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ON UPPER AND LOWER
M-CONTINUOUS MULTIFUNCTIONS

Takashi Noiri and Valeriu Popa

Abstract
In this paper1 we introduce upper/lower M -continuous multifunc-

tions as a multifunction defined between sets satisfying certain mini-
mal conditions. We obtain some characterizations and some properties
of such multifunctions. Moreover, we define m-compactness and m-
connectedness and investigate their properties.

1 Introduction

Semi-open sets, preopen sets, α-sets, β-open sets and δ-open sets play an im-
portant role in the researches of generalizations of continuity in topological
spaces. By using these sets several authors introduced and studied various
types of non-continuous functions. Certain of these non-continuous func-
tions have properties similar to those of continuous functions and they hold,
in many part, parallel to the theory of continuous functions. Further, the
analogy in their definitions and results suggests the need of formulating a
unified theory in the setting of multifunctions.

In this paper we introduce upper/lower M -continuous multifunctions as
multifunctions defined between sets satisfying certain minimal conditions.
We obtain some characterizations and some properties of such multifunc-
tions. Moreover, we define m-compactness and m-connectedness and inves-
tigte their properties.

2 Preliminaries

Let X be a topological space and A a subset of X. The closure of A and
the interior of A are denoted by Cl(A) and Int(A), respectively. A subset
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A is said to be regular closed (resp. regular open) if Cl(Int(A)) = A (resp.
Int(Cl(A)) = A).

Definition 2.1 A subset A of a topological space (X, τ) is said to be β-open
[1] (resp. semi-open [10], preopen [13], α-open [18]) if A ⊂ Cl(Int(Cl(A)))
(resp. A ⊂ Cl(Int(A)), A ⊂ Int(Cl(A))), A ⊂ Int(Cl(Int(A)))).

The family of all semi-open (resp. preopen, α-open, β-open) sets in X
is denoted by SO(X) (resp. PO(X), α(X), β(X)). The complement of
a semi-open (resp. preopen, α-open, β-open) set is said to be semi-closed
[5] (resp. preclosed [7], α-closed [15], β-closed [1]). If A is both semi-open
and semi-closed, then it is said to be semi-regular [6]. The set of all semi-
regular sets of X is denoted by SR(X). The intersection of all semi-closed
(resp. preclosed, α-closed, β-closed, semi-regular) sets of X containing A is
called the semi-closure [5] (resp. preclosure [7], α-closure [15], β-closure [2],
semi-θ-closure [16]) of A and is denoted by sCl(A) (resp. pCl(A), αCl(A),
βCl(A), sθCl(A)). The union of all semi-open (resp. preopen, α-open, β-
open, semi-regular) sets of X contained in A is called the semi-interior (resp.
preinterior, α-interior, β-interior, semi-θ-interior) of A and is denoted by
sInt(A) (resp. pInt(A), αInt(A), βInt(A), sθInt(A)).

Throughout the present paper, (X, τ) and (Y, σ) (or simply X and Y )
always denote topological spaces and F : (X, τ) → (Y, σ) presents a multi-
valued function. For a multifunction F : X → Y , we shall denote the upper
and lower inverse of a set B of a space Y by F+(B) and F−(B), respectively,
that is,

F+(B) = {x ∈ X : F (x) ⊂ B} and F−(B) = {x ∈ X : F (x) ∩B 6= ∅}.

Definition 2.2 A multifunction F : (X, τ) → (Y, σ) is said to be
(1) upper continuous (resp. upper semi-continuous [8, 23], upper pre-

continuous [26], upper α-continuous [17], upper β-continuous [31], upper s-
θ-continuous [9]) if for each x ∈ X and each open set V of Y containing
F (x), there exists an open (resp. semi-open, preopen, α-open, β-open, semi-
regular) set U of X containing x such that F (U) ⊂ V ,

(2) lower continuous, (resp. lower semi-continuous [8, 23], lower pre-
continuous [26], lower α-continuous [17], lower β-continuous [31], lower s-
θ-continuous [9]) if for each x ∈ X and each open set V of Y such that
V ∩ F (x) 6= ∅, there exists an open (resp. semi-open, preopen, α-open, β-
open, semi-regular) set U of X containing x such that F (u)∩V 6= ∅ for each
u ∈ U .
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Definition 2.3 A multifunction F : (X, τ) → (Y, σ) is said to be
(1) upper irresolute [8] (resp. upper preirresolute [27], upper α-irresolute

[17] , upper β-irresolute [28]) if for each x ∈ X and each semi-open (resp.
preopen, α-open, β-open) set V of Y containing F (x),there exists a semi-
open (resp. preopen, α-open, β-open) set U of X containing x such that
F (U) ⊂ V ,

(2) lower irresolute [8] (resp. lower preirresolute [27], lower α-irresolute
[17], lower β-irresolute [28]) if for each x ∈ X and each semi-open (resp.
preopen, α-open, β-open) set V of Y such that F (x) ∩ V 6= ∅,there exists
a semi-open (resp. preopen, α-open, β-open) set U of X containing x such
that F (u) ∩ V 6= ∅ for each u ∈ U .

3 M-continuous multifunctions

Definition 3.1 A subfamily mX of the power set P(X) of a nonempty set
X is called a minimal structure (briefly m-structure) on X if ∅ ∈ mX and
X ∈ mX . Each member of mX is said to be mX-open and the complement
of a mX -open set is said to be mX-closed.

Remark 3.1 Let (X, τ) be a topological space. Then the families τ , SO(X),
PO(X), α(X), β(X), SR(X)) are all m-structures on X.

Definition 3.2 Let X be a nonempty set and mX a m-structure on X. For
a subset A of X, the mX-closure of A and the mX-interior of A are defined
in [12] as follows:

(1) mX -Cl(A) = ∩{F : A ⊂ F,X − F ∈ mX},
(2) mX -Int(A) = ∪{U : U ⊂ A,U ∈ mX}.

Remark 3.2 Let (X, τ) be a topological space and A a subset of X. If mX

= τ (resp. SO(X), PO(X), α(X), β(X), SR(X)), then we have
(1) mX -Cl(A) = Cl(A) (resp. sCl(A), pCl(A), αCl(A), βCl(A), sθCl(A)),
(2) mX -Int(A) = Int(A) (resp. sInt(A), pInt(A), αInt(A), βInt(A),

sθInt(A)).

Lemma 3.1 (Maki [12]). Let X be a nonempty set and mX a m-structure
on X. For subsets A and B of X, the following hold:

(1) mX-Cl(X−A) = X− (mX-Int(A)) and mX-Int(X−A) = X− (mX-
Cl(A)),

(2) If (X − A) ∈ mX , then mX-Cl(A) = A and if A ∈ mX , then mX-
Int(A) = A,
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(3) mX-Cl(∅) = ∅, mX-Cl(X) = X, mX-Int(∅) = ∅ and mX-Int(X) =
X,

(4) If A ⊂ B, then mX-Cl(A) ⊂ mX-Cl(B) and mX-Int(A) ⊂ mX-
Int(B),

(5) A ⊂ mX-Cl(A) and mX-Int(A) ⊂ A,
(6) mX-Cl(mX-Cl(A)) = mX-Cl(A) and mX-Int(mX-Int(A)) = mX-

Int(A).

Lemma 3.2 Let X be a nonempty set with a minimal structure mX and A a
subset of X. Then x ∈ mX-Cl(A) if and only if U ∩A 6= ∅ for every U ∈ mX

containing x.

Proof. Necessity. Suppose that there exists U ∈ mX containing x such
that U ∩ A = ∅. Then A ⊂ X − U and X − (X − U) = U ∈ mX . Then
mX -Cl(A) ⊂ X − U . Since x ∈ U , we have x /∈ mX -Cl(A).

Sufficiency. Suppose that x /∈ mX -Cl(A). There exists a subset F of X
such that X −F ∈ mX , A ⊂ F and x /∈ F . Thus there exists (X −F ) ∈ mX

containing x such that (X − F ) ∩A = ∅.
Definition 3.3 A minimal structure mX on a nonempty set X is said to
have property (B) [12] if the union of any family of subsets belonging to mX

belongs to mX .

Lemma 3.3 For a minimal structure mX on a nonempty set X, the follow-
ing are equivalent:

(1) mX has property (B);
(2) If mX-Int(V ) = V , then V ∈ mX ;
(3) If mX-Cl(F ) = F , then X − F ∈ mX .

Proof. (1) ⇒ (2): Let mX -Int(V ) = V . By Definition 3.2, we have mX -
Int(V ) ∈ mX and hence V ∈ mX .

(2) ⇒ (3): Let mX -Cl(F ) = F . Then we have X − F = X − mX -
Cl(F ) = mX -Int(X − F ). Therefore, by (2) we obtain X − F ∈ mX .

(3) ⇒ (2): This proof is similar to that of the implication (2) ⇒ (3).
(2)⇒ (1): Suppose that Aα ∈ mX for each α ∈ ∆. Let V = ∪α∈∆Aα. By

Lemma 3.1, we have mX -Int(V ) ⊂ V . Let x ∈ V , then there exists α0 ∈ ∆
such that x ∈ Aα0 ∈ mX . Therefore, x ∈ Aα0 = mX -Int(Aα0) ⊂ mX -Int(V ).
Thus we obtain V ⊂ mX -Int(V ) and hence mX -Int(V ) = V . By (2), we have
V = ∪α∈∆Aα ∈ mX . This completes the proof.

Lemma 3.4 Let X be a nonempty set and mX a minimal structure on X
satisfying (B). For a subset A of X, the following properties hold:
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(1) A ∈ mX if and only if mX-Int(A) = A,
(2) A is mX-closed if and only if mX-Cl(A) = A,
(3) mX-Int(A) ∈ mX and mX-Cl(A) is mX-closed.

Proof. This follows immediatately from Lemmas 3.1 and 3.3.

Definition 3.4 Let (X, mX) and (Y, mY ) be nonempty sets X and Y with
minimal structures mX and mY , respectively. A multifunction F : (X, mX) →
(Y,mY ) is said to be

(1) upper M-continuous if for each x ∈ X and each V ∈ mY containing
F (x), there exists U ∈ mX containing x such that F (U) ⊂ V ,

(2) lower M-continuous if for each x ∈ X and each V ∈ mY such that
F (x)∩ V 6= ∅, there exists U ∈ mX containing x such that F (u)∩ V 6= ∅ for
each u ∈ U .

Theorem 3.1 For a multifunction F : (X, mX) → (Y,mY ), where (Y, mY )
satisfies property (B), the following properties are equivalent:

(1) F is upper M-continuous;
(2) F+(V ) = mX-Int(F+(V )) for every V ∈ mY ;
(3) F−(K) = mX-Cl(F−(K)) for every mY -closed set K;
(4) mX-Cl(F−(B)) ⊂ F−(mY -Cl(B)) for every subset B of Y;
(5) F+(mY -Int(B)) ⊂ mX-Int(F+(B)) for every subset B of Y.

Proof. (1) ⇒ (2): Let V ∈ mY and x ∈ F+(V ). Then F (x) ⊂ V . There
exists U ∈ mX containing x such that F (U) ⊂ V . Thus x ∈ U ⊂ F+(V ).
This implies that x ∈ mX -Int(F+(V )). This shows that F+(V ) ⊂ mX -
Int(F+(V )). By Lemma 3.1, we have mX -Int(F+(V )) ⊂ F−1(V ). There-
fore, F+(V ) = mX -Int(F+(V )).

(2) ⇒ (3): Let K be any mY -closed set. Since Y − K ∈ mX , by
Lemma 3.1 we have X − F−(K) = F+(Y −K) = mX -Int(F+(Y −K)) =
mX -Int(X − F−(K)) = X − mX -Cl(F−(K)). Therefore, we obtain mX -
Cl(F−(K)) = F−(K).

(3) ⇒ (4): Let B be any subset of Y . Then by Lemmas 3.1 and 3.4,
mY -Cl(B) is mY -closed. By Lemma 3.1, we have F−(B) ⊂ F−(mY -Cl(B))
= mX -Cl(F−(mY -Cl(B)) and mX -Cl(F−(B)) ⊂ F−(mY -Cl(B)).

(4) ⇒ (5): Let B be any subset of Y . Then by Lemma 3.1 we have

X −mX -Int(F+(B))) = mX -Cl(X − F+(B)) = mX -Cl(F−(Y −B))
⊂ F−(mY -Cl(Y −B)) = F−(Y −mY -Int(B)) = X − F+(mY -Int(B)).

Therefore, we obtain F+(mY -Int(B)) ⊂ mX -Int(F+(B)).
(5) ⇒ (1): Let x ∈ X and V ∈ mY containing F (x). Then
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x ∈ F+(V ) = F+(mY -Int(V )) ⊂ mX -Int(F+(V )).
There exists U ∈ mX containing x such that U ⊂ F+(V ); hence F (U) ⊂ V .
This implies that F is upper M -continuous.

Theorem 3.2 For a multifunction F : (X,mX) → (Y, mY ), where (Y,mY )
satisfies property (B), the following properties are equivalent:

(1) F is lower M-continuous;
(2) F−(V ) = mX-Int(F−(V )) for every V ∈ mY ;
(3) F+(K) = mX-Cl(F+(K)) for every mY -closed set K;
(4) mX-Cl(F+(B)) ⊂ F+(mY -Cl(B)) for every subset B of Y;
(5) F (mX-Cl(A)) ⊂ mY -Cl(F (A)) for every subset A of X;
(6) F−(mY -Int(B)) ⊂ mX-Int(F−(B)) for every subset B of Y.

Proof. We prove only the implications (4) ⇒ (5) and (5) ⇒ (6) being the
proofs of the other similar to those of Theorem 3.1.

(4) ⇒ (5): Let A be any subset of X. By (4), we have mX -Cl(A) ⊂ mX -
Cl(F+(F (A))) ⊂ F+(mY -Cl(F (A))) and F (mX -Cl(A)) ⊂ mY -Cl(F (A)).

(5) ⇒ (6): Let B be any subset of Y . By(5), we have
F (mX -Cl(F+(Y − B))) ⊂ mY -Cl(F (F+(Y − B))) ⊂ mY -Cl(Y − B)) =
Y − mY -Int(B) and F (mX -Cl(F+(Y − B))) = F (mX -Cl(X − F−(B))) =
F (X −mX -Int(F−(B))).
This implies that F−(mY -Int(B)) ⊂ mX -Int(F−(B)).

Remark 3.3 Let (X, τ) and (Y, σ) be two topological spaces.
(1) We put mX = τ (resp. SO(X), PO(X), α(X), β(X), SR(X)) and

mY = σ. Then, an upper/lower M -continuous multifunction F : (X, mX) →
(Y, σ) is an upper/lower continuous (resp. semi-continuous, precontinuous,
α-continuous, β-continuous, s-θ-continuous). Moreover, Theorems 3.1 and
3.2 establish their characterizations which are obtained in ([23], [26], [29],
[31], [9]).

(2) We put mX = SO(X) (resp. PO(X), α(X), β(X)) and mY = SO(Y )
(resp. PO(Y ), α(Y ), β(Y )), then an upper/lower M -continuous multifunc-
tion F : (X,mX) → (Y, mY ) is upper/lower irresolute (resp. preirresolute or
M -precontinuous, α-irresolute or strongly feebly continuous, β-irresolute).
Moreover, Theorems 3.1 and 3.2 establish their characterizations which are
obtained in [25] (resp. [27], [20], [28]).

4 m-compact sets

Definition 4.1 A nonempty set X with a minimal structure mX is said to
be m-compact if every cover of X by mX -open sets has a finite subcover.
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A subset K of a nonempty set X with a minimal structure mX is said
to be m-compact if every cover of K by mX -open sets has a finite subcover.

Theorem 4.1 Let (X,mX) and (Y, mY ) be nonempty sets with m-structures
and let mY satisfy property B. If F : (X, mX) → (Y,mY ) is an upper M -
continuous multifunction such that F (x) is m-compact for each x ∈ X and
K is an m-compact set of (X,mX), then F (K) is m-compact.

Proof. Let {Vi : i ∈ I} be any cover of F (K) by mY -open sets. For each
x ∈ K, F (x) is m-compact and there exists a finite subset I(x) of I such
that F (x) ⊂ ∪{Vi : i ∈ I(x)}. Now, set V (x) = ∪{Vi : i ∈ I(x)}. Then we
have F (x) ⊂ V (x) and V (x) ∈ mY . Since F is upper M -continuous, there
exists U(x) ∈ mX containing x such that F (U(x)) ⊂ V (x). The family
{U(x) : x ∈ K} is a cover of K by mX -open sets. Since K is m-compact,
there exists a finite number of points, say, x1, x2, ..., xn, in K such that
K ⊂ ∪{U(xk) : xk ∈ K, 1 ≤ k ≤ n}. Therefore, we obtain

F (K) ⊂ ∪{F (U(xk)) : xk ∈ K, 1 ≤ k ≤ n}
⊂ ∪{Vi : i ∈ I(xk), xk ∈ K, 1 ≤ k ≤ n}.

This shows that F (K) is m-compact.

Corollary 4.1 Let (X, mX) and (Y, mY ) be nonempty sets with m-structures
and let mY satisfy property B. If F : (X, mX) → (Y,mY ) is an upper M -
continuous surjective multifunction such that F (x) is m-compact for each
x ∈ X and (X,mX) is m-compact, then (Y, mY ) is m-compact.

Definition 4.2 A subset A of a topological space X is said to be α-compact
[19] (resp. semi-compact, strongly compact [14]) relative to X if every cover
of A by α-open (resp. semi-open, preopen) sets has a finite subcover.

A topological space X is said to be α-compact [11] (resp. semi-compact
[4], strongly compact [14]) if the set X is α-compact (resp. semi-compact,
strongly compact) relative to X.

Corollary 4.2 Let (X, τ) and (Y, σ) be topological spaces and F : (X, τ) →
(Y, σ) be a surjective multifunction such that F (x) is compact for each x ∈ X.
If (X, τ) is compact (resp. α-compact, semi-compact, strongly compact) and
F is upper continuous (resp. upper α-continuous, upper semi-continuous,
upper precontinuous), then (Y, σ) is compact.

Proof. Let mX = τ (resp. α(X), SO(X), PO(X)) and F : (X, mX) →
(Y, σ) be a surjective upper M -continuous multifunction such that F (x) is
m-compact for each x ∈ X. Then by Corollary 4.1 we obtain the result.
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Remark 4.1 In case of α-compact spaces, the result of Corollary 4.2 is
established in [3].

5 m-connected sets

Definition 5.1 A nonempty set X with a minimal structure mX satisfying
B is said to be m-connected if X can not be written as the union of two
nonempty disjoint mX -open sets.

Definition 5.2 A topological space (X, τ) is said to be semi-connected [22]
(resp. preconnected [24], β-connected [30]) if X can not be written as the
union of two nonempty disjoint semi-open (resp. preopen, β-open) sets.

Remark 5.1 If (X, τ) is a topological space and mX = τ (resp. SO(X),
PO(X), β(X)), then the definition of connectedness (resp. semi-connectedness
[22], preconnectedness [24], β-connectedness [30]) are obtained from Defini-
tion 5.1.

Theorem 5.1 Let (X, mX) be a nonempty set with a minimal structure
mX satisfying property (B) and (Y, σ) a topological space. If F : (X, mX) →
(Y, σ) is an upper or lower M-continuous surjective multifunction such that
F (x) is connected for each x ∈ X and (X,mX) is m-connected, then (Y, σ)
is connected.

Proof. Suppose that (Y, σ) is not connected. There exist nonempty open
sets U, V ∈ σ such that U ∩ V = ∅ and U ∪ V = Y . Since F (x) is connected
for each x ∈ X, either F (x) ⊂ U or F (x) ⊂ V . If x ∈ F+(U ∪ V ), then
F (x) ⊂ U∪V and hence x ∈ F+(U)∪F+(V ). Moreover, since F is surjective,
there exist x and y in X such that F (x) ⊂ U and F (y) ⊂ V ; hence x ∈ F+(U)
and y ∈ F+(V ). Therefore, we obtain the following:

(1) F+(U) ∪ F+(V ) = F+(U ∪ V ) = X,
(2) F+(U) ∩ F+(V ) = F+(U ∩ V ) = ∅, and
(3) F+(U) 6= ∅ and F+(V ) 6= ∅.

Next, we show that F+(U) and F+(V ) are mX -open in X. (i) Let F be
upper M -continuous. By Theorem 3.1 and Lemma 3.4, F+(U) and F+(V )
are mX -open in X. (ii) Let F be lower M -continuous. By Theorem 3.2 and
Lemma 3.4, F+(U) is mX -closed in X since U is clopen in (Y, σ). Therefore,
F+(V ) is mX -open in X. Similarly, F+(U) is mX -open in X. Consequently,
X is not m-connected. This completes the proof.
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Corollary 5.1 Let (X, τ) and (Y, σ) be topological spaces and F : (X, τ) →
(Y, σ) be a surjective multifunction such that F (x) is connected for each x ∈
X. If (X, τ) is connected (resp. semi-connected, preconnected, β-connected)
and F is upper or lower continuous (resp. semi-continuous, precontinuous,
β-continuous), then (Y, σ) is connected.

Proof. Let mX = τ (resp. SO(X), PO(X), β(X)) and F : (X, mX) →
(Y, σ) be an upper M -continuous surjective multifunction such that F (x) is
connected for each x ∈ X. Then by Theorem 5.1 we obtain the result.

6 Applications

A subset A is said to be δ-open [33] if for each x ∈ A there exists a regular
open set G such that x ∈ G ⊂ A. A point x ∈ X is called a δ-cluster
point of A if Int(Cl(V ))∩A 6= ∅ for every open set V containing x. The set
of all δ-cluster points of A is called the δ-closure of A and is denoted by
δCl(A). The set {x ∈ X : x ∈ U ⊂ A for some regular open set U of X}
is called the δ-interior of A and is denoted by δInt(A). A subset A of X is
said to be δ-preopen [32] (resp. δ-semi-open [21]) if A ⊂ Int(δCl(A)) (resp.
A ⊂ Cl(δInt(A))). The family of all δ-preopen (resp. δ-semi-open) sets in
X is denoted by δPO(X) (resp. δSO(X)). The complement of a δ-preopen
(resp. δ-semi-open) set is said to be δ-preclosed [32] (resp. δ-semi-closed
[21]). The intersection of all δ-preclosed (resp. δ-semi-closed) sets of X con-
taining A is called the δ-preclosure [32] (resp. δ-semi-closure [21] ) of A and
is denoted by δpCl(A) (resp. δsCl(A)). The union of all δ-preopen (resp.
δ-semi-open) sets of X contained in A is called the δ-preinterior (resp. δ-
semi-interior) of A and is denoted by δpInt(A) (resp. δsInt(A)).

Let (X, τ) and (Y, σ) be topological spaces in the sequel. We can define
some new types of generalized continuity for multifunctions.

Definition 6.1 A multifunction F : (X, τ) → (Y, σ) is said to be
(1) upper δ-almost-continuous (resp. upper δ-semi-continuous ) if for

each x ∈ X and each open set V of Y containing F (x), there exists a δ-
preopen (resp. δ-semi-open) set U of X containing x such that F (U) ⊂ V ,

(2) lower δ-almost-continuous (resp. lower δ-semi-continuous ) if for each
x ∈ X and each open set V of Y such that F (x) ∩ V 6= ∅, there exists a δ-
preopen (resp. δ-semi-open) set U of X containing x such that F (u)∩V 6= ∅
for each u ∈ U .
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Definition 6.2 A multifunction F : (X, τ) → (Y, σ) is said to be
(1) upper δ-almost-irresolute (resp. upper δ-semi-irresolute , upper s-θ-

irresolute) if for each x ∈ X and each δ-preopen (resp. δ-semi-open, semi-
regular) set V of Y containing F (x), there exists a δ-preopen (resp. δ-semi-
open, semi-regular) set U of X containing x such that F (U) ⊂ V ,

(2) lower δ-almost-irresolute (resp. lower δ-semi-irresolute , lower s-θ-
irresolute) if for each x ∈ X and each δ-preopen (resp. δ-semi-open, semi-
regular) set V of Y such that F (x) ∩ V 6= ∅, there exists a δ-preopen (resp.
δ-semi-open, semi-regular) set U of X containing x such that F (u) ∩ V 6= ∅
for each u ∈ U .

Remark 6.1 Let (X, τ) be a topological space. Then the families δPO(X)
and δSO(X) are all m-structures on X satisying property (B). If mX =
δPO(X) (resp. δSO(X) ), then for a subset A of X we have

(1) mX -Cl(A) = δpCl(A) (resp. δsCl(A)),
(2) mX -Int(A) = δpInt(A) (resp. δsInt(A)) .

We obtain the following characterizations, for example, for lower/lower
δ-almost-continuous multifunctions.

Theorem 6.1 For a multifunction F : (X, τ) → (Y, σ), the following prop-
erties are equivalent:

(1) F is upper δ-almost-continuous;
(2) F+(V ) ∈ δPO(X) for every open set V ∈ σ;
(3) F−(K) δ-preclosed in (X, τ) for every closed set K of (Y, σ);
(4) δpCl(F−(B)) ⊂ F−(Cl(B)) for every subset B of Y;
(5) F+(Int(B)) ⊂ δpInt(F+(B)) for every subset B of Y.

Proof. In Theorem 3.1 we set mX = δPO(X) and mY = σ, then this
theorem follows from Theorem 3.1.

Theorem 6.2 For a multifunction F : (X, τ) → (Y, σ), the following prop-
erties are equivalent:

(1) F is lower δ-almost-continuous;
(2) F−(V ) ∈ δPO(X) for every open set V ∈ σ;
(3) F+(K) δ-preclosed in (X, τ) for every closed set K of (Y, σ);
(4) δpCl(F+(B)) ⊂ F+(Cl(B)) for every subset B of Y;
(5) F (δpCl(A)) ⊂ Cl(F (A)) for every subset A of X;
(6) F−(Int(B)) ⊂ δpInt(F−(B)) for every subset B of Y.
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Proof. In Theorem 3.2 we set mX = δPO(X) and mY = σ, then this
theorem follows from Theorem 3.2.

Moreover, we define the following new multifunctions. Then we can
obtain their characterizations by Theorems 3.1 and 3.2.

Definition 6.3 A multifunction F : (X, τ) → (Y, σ) is said to be
(1) upper strongly β-irresolute (resp. upper strongly-semi-irresolute , up-

per strongly M-precontinuous, upper strongly α-irresolute) if for each point
x ∈ X and each β-open (resp. semi-open, preopen, α-open) set V of (Y, σ)
containing F (x) there exists an open set U containing x such that F (U) ⊂ V ,

(2) lower strongly β-irresolute (resp. lower strongly-semi-irresolute ,
lower strongly M-precontinuous, lower strongly α-irresolute) if for each point
x ∈ X and each β-open (resp. semi-open, preopen, α-open) set V of (Y, σ)
such that F (x) ∩ V 6= ∅ there exists an open set U containing x such that
F (u) ∩ V 6= ∅ for every u ∈ U .

Remark 6.2 Let F : (X, τ) → (Y, σ) be a multifunction, mX = τ and
mY = β(Y ) (resp. SO(Y ), PO(Y ), α(Y )). Then,

(1) By Theorem 3.1, we obtain characterizations of upper strongly β-
irresolute (resp. upper strongly-semi-irresolute, upper strongly M-precontinuous,
upper strongly α-irresolute),

(2) By Theorem 3.2, we obtain characterizations of lower strongly β-
irresolute (resp. lower strongly-semi-irresolute, lower strongly M-precontinuous,
lower strongly α-irresolute).

References

[1] M.E. Abd El-Monsef, S.N. El-Deeb and R. A. Mahmoud, β-open sets
and β-continuous mappings, Bull. Fac. Sci. Assiut Univ. 12 (1983),
77–90.

[2] M.E. Abd El-Monsef, R.A. Mahmoud and E.R. Lashin, β-closure and
β-interior, J. Fac. Ed. Ain Shams Univ. 10 (1986), 235–245.

[3] J. Cao and I.L. Reilly, α-continuous and α-irresolute multifunctions,
Math. Bohemica 121 (1996), 415–424.

[4] D.A. Carnahan, Some Properties Related to Compactness in Topological
Spaces, Ph. D. Thesis, Univ. of Arkansas, 1973.



84 Takashi Noiri and Valeriu Popa

[5] S.G. Crossley and S.K. Hildebrand, Semi-closure, Texas J. Sci. 22
(1971), 99–112.

[6] G. Di Maio and T. Noiri, On s-closed spaces, Indian J. Pure Appl.
Math. 18 (1987), 226–233.

[7] S.N. El-Deeb, I.A. Hasanein, A.S. Mashhour and T. Noiri, On p-regular
spaces, Bull. Math. Soc. Sci. Math. R. S. Roumanie 27(75) (1983), 311–
315.

[8] J. Ewert and T. Lipski, Quasi-continuous multivalued mappings, Math.
Slovaca 33 (1983), 69–74.

[9] S. Ganguly and C.K. Basu, s-closed spaces and multifunctions, Soochow
J. Math. 19 (1993), 213–223.

[10] N. Levine, Semi-open sets and semi-continuity in topological spaces,
Amer. Math. Monthly 70 (1963), 36–41.

[11] S.N. Maheshwari and S.S. Thakur, On α-compact spaces, Bull. Inst.
Math. Acad. Sinica 13 (1985), 341–347.

[12] H. Maki, On generalizing semi-open and preopen sets, Report for Meet-
ing on Topological Spaces Theory and its Applications, August 1996,
Yatsushiro College of Technology, pp. 13–18.

[13] A.S. Mashhour, M.E. Abd El-Monsef and S.N. El-Deeb, On precontin-
uous and weak precontinuous mappings, Proc. Math. Phys. Soc. Egypt
53 (1982), 47–53.

[14] A.S. Mashhour, M.E. Abd El-Monsef, I.A. Hasanein and T. Noiri,
Strongly compact spaces, Delta J. Sci. 8 (1984), 30–46.

[15] A.S. Mashhour, I.A. Hasanein and S.N. El-Deeb, α-continuous and
α-open mappings, Acta Math. Hungar. 41 (1983), 213–218.

[16] M.N. Mukherjee and C.K. Basu, On semi-θ-closed sets, semi-θ-
connectedness and some associated mappings, Bull. Calcutta Math.
Soc. 83 (1991), 227–238.

[17] T. Neubrunn, Strongly quasi-continuous multivalued mappings, General
Topology and its Relations to Modern Analysis and Algebra VI, Proc.
Praque Topological Symposium 1986, Heldermann Verlag, Berlin, 1988,
351–360.



On upper and lower M -continuous multifunctions 85

[18] O. Nj̊astad, On some classes of nearly open sets, Pacific J. Math. 15
(1965), 961–970.

[19] T. Noiri and G. Di Maio, Properties of α-compact spaces, Suppl. Rend.
Circ. Mat. Palermo (2) 18 (1988), 105–110.

[20] T. Noiri and N. Nasef, On upper and lower α-irresolute multicontinuous
functions, Res. Rep. Yatsushiro Coll. Tech. 20 (1998), 79–84.

[21] J.H. Park, B.Y. Lee and M.J. Son, On δ-semi-open sets in topological
spaces, J. Indian Acad. Math. 19 (1997), 59–67.

[22] V. Pipitone e G. Russo, Spazi semiconnessi e spazi semiaperti, Rend.
Circ. Mat. Palermo (2) 24 (1975), 273–285.

[23] V. Popa, Multifonctions semi-continues, Rev. Roumanie Math. Pures
Appl. 27 (1982), 807–815.

[24] V. Popa, Properties of H-almost continuous functions, Bull. Math. Soc.
Sci. Math. R. S. Roumanie 31(79) (1987), 163–168.

[25] V. Popa, On characterizations of irresolute multifunctions, J. Univ.
Kuwait Sci. 15 (1988), 21–26.

[26] V. Popa, Some properties of H-almost continuous multifunctions, Prob-
lemy Mat. 10 (1988), 9–26.

[27] V. Popa, Y. Kucuk and T. Noiri, On upper and lower preirresolute
multifunctions, Pure Appl. Math. Sci. 46 (1997), 5–16.

[28] V. Popa, Y. Kucuk and T. Noiri, On upper and lower β-irresolute
multifunctions (submitted).

[29] V. Popa and T. Noiri, On upper and lower α-continuous multifunctions,
Math. Slovaca 43 (1993), 477–491.

[30] V. Popa and T. Noiri, Weakly β-continuous functions, Anal. Univ.
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