternation without a division. ;jFrom (1.2) we
obtain

Rigm) = Bigm) = 2gm) = (V= Dbpm) + 2N = 1)&5,0p
TP TP
(1.3) + ?mlp = Eppm &y T wiLﬂgﬁ - meJ}’ + 26765

4 q p q p
~ Siq gm + 5fnq pi T 4Ln3jwp + 2Llf)@q ip 2Ljvq Zw’
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from where

Jplm
(1.4) , - )
+ fmp‘j + 2¢;L m,, 2¢mLm +265 &8+ ALY Wy + 2L - 2L gmp.

Substituting (1.4) in (1.2), we get

- 1
(N = Djm = jm = Bjm — 57 [Byjm)

TP P
+2¢] Jm\p Jplm +£m;nlj + 2% mp 2'1/Jijp +2 jm gq

_E[jm] +2(N = 1)&, 4y

(1.5)
p q p

+ 4Lmj1/]p + 2Lp - 2L ] + (V- ) m¥p + Jmlp jplm

+ 21/11 mp + pq 'q pm + 2L€@jwl’ + 2L€nvq ?p
Let us denote

N — 2 —p —p
Pim =577 mep wo =1 Wiy = Uy + Ny, in Lgf‘ )
(1.6) 1 1 9
P oe¢q _ __—  ¢P -
+N+1£]m N—1€N +N+1 W%

Now, (1.5) we can express in the form

1 - 1 -
@ 11% _1{ 3 1 N+1[ [m] = ftim]
: P
+2¢] Jmlp JP|m+§mP|]} Jm\p €JPIW}+DJ"“
ie.
1 —= 1 -
1{1jm = ﬁ(lﬁjm - -’l%jm) TNz (R[Jm] R[J‘m])
1 —p P N TP P
(1.8) + N+1 (chnlp - Ll@”lp) N1 (Lﬂ'vplm N Ljplm)
I =
T N2 1(Ln3pb Lfnp\J) + Djm-
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Substituting (1.8) in (1.1) one obtains

Tt % 1 0 5)
- N2 _15; (2]1%[mn] 2]%[mn]) 51( mn|p_L1;nn\p)
‘(LY P P P -
(1.9) - Niﬂéé (Ln\L/p\l anlm - me|n + er}/plm) N2 - 16; (L%plm - LTrbpln

= Dhppm + Lingya) 4, Dy + 5 O (R~ Ria)
1 % %) i (TP P
- N2_15m (]1%[]71] 7]1%[.]71]) N+16m( jn\p Ljn|p)
N  ~» 1 o 5 i
N+ 15m( Jp\n pr\ ) - N2 — 5 ( anJ - Lipb) + 0 71)3"
7 o) 1 7 5)
- m(sn( jm — Ifjm) + m% (IIB[jm] - Il%[jm])
—p N —p
1 i (7P i i i i
+ N2 5 ( mplj LZ@pU) 671 ?jm - 6m fnwp + 5n fmwp +€jm\n

= Gingm 2056 + Gnpn — nbpm 2L+ 2L 05 + 215,65
Introducing the condition
w10 05 Dpmn) + 0 Din = 03 Dijom = 03 €880 + 6, 65,0 + 20800
' +&m&pn = Enbpm + 2Lt + 200,005 + 207,85, = 0,

(1.9) can be expressed in the form

where
W(}E) jmn }Eljmn N + 15; plmnl + m[(N}FJTL + ]ﬁn])ézn
, 2 N2 -N -1
— ) N§E1_ 2 sigPp N ey P _ 7P
(N]l%jm-l—]l%mj)&n] N+16] Lmn‘lp-i- N1 (5 (meln an‘l )
(1.12) 1 o ) 1 ) )
N+ 15’" Ljvnlp N—|— 157” (NLJpln ™ N — 1anplj) + N + 15” LJm\p
1
7 P p
N+16n (NLJP\ + N _ 1me|j) Jm|n+Ljn\m
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Definition 1.1. The geodesic mapping f : GAy — GAy is ]i%—projective if the
condition (1.10) is satisfied.
Definition 1.2. The space GAy is ll%-projectively flat if there exists an If—projective

mapping of the space GAy to a flat space (i.e. to a space, whose connection
coefficients in special coordinates are zero). So, we proved

Theorem 1.1. The tensor (1.12) is an invariant of an ]ﬁ—pmjectz’ve mapping.

Theorem 1.2. If GAy is Il%-projectively flat, then
(1.13) W(R)'

=0, and using (1.11)

jmn

Proof. GAy is a flat space. Then by (1.12) we get W(]l%)l
we can see that (1.13) holds.

2. ];-projective mappings

Definition 2.1. The geodesic mapping f : GAy — GAy is ]j—projective if the

following condition is satisfied

85 Dign) + O Dijn = 03, Dijom = 83, €150 + 03, 750 + 20560

(2.1) ) ) ) ) .
where
N -1 2 —p P
?jm = Niﬂfﬁﬂ/}p + W(ijl’pm - mepj + NLgm Zj
(2.2) ’ ! ’
1 1 2
+ Lai&om) + N1 Smitir — 18w Ty iV

For the curvature tensors 12% and g of the space GAx and GAy we have the

relation

IQ%jmn = 12% jmn + 6j (Qé}mn - %nm) + 5m ’Iéjj" - 571 Téjjm
(2.3) — 81 &0 Up + 61 &0 p + Ehin — Ebm + 20560

+ Eninp — Englmp + 2Lty + 200,00 + 200,65
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Analogously to the previous case, we get an invariant of an é{—projective mapping

f:GAN —>GZN

i % 1 %

N+1 J
N2_-_N-1

+ 5 (L£m|n _Lgn|m)

V2
1 1 ,
___ Jp S A ' 4
pﬂn+ N — 1Lpn\y)+ N+16nL7@jép

_ 2
' N\ 5i Y 54
~ (NBjom + Bunj)d, | - N+16J Lo * =321
(2.4)

1 ,
- ——6 L. 761
N+1 ™ "APJFNJrl m (N

1
% P p _
- N+16”(NLpa\m+N_1Lp$nLj) mJ\n+LnJ|m

Consequently, the next theorems are valid

Theorem 2.1. The tensor (2.4) is an invariant of an ];—projective mapping f :
GAN — GZN
Theorem 2.2. If GAy is Ij—pmjectively flat then we have

W(g)ljmn =0.
3. ]?)%-projective mappings
Definition 3.1. The geodesic mapping f : GAy — GAy is I;—projective if the
following condition holds
52 D+ 61 D — 54 Dy + za;i Lyt + 200, 2,0
(3.1) (00 & = O 60) ¥ + EnEp = Ginpm + 2n(Linj + &)
+ me(LiLj + E:’Lj) + 2€Zm(L§7j + f;igj) =0.
where

1 2
Dijm = f§m¢p + N+1 fm gp T N2 [21/’1’( it 5,,U)
+ ¢m(Lg] + 55]) - 1/fj (Lgm + ggm) =+ fgngJ - 'gq] pm]

1
7 2L+ )+ 20m (L + 6 + 260 (L + €)= €, 65]
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Definition 3.2. The space GAy is é?—projectively flat if there exists an l?—projective

mapping of the space GAy into a flat space.

In the case of curvature tensors of the third kind of the spaces GAy and GAyn
we get the relation

Bin = B jn + 0 (o = ) + 01 i = 0, Yojm

(3.2) 00(0 G = I €05) + Gnp — Engm + Enbp — Gupm
+ 20 (Lo + &) + 20m (L + €5) + 260 Ly + 35).

Also, it holds

(3.3) %mn = 11bmn + 2L Y-

(From (3.2) and (3.3) we get

B = B + 05 Wi = Vo) + 83y Uy = 0y + 20} Lty

jnSpm

+ 2¢n(Lir\L/j +&mj) 2¢m(LLVj +&ni) + 2§£m(L;)Vj +&pi)-

Contracting (3.4) with respect to i and n we get

Bim = Bim = Ygm) = (N = Djm + (N + D&ty + fmip - zljagm
(8:5) +ED £ — €D el +2¢p(L’,’,$j +&8.) +2wm(L§vj + ;’j)+2§§m(LZvj +&55);
hence

N+ 0¢jm) = Bjm) = Bigm) + 20V + D&ty + 2650y, = 61 + &y

(3.6) + 288 &8, — & &L s+ A (LY A &8 ) 4 20 (LE: + ED))

Substituting (3.6) in (3.5) we get

1 _
Vb — PR B Y PP P
= T g B+ 2
P p P P ,
- m’\lmijpmlj} + jmipf pjler(Nil)?]m’
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Now, from (3.4,6,7) by condition (3.1) we get

(35) WRY = WE) e
where
WY s = By 5757700 B gl B + B,
_(Nzgj,,L+§mj)5;] N 51( mnlp Lgm‘njLLpnlm—Lf@nip)
+ le 16; (Lgmln Lgn\m) N2 — 51 (2L§n|p Lmln + LpnIJ)
TN 1(%( in|p Lgvj\ln) N N21_ 15 (2L§m|p N Liﬂlm T LPmU)
* %51 (L] jm|p nglm) N Jm|" + Lnylm

Consequently, the next theorems hold:

Theorem 3.1. The tensor W(R)

jmn 1S an invariant of an ];—pm]ectwe mapping.

Theorem 3.2. If GAy is ?-pmjectively flat then

4. i%—projective mappings

Definition 4.1. A geodesic mapping f : GAy — GAy is @—projective if the

following condition is satisfied
05 Dpmn) + 03 Din = 0, Djim + 25§ Loyl + 200 Lty
(4.1) + (83 8y = 0 €0 )00 + Ernip — Enpm + 20n(Lin; + &)
+ 21/)m(Liij + f:’bj) + 2€£m(L§7vj + f;igj) =0.
where
Z4)3'"‘ = ity + N+1 mip — 2 [2%( j +§f;j)
+ m(Ly; + €55) = i (L +§pm) +£quq = &aLim]

1
7 200 )+ 20m (L + ) + 260, (L + ) = 65
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Definition 4.2. The space GAy is {E—projectively flat if there exists an i%—projective

mapping of the space GAy into a flat space.
For curvature tensors of the fourth kind we get

(42) + wp((;l - 51 ) + élm\n - fnﬂm + jm ;p 571 ;m
+ 2%(% t Eng) + 20m(Lng + &) + 280 (L + &5)-

Now analogously to the previous cases, we get an invariant of an i%—projective map-

ping in the form

) ) 1 . 1 ;
U— - 5 - 4 VY
W(@) jmn — @]mn + N + 16] ]Al%[mn] + N2 _ 1 [(Nﬁjn + égnj)(sm
_ . AV _c P
(N{;Z]m +§m])5n] + 5o 5 (2Lmn|p me‘n +Ly pnjm
- I? )+L6 (.b . —LP )+ ! ——0 (212
mn\p N -1 pm\n p'n,|m N2 _1 ™ ]n\p
1
p p () P 7
~ gt Ly = g gy~ L)~ 5770 @
1
2 D 2
_Lp7|m+me|J)+ Nfl(S (ijlp vajlm)_ JM\H+LHJ\m
i.e. the next theorems hold:
Theorem 4.1. The tensor W(R) jmn 1S an invariant of an §—pr0jective mapping.

Theorem 4.2. If GAy is {f-pmjectively flat then

5. {_;Z-projective mappings

Definition 5.1. A geodesic mapping f : GAy — GAy is Ig—projective if the

following condition is satisfied

7(51 q 751 P _751
(51) N1 mnpq+N+1Manq N+1njmpq
. 1 1 ¢P 1 i ¢P P i P i
N+15m Jjq "p+N 6 gJq +£]7n gjn mp:o
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Definition 5.2. The space GAy is é%—projectively flat if there exists an é%—

projective mapping of the space GAy into a flat space. -
For curvature tensors of the fifth kind (0.9) of the spaces GAy and GAx we find
the relation

i i 1
ijn B jmn 2 (wmn '(é)nm + qéjmn - ?nm)
. 1 .. 1 . .
(5:2) + féfn (zlm +Yin) = 50 (Yim + Yym) + §( i = Eonlm
3 4

Putting
1
12 1 2
we get from (5.2)
i % i % 1 % 7
@jmn = 'Zgjmn + ('Q[Jmn - 1/J)+(5m ¢j" - 5n ’(/}jm + 5( jm|n — Sjn|m
(5.3) . St
4 i i % P ¢
+€mj‘|1n_ n]\m+ mSpn — +€ nj pm)7

Eliminating ¥, from (5.3), analogously to the previous cases, we get
12

(5.4) W s = W s
where
O o A o T T

= (VB + BB = 5y (Ll + K
o P~ o g~
N mé (Lfnlp + Lnalp) ﬁél (L npli + Lpn\a)
T 2(]\[7]\[)61 (L5 ip|n + Lm\n) T 2(N1+ 1)51 (L5 gmlp + Lm]lp)
=y Ly o)~ 77y U+ )

V 4 Vv 4 Vv 3

Hence:
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Theorem 5.1. The tensor W( )i is an invariant of an {;Z-projective mapping.

jmn

Theorem 5.2. If GAy is ]g—pmjectively flat then

W(‘?)ijmn =0.
In the case of generalized Riemannian space (GRy) the connection coefficients
are defined by means of a non-symmetric basic tensor [1]-[3], [7] and they are

non-symmetric too. The tensors W(R)j,,,, [9] obtained as invariants of a map
9 P
f : GRx — GRy are particular cases of obtained here tensors W(Io%)i 0 =

1

jmn

,++-5). For example

W(?)Jmn = ?]mn N + 15J [mn] + ﬁ[(Nll%Jn + Plinj)(sm
) 2 i TP 1 i P

1
i 7P
+ N + 15" chnlp N Jmm + Lanlm

When GAy (GRy) reduces to the Riemannian space, the magnitudes W(g)
(W(le%)) (0 =1,---5) reduce to the Weil’s tensor [8]

i % 1 % i
ijn =R jmn + m((sm Rjn - 511 ij)'
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