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Abstract

In this paper1 we introduce a new selection principle for topological
spaces and consider its connection with the classical selection principles.

1 Introduction

In 1973 in [4] W. Haver introduced a covering property, called property C, for
metric spaces. Addis and Gresham reformulated the original definition of C as
follows in [1] :

Definition 1 A topological space X has property C if for each sequence (Un :
n ∈ N) of open covers of X there is a sequence (Vn : n ∈ N) of families of open
subsets of X satisfying the following three conditions:
(1) For each n Vn is a disjoint family;
(2) For each n Vn refines Un (we write Vn < Un);
(3)

⋃
n∈NVn is an open cover of X.

The case when for each n we have Un = U , some fixed open cover of X, was
considered in [3] by Bing, and the corresponding property was called screenabil-
ity by Bing. Addis and Gresham’s reformulation of Haver’s property C thus is
a selective version of screenability.

We now introduce the following new selection hypothesis.

Definition 2 Let A and B be collections of open covers of topological space
X. The symbol Sc(A,B) denotes the selection hypothesis that for each sequence
(Un : n ∈ N) of elements of A there exists a sequence (Vn : n ∈ N) of families
such that
(i) each Vn is a pairwise disjoint collection of open sets,
(ii) for each n, if V ∈ Vn, then V ⊂ G for some member G ∈ Un and
(iii) the family

⋃
n∈NVn is an element of B.

In this paper A and B will be any of the following classes of open covers:

1Presented at the IMC “Filomat 2001”, Nǐs, August 26–30, 2001
2000 Mathematics Subject Classification: 54D20, 54E99
Keywords: Selection principles, screenability, property C, ω-cover, γ-cover

127



128 Liljana Babinkostova

O – the collection of all open covers of the space;

Ω – the collection of ω-covers of the space. An open cover U of X is an ω-
cover if X does not belong to U and every finite subset of X is contained
in a member of U ;

Γ – the collection of γ-covers of the space. A cover U of X is said to be
a γ-cover if it is infinite and for each x ∈ X the set {U ∈ U : x 6∈ X} is
finite.

The property of anti-monotonicity in the first variable, and monotonicity
for the second is true for the selection principle Sc(A,B). This means that
if A, B and D are nonempty subsets of O such that A ⊂ B, then we have:
Sc(D,A) ⊆ Sc(D,B) and Sc(A,D) ⊇ Sc(B,D). Directly from the inclusions
Γ ⊆ Ω ⊆ Λ ⊆ O and the monotonicity properties of the selection principle Sc,
we have the following diagram:
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Sc(O, Γ) Sc(O, Ω) Sc(O, Λ) Sc(O,O)

Sc(Λ,Γ) Sc(Λ,Ω) Sc(Λ, Λ) Sc(Λ,O)

Sc(Ω, Γ) Sc(Ω, Ω) Sc(Ω, Λ) Sc(Ω,O)

Sc(Γ, Γ) Sc(Γ, Ω) Sc(Γ, Λ) Sc(Γ,O)

Figure 1: Sc monotonicity diagram

2 Some equivalences for Sc(O,O)

Theorem 1 For a topological space X the following statements are equivalent:
(i) X has property Sc(O,O),
(ii) X has property Sc(Ω,O).
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Proof . We must prove that (ii) implies (i). Let (Un : n ∈ N) be a sequence of
open covers of X.

Let (Yn : n ∈ N) be a pairwise disjoint sequence of infinite sets of positive
integers whose union is the set N. For each n define Wn to be the set whose
elements are of the form Un1 ∪ Un2 ∪ ... ∪ Unk

, where k is any positive integer
and n1 < n2 < ... < nk are elements of Yn and each Unj

is an element of Unj
.

If there is an n for which X ∈ Wn, then X = Un1 ∪ Un2 ∪ ... ∪ Unk
for k a

positive integer and n1 < n2 < ... < nk elements of Yn.
For ni put Vni

= {Uni
}, i ≤ k, and for j ∈ N \ {n1, · · · , nk} pick Uj ∈ Uj

arbitrarily, and set Vj = {Uj}. Then the sequence (Vj : j ∈ N) witnesses
Sc(O,O) for X for the sequence of Un’s.

So, we may assume that X is in no Wn. Then each Wn is an ω-cover of
X. Now apply the fact that X is in Sc(Ω,O) and choose for each n a Wn such
that Wn refines Wn and Wn is pairwise disjoint collection of open sets, and
∪{Wn : n ∈ N} is an open cover of X. For each n and for each U ∈ Wn we take
F (U) ∈ Wn such that U ⊂ F (U). Fix for each such U a representation

F (U) = Ui1 ∪ Ui2 ∪ ... ∪ Uik
, i1 < i2 < ... < ik ∈ Yn

and define Ind(U) = {i1, i2, ..., ik}. Then Wn is used as follows to define a
refinement for each Um with m ∈ Yn: For each i ∈ Yn, we define Vi in the
following way: If U ∈ Wn has i ∈ Ind(U) we put Si(U) = U ∩ Ui. Then we
define Vi = {Si(U) : U ∈ Wn and i ∈ Ind(U)} \ {∅}. Then Vi is a pairwise
disjoint collection of open sets and refines Ui and the union ∪{Vi : i ∈ N} is an
open cover of X. ♦

Theorem 2 Sc(O,O) = Sc(Λ, Λ)

Proof . Let (Un : n ∈ N) be a sequence of λ-covers for a space X. From each
cover Un we choose λ-cover Vn ⊂ Un, such that for each m 6= n, Vn ∩ Vm = ∅.
Let (Yn : n ∈ N) be a pairwise disjoint sequence of infinite sets of positive
numbers. We use the fact that X belongs to the class Sc(O,O) for each sequence
(Vm : m ∈ Yn) of open covers for the space X. For each m, we choose sequence
(Un : n ∈ Ym), such that for each n ∈ Ym, the family Un refines Vn and⋃

n∈N Un is open cover for X. Then the family
⋃

n∈N Un is λ-cover for X, such
that:

1. for each sequence Un is pairwise disjoint family of open sets;

2. for each n, if G ∈ Un, then G ⊂ V and V is an element of the sequence
Vn;

From the fact that Ω ⊆ Λ we have that Sc(Λ, Λ) ⇒ Sc(Ω,O), i.e. Sc(O,O) =
Sc(Ω,O) = Sc(Λ, Λ). ♦
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3 Relations between Sc and the classical selec-
tion principles

About the relations among the selection principles Sc(A,B) and S1(A,B) and
Sfin(A,B), we show the following results:

Theorem 3 (1) Sc(O,O) does not imply Sfin(O,O).
(2) Sfin(O,O) does not imply Sc(O,O).

Proof . (1) Addis and Gresham showed that the Hilbert cube is not a C-space.
From the fact that the Hilbert cube is a compact space and thus has Sfin(O,O),
we obtain that Sc(O,O) does not imply Sfin(O,O).
(2) Consider NN with the usual Tychonoff product topology (N is considered
discrete and NN is the countable power of N). This topology is metrizable
and in fact the metric d(g, h) = 1/n where n is least with g(n) 6= h(n) gener-
ates this topology. In the literature (NN , d) is often called “the Baire space”.
Let R denote the set of rational numbers in [0, 1] and let N denote the set of
irrational numbers in [0,1]. The map from NN to N which maps a sequence
to the irrational number having that sequence as continued fraction expansion,
is a homeomorphism. Thus, for topological purposes, we may replace the set
of irrational numbers in [0, 1] with NN . Addis and Gresham showed that ze-
rodimensional paracompact spaces have property Sc(O,O). Thus, as NN is
zerodimensional and paracompact, it has property Sc(O,O). According to an
old result of Hurewicz, NN does not have property Sfin(O,O). ♦

Theorem 4 For each A,B ⊆ O: If the topological space X has selection prop-
erty S1(A,B), then X has selection property Sc(A,B).

Proof . Let (Un : n ∈ N) be any sequence of covers from A for the space X.
Since the space X satisfies S1(A,B), choose a sequence (Un : n ∈ N) such that
each Un ∈ Un and the set {Un : n ∈ N} is a cover for X and belongs to B.

Consider the sequence (Vn : n ∈ N) where Vn is the one-point {Un}. It is
clear that this sequence satisfies the conditions for Sc(A,B) of the space X. ♦

With the next results we show that only for some classes of covers for which
X has the Sc-property, X has the S1-property.

Theorem 5 Sc(A, Γ) ⇒ Sfin(A,Γ).

Proof . Let (Un : n ∈ N) be a sequence of A-covers of X. We apply that X
has the Sc(A,Γ) property: there exists a sequence (Vn : n ∈ N) of families such
that
(i) each Vn is pairwise disjoint collection of open sets,
(ii) for each n, if V ∈ Vn, then V ⊂ G for some member G ∈ Un and
(iii) the family G =

⋃
n∈NVn is a γ-cover of X.

Consider an x ∈ X. Then {G ∈ G : x 6∈ G} is finite, but G is infinite. Thus, by
(i), each Vn is finite. ♦
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Corollary 6 If A ∈ {Ω,Γ} then Sc(A, Γ) ⇒ S1(A,Γ).

Proof . It was shown in [5] that Sfin(Ω, Γ) = S1(Ω, Γ) and that Sfin(Γ,Γ) =
S1(Γ, Γ). Apply Theorem 5. ♦

Theorem 7 Sc(A, Ω) ⇒ S1(A, Ω).

Proof . Let (Un : n ∈ N) be a sequence of covers of X from A. The space X
belongs to the class Sc(A,Ω), so choose a sequence (Vn : n ∈ N) of families,
such that:

1. Vn is pairwise disjoint collection of open sets;

2. For each n, if V ∈ Vn, then V ⊂ G where G is an element of the sequence
Un;

3. The family
⋃

n∈N Vn is an ω-cover for X.

Consider x ∈ X. For each n, let

Sn(x) = {V ∈ Vn : x ∈ V }
Because Vn is pairwise disjoint collection of open sets we have that | Sn(x) |≤

1. For a subset F of X and for each n, let

Sn(F ) = {V ∈ Vn : F ⊂ V }
Also, because Vn is a pairwise disjoint collection of open sets, we have that
| Sn(F ) |≤ 1. For each finite set F ⊂ X, we have

Sn(F ∪ {x}) ⊆ Sn(x)
and Sn(F ∪ {x}) ⊆ Sn(F )

If Sn(F ∪ {x}) 6= ∅, then Sn(F ) = Sn(x) and because of condition 3) there
exists n ∈ N such that Sn(F ∪ {x}) 6= ∅. ♦

Let X be a non-compact space. Then, the following statements are true:

Lemma 8 For each ω-cover U there exists a refinement V, such that:

1. V is an ω-cover for X and

2. There is no finite subcover of X from the cover V.

Proof . Let U be an ω-cover for the space X. It means that for each finite
subset F ⊂ X there exists an element U ∈ U , such that F ⊂ U . We choose
the cover V for the space X in the following way: for each finite subset F ⊂ X
there exists V ∈ V, such that F ⊆ V ⊆ U , and U is an element of the cover U .
Then, the cover V is an ω-cover for X which refines the cover U .
The condition 2) is true, because if not, the topological space X will be a
compact space which is contradiction. ♦
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Definition 3 ([2]) An open cover U is weakly groupable if there exists a par-
tition U = ∪n∈NVn, such that each Vn is finite, Vm ∩Vn = ∅ for m 6= n and for
each finite subset F ⊂ X there exists n such that F ⊂ ∪Un.

The symbol Owgp denote the family of all weakly groupable covers for the
space X.

Theorem 9 If X is not a compact space, then Sc(Γ, Ω) ⇒ Sc(Ω,Owgp)

Proof . Let (Un : n ∈ N) be a sequence of ω-covers for the space X. Because
X is not a compact space we apply the previous Lemma to each element of the
sequence (Un : n ∈ N): i.e., there exists a sequence (Vn : n ∈ N) of ω-covers for
X such that each Vn refines Un and no finite subset F ⊂ Vn is a cover of X.

For each m define:

Wm = {∪m<j≤nVj : n ∈ N and Vj ∈ Vj}
Then for each m ∈ N, Wm is a γ-cover for X. Because X belongs to the class
Sc(Γ, Ω) there exists a sequence (Km : m ∈ N) such that:

1. Each Kn is a pairwise disjoint family of open sets;

2. for each m, if K ∈ Km, then there exists an element V ∈ Wm such that
K ⊂ V and

3. the family
⋃

n∈NKn is an ω-cover for X.

Because (Km : m ∈ N) refines the sequence (Wm : m ∈ N) we have that the
sequence (Km : m ∈ N) refines the sequence (Um : m ∈ N), and that Km is a
pairwise disjoint family of open sets for each m ∈ N.
From the condition 3) it follows that

⋃
m∈NKm ∈ Owgp. ♦

We have Figure 2 on the next page.

4 Preservation under finite powers

For S1 and Sfin the following statements are true for any space X:

1. X has S1(Ω,Ω) if, and only if, each finite power of X has S1(O,O) - [6].

2. X has Sfin(Ω, Ω) if, and only if, each finite power of X has Sfin(O,O) -
[5].

In the corresponding statement:

X has Sc(Ω, Ω) if, and only if, each finite power of X has Sc(O,O)

the implication

X has Sc(Ω,Ω) ⇒ each finite power of X has Sc(O,O)
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Figure 2: S1 − Sc - diagram
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is true, but the implication

each finite power of X has Sc(O,O) ⇒ X has Sc(Ω, Ω)

is false.
To see this, recall from Theorem 7 that if X has property Sc(Ω,Ω), then it

has property S1(Ω, Ω). Then, by Sakai’s theorem [6], each finite power of X has
S1(O,O). Then by Theorem 4, each finite power of X has Sc(O,O).

To see that the other implication is false, recall that Addis and Gresham
showed that paracompact zerodimensional spaces have property Sc(O,O). Thus,
with X the Baire space, all finite powers of X are paracompact and zerodimen-
sional, and so have property Sc(O,O). But X does not even have property
Sfin(O,O), and so does not have property S1(Ω,Ω) (which by Theorems 4 and
7 is Sc(Ω,Ω)).
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