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LACUNARY STRONG CONVERGENCE OF DIFFERENCE
SEQUENCES WITH RESPECT TO A MODULUS
FUNCTION

RIFAT COLAK

ABSTRACT. A sequence 6§ = (k,) of positive integers is called
lacunary if ko =0, 0 < k, < ky41 and h, = k. —k,—1 — 00 as r — oo.
The intervals determined by 0 are denoted by I, = (kr—1, kr].
Let w be the set of all sequences of complex numbers and f
be a modulus function. Then we define
1
No(A™, f) = {z € w: lim o~ > f(A™ 2k — 1) = 0 for some 1}.
" " kel,
0 m _ L1 1 m _
N§(A™, ) ={z € w:lm =3 f(IA™2x]) = 0}
kel,
NG (A", f) ={z € w s sup - > F(A™ak]) < o0},
kel
where Az =z — Tpp1, Az = A™ 'z — A™ g and m is a
fixed positive integer.

In this study we give various properties and inclusion rela-
tions on these sequence spaces.

1. INTRODUCTION

Let w be the set of all sequences of real or complex numbers and £, ¢,
and ¢y be respectively the Banach spaces of bounded, convergent and null
sequences = (z}) with the usual norm ||z|| = supy |xg|, where k € N =
{1,2,...} the set of positive integers.

The difference sequence space X (A) was introduced by Kizmaz [4] as
follows:

X (A)={z = (zx) €w: (Azg) € X} for X =, ¢ and ¢y,
where Axy = xp — w1, for all k € N.
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The difference sequence spaces were generalized by Et and Colak [2] as
follows:

X(A™ ={x=(ap) ew: Az = (AMxy) € X} for X =l ¢ and ¢y,

where A"y, = A™ gy — A™ gy and so AMap = Y00 (—1)Y () Tk

By a lacunary sequence 6 = (k,); r = 0,1,2, ..., where ky = 0, we mean
an increasing sequence of non-negative integers with h, = k. — k,_1 — o
as r — oo. We denote by I, = (k,_1, k,] the intervals determined by 6 and
qr = % for r =0,1,2,... . The space of lacunary convergent sequences Ny

was defined by Freedman et all [3] as follows:

(1.1) Np= {x = (xg) : h;nhr_1 > |zk — €] =0, for some E} .
kel,

The space Ny is a BK-space with the norm

(1.2) Izl = suph ' > Jag] .
T kel,

Ng denotes the subset of Ny those sequences for which £ = 0 in the definition
of Np. (NJ,|-||ly) is also a BK-space. There is a relation (see for instance
[3] ) between Ny and the space |o;| of strongly Cesaro summable sequences

defined by

(1.3) |oi| = {x = (xg) : Jirgon_l Z |z — €| =0, for some K} .
k=1

In the special case = (2") we have Ny = |o1].

The notion of a modulus function was introduced by Nakano [7]. We recall
that a modulus f is a function from [0, c0) to [0, 00) such that

(i) f(z)=0if and only if z =0

(i) f(z+ )< f(2) + £ (5), forall 2> 0,y >0

(iii) f increasing,

(iv) f continuous from the right at zero.

Since |f () — f (v)] < fl(x —y)], it follows from (iv) that f is continu-
ous on [0,00). Furthermore, we have f (nz) < nf(x) for all n € N from
condition (ii), and so f (x) = f (nx%) < nf(z/n), hence L f(2) < f(z/n)
for all n € V.

A modulus may be bounded or unbounded. For example, f (z) = z? for
0 < p <1 is unbounded, but f (z) = xiﬂ is bounded.

Subsequently modulus function have been studied by Ruckle [9], Connor
[1], Maddox [5], Pehlivan and Fisher [8], Malkowsky and Savas [6].
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2. MAIN RESULTS

In this section, we extend A™—lacunary strongly convergent sequences
which were defined by B.C. Tripathy, M. Et and S. Mahanta [10], and give
the relation between A™—lacunary strong convergence and A™—lacunary
strong convergence with respect to a modulus.

Definition 2.1. Let f be a modulus function. We define the following sets

N§(A™ f) = {mezliTmhrlzf(\Amxk\):O}

kel,

Ny (A™, f) = {x Ew: li;nh;l Z f(|[A™xp —£|) =0, for some 6}

kel,

Nge(A™ f) = {xew:suphrlZf(|Amxk|)<oo}.

T kel,

If we take f (z) = x then we obtain the sequence spaces N§ (A™), Ny (A™)
and Ng° (A™) from the above sequence spaces.

Theorem 2.2. The sets N§ (A™, f), Ng (A™, f) and N§° (A™, f) are linear
spaces.

Proof. We consider only Ny (A™, f). Let z,y € No (A™, f) and o,y € C.
Then there exist positive integers K, and M, such that |a| < K, and
|v| < M,. From the definition of f and A™ we have

Rt D FIA™ (amy, + yyr) — (oly + b)) <

kel
Kohy ' D7 F(IA™ g, — G]) + Myt Y f(IA™ e — £2]) — 0, r— oo,
kel kel,
Thus Ny (A™, f) is a linear space. O

Lemma 2.3. [8] Let f be a modulus function and let 0 < 6 < 1. Then for
each © > & we have f (z) < 2f (1) 5 1a.

Theorem 2.4. Let f be a modulus function. Then Ng(A™) C Ng (A™, f).

Proof. Let © € Ng (A™). Then we have

(2.1) 7.=h! Z |A™zy — 4 — 0 as r — oo, for some /.
kel
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Let € > 0 and choose ¢ with 0 < 0 < 1 such that f (u) < € for every u
with 0 <« < ¢. Then we can write

hit Y f (A — 1)) =

kel
hy! > F(A ), —€) + ! > f(jA™ 2 — 1)) <
kEln,|Am ey, —0|<6 kElLn | A gy, —l]>6
hyt (hee) + hy '2f (1) byt
from Lemma 2.3. Therefore x € Ny (A™, f). O

Theorem 2.5. Let f be a modulus function, if lims_ @ =3 >0, then
Ny (A™, f) = Ng (A™).

Proof. By Theorem 2.4, we need only show that Ny (A™, f) C Ng (A™). Let
B >0 and x € Ny (A™, f). Since f > 0, we have f(t) > ft for all t > 0.
Hence we have

bt Z f (A, —£]) > h Z B|A™xy, — £ = Bh, ! Z Ay, — .
kel kel kel
Therefore we have = € Ng (A™). O

In Theorem 2.5, the condition # > 0 can not be omitted. For this consider
the following example.

Example 2.6. Let f (z) =In(1+2). Then 8 = 0. Define A™zy, to be h, at
the (k,—1 + 1) —th term in [, for every r > 1 and z; = 0 otherwise. Note
that = ¢ loo (A™). Then we have

bt Z f(A™ ) =h 'In(1+h,) =0, as r— o0
kel
and so x € Ny (A™, f), but
bt Z |A"zp| = h th, — 1, as 71— oo,
kel

and so x ¢ Ny (A™).
Theorem 2.7. Let m > 1 be a fized integer, then

(i) N (A™L f) € Ng (A™, f);

(ii) Np (A™1, ) C N (A™, f);

(iil) Ng° (A™71, f) € Ng© (A™, f);
and the inclusions are strict.

Proof. The proof of the inclusions follows from the following inequality

Bt S FOAT ) < bt Y (JAm ) 4t Y F (|AT )
kel

kel kel,
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To show the inclusions are strict, let § = (2") and = = k™. Then = €
Ng° (A™, f), but & ¢ N§° (A™ L f). If x = (k™), then A"z = (—1)" m!
and A" 1gy = (—1)" !t (k4 pl). 0

Theorem 2.8. Let 0 = (k) be a lacunary sequence. If 1 < liminf, ¢ <
limsup, ¢, < oo, then |o1| (A™, f) = Ng (A™, f), where

lo1| (A™, f) = {wa Zf |A™xy, — L)) =0, for some f}

k 1

Proof Suppose that liminf, g. > 1, then there exists § > 0 such that ¢,
ke < () apg B=t <

=

for_ all r > 1. Then we may write
krfl

1
Zf |A™ i) = Zf [A™zil) = = > f (1A i)

" iel, Toi=1
kr 1

-7 (k:;lzrf(mw) - & (k > f\AW)) .
T i=1 " i=1

Now suppose that limsup,. ¢, < oo and let € > 0 be given. Then there exists
Jo such that for every j > jo

1
A= - S [F (A < e
i el
i€l
We can also choose a number M > 0 such that A; < M for all j. If
lim sup, ¢, < oo, then there exists a number g > 0 such that ¢, < g for
every r. Now let n be any integer with k,_1 <n < k.. Then

Y (A <k 11Zf | A 4)
i=1

i€l el

= k- 11{Zf A" z;|) + .+ D> S IA’”:&ZI)}
= kr_ll{ZZf(lAminH > Zf(IA’”:wI)}

j=Lli€l; J=jo+1i€l;
Jo
< ko {Z D F(A™z]) + e (ke — Kjp) kr—ll}
j=1i€el;
= k1 {mA+hoAs+ ...+ hjgAj}
e (kr — kjo) byl
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< k:%( sup Aj> kjo + € (ke — kjo) kil

1<i<jo
< Mk kj, +¢B
which yields that = € |o1| (A™, f). O
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