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ORDINARY, ABSOLUTE AND STRONG SUMMABILITY
AND MATRIX TRANSFORMATIONS

ABDULLAH M. JARRAH AND EBERHARD MALKOWSKY

ABSTRACT. Many important sequence spaces arise in a natural
way from various concepts of summability, namely ordinary,
absolute and strong summability. In the first two cases they
may be considered as the domains of the matrices that define
the respective methods of summability; the situation, however,
is different and more complicated in the case of strong summa-
bility.

Given sequence spaces X and Y, we find necessary and suf-
ficient conditions for the entries of a matrix to map X into Y,
and characterize the subclass of those matrices that are com-
pact operators.

This paper gives a survey of recent research in the field of
matrix transformations at the University of NiS, Serbia and
Montenegro, in the past four years.

1. INTRODUCTION AND THE BASIC THEORY

Classical summability theory deals with a generalization of the concept
of convergence of sequences or series of real or complex numbers. The idea
is to assign a limit to divergent sequences or series by considering a trans-
form rather than the original sequence or series. Most popular are matriz
transformations and we shall confine to them.

1.1. Concepts of summability and summability methods. Here we
deal with three different concepts of summability, ordinary, absolute and
strong summability and mention the most important methods of summabil-
ity that are given by matrices.
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Let A = (ank)zc,)k:() be an infinite matrix of complex numbers. Then a
sequence x = (z1)72, of complex numbers is said to be summable A to a
complex number ¢, if the series A, (z) = > 72 ankxi converge for all n and
lim,, o0 Ap(x) = I, denoted by = — £¢(A); this is the concept of ordinary
summability.

Let 0 < p < c0. A sequence x is said to be absolutely summable A with
index p to a complex number £ if the series A, (x) converge for all n and
Y00 o |An(x)[P = £; this is denoted by = — ¢|A|P. A sequence z is said to
be strongly summable A with index p to a complex number ¢ if the series
Y reo nk|zk — P converge for all n and lim,, oo Y pe o @nk|zr — [P = 0; this
is denoted by x — ¢[A]”.

The most important matrix transformations are given by Hausdorff ma-
trices and their special cases, the Cesaro, Holder and Fuler matrices, and
by Norlund matrices. The matrices are triangles that is a,r = 0 for £ > n
and app, =1 (n=0,1,...).

Let p = (1n)22, be a given complex sequence, M be the diagonal matrix
with my, = u, for all n and D be the matrix with d,;, = (—1)’“(2) where (})
are the binomial coefficients. Then the matrix H = H(u) = DM D is called
the Hausdorff matriz associated with the sequence yui; its entries are given by
hok = X7k (=1)7 () ()

The Cesaro matriz Cy, of order o« > —1 is the Hausdorff matrix associated
with the sequence p where ), = A% = ("ZO‘) for n =0,1,...; its entries are
given by (Co)pp = A2} /A2

The Hélder matric H® of order o > —1 is the Hausdorff matrix associated
with the sequence p where p, = (n + 1)@ for n = 0,1,...; no explicit
formula is known for the entries of the matrices H“.

The Euler matriz Eq of order ¢ > 0 is the Hausdorff matrix associated
with the matrix p where p, = (¢ +1)7"; its entries are given by (Eg)nx =
()" /(a +1)™

Finally, let ¢ = (qr)32, be a sequence such that @, = > }_;qx # 0 for all
n. Then the Nérlund matriz (N, q) is given by (N, q)nk = Gn—k/@n-

We refer the reader to [5, 11, 19, 23] for the concepts of summability and
summability methods.

1.2. Matrix domains and strong matrix domains. In this subsection,
we introduce the concepts of matrixz domains and strong matriz domains.
Let w denote the set of all complex sequences z = (x%)72,. We write
leo, ¢, co and ¢, and cs and bs for the sets of all bounded, convergent, null
and finite sequences, and for the sets of all convergent and bounded series,
respectively. Furthermore, we write £, = {z € w : Y72 |zx/P < oo}. As
usual, e and (™ (n = 0,1,...) are the sequences with e, = 1 for all k,



MATRIX TRANSFORMATIONS 61
e =1 and e,gn) =0 (k #n).

Given any subset X C w and any infinite matrix A4 = (ank)%?kzo’ we write
Xa={recw:Alx)=(An(z))72, € X}
for the matriz domain of A in X and
00 o
Xpp =qr€w: A(lz|P) = (Zank|$k|p> eX) for0<p<oo
k=0 n=0
for the strong matriz domain of A with index p in X. (We assume that all
the series converge.) In the special case of X = ¢, the set c4 is called the
convergence domain of A; a sequence x is summable A to £ if and only if
T € ca. Also a sequence x is absolutely summable with index p if and only
ifx e (Kp) A-

In the special case of X = ¢, the set (co)(4j» is the set of all sequences that
are strongly summable A with index p to zero. When A = (', the Cesaro ma-
trix of order 1, Maddox [10] introduced and studied the sets w( = (co)(c, ),
wP ={z € w:x—lecwy}and wh = (loo)cypr, the sets of sequences that
are strongly summable to zero, strongly summable and strongly bounded
with index p by the C; method.

1.3. Mapping theorems in BK spaces. It is quite natural to try and
find those infinite matrices which transform every convergent sequence into
a convergent sequence, that is to characterize the class (¢, ¢) of all matrices A
that map c into ¢ by giving necessary and sufficient conditions for the entries
of such a matrix A. Matrices that belong to the class (c,¢) are said to be
conservative or convergence preserving, conservative matrices that leave the
limits unchanged are said to be regular.

The famous Toeplitz theorem (1911) [21] gives the following necessary and
sufficient conditions for regular matrices

o
sup Z lane| < 00, lim A,(e) =1 and lim A,(e®) =0 for every k.
no n—oo n—oo
More generally, given sequence spaces X and Y, it is interesting to establish
mapping theorems that characterize the class (X,Y) of all infinite matrices
A that map X into Y. So A € (X,Y) if and only if X C Yy.
The theory of BK spaces is the most powerful tool in the characterization
of matrix transformations between sequence spaces. A BK space X is a

Banach sequence space with continuous coordinates P, : X — C where
Pi(z) =z (k=0,1,...) for all x € X.

Example 1.1. The sets {, ¢ and co are BK spaces with ||x||cc = supy |zk|;
the sets £, (1 < p < 00) are BK spaces with ||z, = (352 |zx[P)/P.
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The following result shows why BK spaces are so important.

Theorem 1.2. ([14, Theorem 1.17. p. 153], [22, Theorem 4.2.8, p. 57])
Any matriz map between BK spaces is continuous.

A Schauder—basis or basis, for short, of a normed space X is a sequence
(by) of elements of X such that, for every = € X, there is a unique sequence
(An) of scalars with x = Y 02 g A\pby, = limy oo 2 oneo Anbn; @ BK space
X D ¢ is said to have AK, if, for every sequence x = ()32, € X, we have
T =Y pep zre® = lim,,_ o 2™ where zI™ = Y oheo zre'®) is the m-section
of the sequence x; it is said to have AD, if ¢ is dense in X.

Example 1.3. The spaces ¢y and ¢, (1 < p < 00) have AK. The sequence
(e, e .. is a basis of ¢, more precisely, if v = ()52, € c is a
sequence with limy_,oo xp = £, then x has a unique representation x = £ -e+
S oz — 0)e®) . The space o has no Schauder-basis. Every BK space
with AK obviously has AD. An example of a BK space with AD which does
not have AK can be found in [22, Example 5.2.5, p. 78].

We refer the reader to [11, 22] for the theory of mapping theorems, and
to the survey article in [20]. An extension to infinite matrices of operators
can be found in [12]. Most of the theory of BK spaces extends to the
more general F'K spaces, that is complete linear metric sequence spaces
with continuous coordinates.

1.4. Multipliers and B—duals. The concept of the S—dual of a set of se-
quences naturally arises in connection with the characterization of matrix
transformations; —duals are special cases of multipliers.

Let = and z be complex sequences, and X and Y be subsets of w. We
write 2z = (Tpzr)g, 2 L x X = {7z € w a2 € X}, 27 = 27l xes,
M(X,Y)=Ngexz 'Y ={a €w:ax €Y for all x € X} for the multiplier
of X and Y, and X% = M (X, cs) for the f—dual of X.

Example 1.4. We have wP® = ¢, ¢° = w, 03 = P = cg = {, Eg = {4 for
1< p<oo whereq=p/(p—1) andﬂf:&o.

The multiplier of a BK space also is a BK space; this result does not
extend to F'K spaces.

Theorem 1.5. (][22, Theorem 4.3.15, p. 64])

Let (X, - ||x) and (Y, - |ly) be BK spaces, X D ¢ and Z = M(X,Y).
Then Z is a BK space with ||z|| = sup{||zz|y : ||z||x =1} for allz € Z. In
particular, if X is a BK space, so is X? with ||a||® = sup{|laz||ss : ||z||x =}
where |Jaz]ps = sup, | o arrsl.
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There also is a close relation between —duals and continuous duals. Let
X and Y be Banach spaces. Then B(X,Y) denotes the set of all bounded
linear operators L : X — Y and B(X,Y) is a Banach space with the operator
norm | L] = sup{||L(z)| : ||z|| < 1} for all L € B(X,Y). We write X* =
B(X,C) for the continuous dual of X, that is the set of all continuous linear
functionals f on X, with the norm || f|| = sup{|f(z)| : [|z|| < 1} for all
feXr.

Theorem 1.6. ([22, Theorem 7.2.9, p. 107], [14, Theorem 1.34, p. 159])
Let X D ¢ be a BK space. Then there is a linear one-to-one map T : XP —
X*; we denote this by X® C X*. If X has AK, then T is also onto.

If X is a BK space then |a||% = sup{| > p2oarxk| : ||z|| < 1} is defined
and finite for all € X? by Theorem 1.6.

Example 1.7. Let X be any of the spaces {, ¢ co and £, for 1 < p < oo.
Then the norms || - || xs, |- |® and || - ||k are equivalent on X5.

By Theorem 1.2, there also is a close relation between the classes (X,Y)
and B(X,Y), namely if X and Y are BK spaces, then every matrix A €
(X,Y) defines an operator L4 € B(X,Y) by La(x) = A(x) for all z € X;
we denote this by (X,Y) C B(X,Y). We apply Theorem 1.2 and Examples
1.1, 1.4 and 1.7 to obtain

Example 1.8. Let X be a BK space. Then A € (X,l) if and only if

(1.1)
IA[[(x,0.0) = sup [[Anllx < oo where Ap = (ank)iZg for alln

denotes the sequence in the n—th row of the matriz A. If A € (X,Y) then
|Lall = HAH’{XJOO). In particular, we obtain A € ({,,l) if and only if

sup |apk| < oo forp=1,
n,k

o
supZ\ank]q<oo forl<p<ooand qg=—,
n k—0 p—l

supZ|ank| <oo forp=oc.
" k=0

Proof. We write ||A|* = Alx 4. for short, and Bx = {r € X :|z| <1} for
the unit ball in X.

First we assume that condition (1.1) holds. Then, for all z € By, the series
An(z) converge for all n, and A(z) € £, which obviously implies 4, € X*
for all n and A(z) € Y for all x € X. Thus we have X C Yy, and so
Ae (X)Y).
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Conversely, if A € (X,Y) then Ly € B(X,Y) by Theorem 1.2, since £, is
a BK space by Example 1.1, and consequently there is a constant M such
that [|A(z)]|co = [|LA(Z)]|co = sup,, |An(z)] < M||z|| for all x € Bx. This
implies condition (1.1) and also that ||L 4| = ||A]|* by the definitions of the
operator norm || - || and of || - ||*.

Finally, the conditions for A € (¢,,{) are an immediate consequence of
condition (1.1) and Examples 1.4 and 1.7. O

If X and Y be BK spaces then (X,Y) C B(X,Y), as we already know.
Now we study when an operator L € B(X,Y’) can be given by an infinite
matrix A in which case we write B(X,Y) C (X,Y).

Theorem 1.9. Let X andY be BK spaces and X have AK. Then B(X,Y)
C (X,Y).

Proof. Let L € B(X,Y) be given. We write L,, = P, oL forn =0,1,....
Then L,, € X* for all n since Y is a BK space. We put an, = Ly (e(®)) for
n,k=0,1,.... Let z = (x)}2, € X be given. Since X has AK and L,, €
X* for all n, it follows that 2 = 323y zxe®) and L, (x) = S5 xx Ly (e®)) =
Y oreo ankxy for all n, hence L(x) = A(z). O

Example 1.10. We have (¢1,¢1) = B({1,¢1) and A € (¢1,¢1) if and only if

(1.2) 14111 = sup > lank] < oo;

n=0

furthermore, if A € (€1,01) then ||Lal| = ||A]

Proof. We write ||Al|* = ||AHZ‘171) for short.

First we observe that (¢1,¢1) = B(¢1,¢1) by Theorems 1.2 and 1.9, since ¢;
is a BK space with AK by Example 1.3.

Now we assume that condition (1.2) holds. Then, in particular, supy, |a,x| <
oo for all n, that is A, € loo = ff for all n by Example 1.4. Let = € ¢1 be
given. Then it also follows that

4@ = % [Aa(@)] = %

n=0

(L,1)-

o0
> AnkTk
=0

(1.3) . o
< 2wkl X fank] < A lzlh < oo,
k=0 n=0

hence A(z) € ¢1. Thus we have shown ¢1 C (¢1)4, that is A € (¢1,¢1); (1.3)
also shows ||Lal| < [|A]*.

Conversely, if A € (¢1,¢1), then Ly € B({1,¢1), and so there is a constant
M such that |[La(z)|1 = ||A(x)|1 < M||z||; for all x € By,. In particular,
it follows for e®) € By, (k = 0,1,...) that ||[La(e®™)[1 = S0 |an] < M
for all k, and this implies condition (1.3) and also that ||L | > [|4*. O
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1.5. Compact operators and measures of noncompactness. If X and
Y are BK spaces, then, since (X,Y) C B(X,Y), it is interesting to charac-
terize the subclass (X,Y )k of (X,Y) for which L4 is a compact operator.
One way of achieving this is by applying the Hausdorff measure of noncom-
pactness.

We recall the following definitions and results. If M and S are subsets of
a metric space (X,d) and € > 0 then S is called an e-net of M if, for every
x € M, there exists an s € S such that d(z,s) < g; if S is finite then the
e-net S of M is called a finite e-net of M.

Let X and Y be Banach spaces. A linear operator L : X — Y is called
compact if its domain is all of X and, for every bounded sequence (x,) in
X, the sequence (L(z,)) has a convergent subsequence in Y.

If @ is a bounded subset of the metric space X, then the Hausdorff measure
of noncompactness of ) is defined as

X(Q) = inf{e > 0 : @ has a finite e-net in X };
x is called the Hausdorff measure of noncompactness.

Theorem 1.11. ([14, Theorem 2.15, p. 170])

Let Q) be a bounded subset of the normed space X where X = £, for 1 <p <
00 or X =¢g. If P, : X — X is the operator defined by P,(z) = z =
(x1,22,...,20,0,...) for all x = (z1)7}2, € X then

X(Q) = 73520(225 11 = Po)(@)]))-

Theorem 1.12 (Goldenstein, Gohberg, Markus). ([14, Theorem 2.23,
p. 173])

Let X be a Banach space with Schauder basis (by,), @ be a bounded subset of
X and P, : X — X the projector onto the linear span of by,...,b,. Then

1 lim sup (:1618 (1T — Pn)($)||> <x(@Q)

a n—oo

< in <sup o= Pn><m>||> < lim sup (iég (1 - anw)u)

no\zeQ n—00
where a = limsup,, . |1 — Py||.

If X and Y are Banach spaces and y; and ys are Hausdorff measures of
noncompactness on X and Y then an operator L : X — Y is called (x1, x2)-
bounded if L(Q) is a bounded subset of Y for every bounded subset @ of X
and there exists a positive constant K such that x2(L(Q)) < Kx1(Q) for
every bounded subset @ of X. If an operatorL is (x1, x2)-bounded then the
number [ L[ (y, y,) = inf{K > 0: x2(L(Q)) < Kx1(Q) for all bounded Q C



66 A. M. JARRAH, E. MALKOWSKY

X} is called the (x1, x2)-measure of noncompactness of L. If x1 = x2 = x
then we write ||L|[y = [|L||(yx)-

The following result gives a formula to find the Hausdorff measure of an
operator L € B(X,Y); this is the reason why the Hausdorff measure is
suitable to characterize classes (X,Y) k.

Theorem 1.13. ([14, Theorem 2.25, p. 175])
Let X andY be Banach spaces and L € B(X,Y) and Sx ={z € X : ||z| =
1} denote the unit sphere in X. Then ||L|ly, = x(L(Bx)) = x(L(Sx)).

Example 1.14. Let 1 <p < oo and ¢ =p/(p—1). If A € ({p,co) then

o0 1/q
(1.4) [Lallx = Jim (sup <Z ’ank’q> ) .

n>r k=0

Proof. Let us remark that the limit in (1.4) exists. We write B = By, for
short. Let P, : ¢cg — ¢o (r = 0,1,...) be the projector to the first r + 1
coordinates, that is P.(y) = y"). Then we have by Theorems 1.12 and 1.13

(15 ILally = x(La(B) = lim (sgg I - Pn><A<x>>Hoo> ,
since ||[I — P,|| = 1 for all 7. Let A") be the matrix with rows AL = 0 for

0<n<rand A7 = A, for n > r. Then, since (lp,co) C (Up, L), we have
by Example 1.8

sup [[(1 — P)(A(x))l|oo = sup [A7 (2) | = [AT7, ooy = [Lac |
zE€S TE€S

[ee] 1/q
()

n>r k=0
and this and (1.5) together imply (1.4). O

We also have

Corollary 1.15. ([14, Corollary 2.26, p. 175])
Let X and Y be Banach spaces and L € B(X,Y). Then |L||y = 0 if and
only if L is compact.

Example 1.16. We have A € (¢1,41)k if and only if condition (1.2) holds
and

o0

(1.6) lim > lank] =0.
n=m



MATRIX TRANSFORMATIONS 67

Proof. We write S = .5, for short.

By Example 1.10, we have (¢1,¢;) = B(¢1,¢1), and by Corollary 1.15, the
operator Ly is compact if and only if || L|l, = 0. But we have by Theorems
1.11 and 1.13, and by (1.4)

ILall = x(Ea(S)) = lim_ (E Toss Pn><A<a:>>H1) = Jim > fanl
O

We refer the reader to [1, 2, 14] for the general theory of measures of
noncompactness; applications of the Hausdorff measure of noncompactness
in the characterizations of various classes (X,Y) g can be found in [14].

2. MATRIX DOMAINS OF TRIANGLES

In this section, we study matrix domains of triangles. We give some
general results that reduce the study of matrix domains X7 of triangles
and matrix transformations between them to the study of the spaces X and
matrix transformations between them.

We need the following well-known result on the inverse of a triangle.

Proposition 2.1. ([3, Remark 2 (a), p. 22] and [22, 1.4.8, p. 9])
Every triangle T has a unique right inverse S, that is T'S = I where I is the
identity matriz, and S is also a left inverse of T', that is ST = 1. Moreover

S is also a triangle with Sp, = 1/t for all n and S is the only inverse of
T. Therefore we have S = T~1.

Throughout, let T be a triangle and S be its inverse.

2.1. The topological properties of matrix domains of triangles. First
we note that the matrix domain of a triangle in a BKspace is a BK space.

Theorem 2.2. ([14, Theorems 3.3, 3.5, pp. 178, 179], [22, Theorems 4.3.12,
4.3.14, pp. 63, 64])

Let X be a BK space. Then X1 is a BK space with ||z|r = [|T(z)||.

If X is a closed subspace of Y then X7 is a closed subspace of Yr .

It turns out that the matrix domain of a triangle in a space with a
(Schauder) basis also has a basis.

Theorem 2.3. If (b(”))%ozo is a basis of the normed sequence space X, then
(S(b™))o2 is a basis of Xr.

Proof. We write Y = X7 and put ¢ = S(b™) for all n = 0,1,....
First we note that ¢ € Y for all n, since T(c™) = T(S(b™)) = p(™
by Proposition 2.1. Let y € Y be given. Then z = T(y) € X and
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<> = ™ A — oz (m — oo) for a unique sequence ()3, of
scalars. We put y<"> = 3™ \,c(™® for m = 0,1,.... Then T(y<™>) =

™o AT (™) = M Ab™ = <> and consequently |ly<™> — g7 =
1T(y="> =yl = IT(y="") =Ty = |lz=™> — 2| - 0as (m — o). O

Since X = (Xr)g by Proposition 2.1, an application of Theorem 2.3 to
X yields

Remark 2.4. The matriz domain X1 of a normed sequence space has a basis
if and only if X has a basis.

An application of Theorem 2.3 yields bases for the matrix domains of
triangles in BK spaces with AK and in the convergence domains of triangles.

Corollary 2.5. Let X be a BK space with AK and the sequences c() (n=
0,1,...) and =V be defined by c,gn) =0for0<k<n-—1and c,gn) = Skn
for k>mn, and cl(;l) = Z?:o sgj (k=0,1,...).

(a) Then every sequence y = (yn)o>y € Y = X1 has a unique representation

(2.1) y="> Tuly)c™.
n=0

(b) Then every sequence z = (zn )5y € Z = X1 & e has a unique represen-
tation

[e.e]
(2.2) z=Vle+ Z Th(z — le)

n=0
where £ is the uniquely determined complex number such that z = y + Le for
yeY =Xr.
(¢c) Then every sequence w = (wy)oly € W = (X @ e)r has a unique
representation

(2.3) w =l ¢ i(Tn(w) _ l)c(")
n=0

where ¢ is the uniquely determined complex number such that T (w)—Le € X.

Proof. First we note that ¢™ = S(e(™) (n = 0,1,...) and ¢~ = S(e), hence
the sequences (¢™)%2 and (c(™)22_| are bases of Y and W, respectively,
by Theorem 2.3.
(a) Let y = (yn)52y € Y be given. Then z = T'(y) € X and (2.1) follows if
we take A\, = T,,(y) (n =0,1,...) in the proof of Theorem 2.3.

(b) Let z = (2,)5% € Z =Y @ e be given. Then there are uniquely
determined y € Y and ¢ € C such that z = y + fe, and we have y =
200 o Tn(y)c™ by Part (a), and so z = e +y = le + 350 Tp(z — Le)c™.
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(c) Let w = (wy)52y € W. Then v = T(2) € V = X @ e and there
are unqiuely determined z € X and ¢ € C such that v = z + fe. We put
y=w— L"), Then y € X7, since T(y) = T(w) —le = v —le = x € X,
and so we have by y = 32°° Ty, (y)c™ = 3% (T, (w) — )™ by Part (a).
Now (2.3) is an immediate consequence, since w = y + £c(~1), ]

2.2. The B—duals of matrix domains of triangles. The determination
of the f-dual (X7)? of a BK space with AK can be reduced to that of X”
and the characterization of the class (X, cq).

Theorem 2.6. ([17, Theorem 2.4])

Let X be a B space with AK and R = S*, the transpose of S. Then a €
(X7)% if and only if a € (XP)gp and W € (X, co) where where the triangle W
is defined by Wy = 352, a;jsjk; moreover, if a € (X7)% then 02 o apzi =
Yoico Re(a)Tk(2) forall z € Z = Xp.

Remark 2.7. ([17, Remark 2.5])
The conclusion of Theorem 2.6 also holds for X =c or X =l .

Now we consider two important special cases. Let ¥, A and AT be the
matrices with ¥, =1 (0 <k <n), X, =0 (k> n), A1 = A;m_l =
-1, An,nAin =1and A, = A:k = 0 otherwise. A subset X of w is said
to be normal if x € X and |yg| < |zk| (k = 0,1,...) for some sequence y
together imply y € X.

Corollary 2.8. ([13, Corollary 2.2])
Let X be a normal subset of w. Then (Xx)? = (XP)a+ N M(X, co).

Corollary 2.9. ([13, Theorem 2.5])

Let X be a normal BK space with AK and the matriz E be defined by
enk = 0 for 0 < k <nandey =1 fork >n (n=0,1,...). Then
(Xa)? = (XP N M(Xa,c0))E-

Remark 2.10. Given any sequence a = (an)5>, we write C' for the matrix
with rows Cy, = apel™ forn =0,1,.... Then a € M(Xa,co) if and only if
C e (X,cp). In particular, a € M(€,,cp) for 1 < p < oo if and only if

(2.4) sup(n + 1) a,| < co where ¢ = p/(p — 1).

Proof. The first part is obvious, since y € Y = X if and only if = A(y) €
X and aX(z) = C(z) = ay.

IfC € (€p,co) C (£p, L) then sup,, (322 lenk]| )/ = sup,,(n+1)"4a,| < oo
by Example 1.8, which is condition (2.4).

Conversely let condition (2.4) hold. Then there is a constant M such that
(n+ 1)1/p|an| < K for all n, and so lim,, o Cpp = lim,, o0 a,, = 0 for each k.
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This and condition (2.4) together imply C' € (¢, ¢o) by [22, Example 8.4.5D,
p. 129]. 0

Example 2.11. Let 1 < p < oo, bvP = (€,)a and ¢ = p/(p — 1). Then it
follows from Corollary 2.9 and Remark 2.10 that a € (bvP)® if and only if
Yito | o3 as19 < 0o and supy(k + 1)1 52, a5] < oc.

2.3. Matrix transformations between matrix domains of triangles.
In this subsection, we give some general results that reduce the characteri-
zation of the classes (X, Yr) and (X7,Y") to that of the class (X,Y).

Theorem 2.12. ([14, Theorem 3.8, p. 180])

Let X and Y be arbitrary subsets of w. Then A € (X,Yr) if and only if
C=TA¢€ (X,Y). Furthermore, if X andY are BK spaces and A € (X,Yr)
then || Lall = || Lc||.

Theorem 2.13. [17, Therecom 3.1])

Let X be a BK space with AK, Y be an arbitrary subset of w and R = S*.
Then A € (X7,Y) if and only if BA € (X,Y) and W € (X, ¢g) for alln =
0,1,... where B4 is the matriz with rows B,(A) = R(A,) forn=0,1,...
and the triangles W4 (n =0,1,...) are defined by wﬁb’é = > 7%m AnjSik-
Remark 2.14. Theorem 2.18 also holds when X = ¢ or X = ls. IfY

is a linear space, then we can also show that A € (cp,Y) if and only if

A€ ((co)r,Y) and A(S(e)) €Y.

As at the end of the previous subsection, we give the special results when
T=YorT=A.

Corollary 2.15. ([13, Theorem 2.6))

Let X andY be subsets of w and X be normal. Then A € (Xx,Y) if and only
if A, € M(X,cp) for allm =0,1,... and B € (X,Y) where B,, = AT (A,)
foralln=0,1,....

Corollary 2.16. ([13, Theorem 2.7])

Let X D ¢ be a normal FK space with AK, Y be a linear space. Then
A € (Xa,Y) if and only if R* € (X,Y) where rd, = > 52k ang for all n, k
and R2 € (M(Xa,co) for all n.

Example 2.17. Let 1 < p < oo and q = p/(p — 1). Then it follows from
Corollary 2.16, Example 2.11 and [22, Example 8.4.5D, p. 129] that A €

(bvP, co) if and only if
a\ 1/q
) .

limy, 00 372 anj = 0 for each k and supy, (k174 > 72k angl) < oo for all n.

[e.9]

(2.5) 1Al (b £0e) = sup (Z

k=0

[o.¢]
E anj

J=k




MATRIX TRANSFORMATIONS 71

2.4. The Hausdorff measure of noncompactness in matrix domains
of triangles. Here we give a result to find the Hausdorff measure of non-
compactness of bounded subsets in matrix domains of triangles.

Theorem 2.18. Let X be a normed sequence space and xr and x denote
the Hausdorff measures of noncompactness on Mx,. and Mx, the collection
of all bounded ets in Xp and X, respectively. Then x7(Q) = x(T(Q)) for
all Q € MXT-

Proof. We write Y = Xr, B(z,r) and Br(y,r) for the open balls of radius
rin X and Y, centred at x and y, respectively, and observe that Q € My
if and only if P = T'(Q) € Mx by the definition of the norm || - ||7. Thus
x7(Q) is defined if and only if x(7(Q)) is defined.

First we show that x7(Q) < x(T'(Q)) for all @ € My. We put t = x7(Q)
and s = x(7T(Q)) and assume ¢t > s for some @ € My. Then there are
areal € with s < ¢ < ¢, z1,...,2, € X and rq,...,7, < € such that
T(Q) C Up—; B(xg, 7). Let ¢ € Q be given. We put p = T'(¢) € X, and
so there are y; € Y with x; = T(y;) and r; < € such that p € B(zj,r;),
that is |[p — 2]l = |T(q) — T(y)ll = 1T(a — y;)ll = llg — y;llz < rj, hence
q € Br(y;,rj) C Ug—1 Br(yk,ri). Since ¢ € Q was arbitrary, we have Q C
Ur=1 Br (Y, 7). Therefore we have x7(Q) < ¢ < t which is a contradiction
to x7(Q) = t, and consequently we must have y7(Q) < x(7T(Q)) for all
Q S ./\/ly.

Applying what we have just shown with X and Y replaced by Y and Yg = X
where § = T, we obtain X(T(Q)) = (xr)s(T(Q)) < xr(S(T(Q))) =
x7(Q) for all Q@ € My-. O

Example 2.19. Let T = A and X = 4, for 1 < p < 00 or X = c.
Then it follows from Theorems 2.18 and 1.11 that x7(Q) = x(T(Q)) =
li S0Py (T — Po) ()| = Lo 5By | (T — Pa)T ()| for all
Q € My, where ||(I = Po)(T(y))ll = (Zf lys — ys—1[")/? for X = £, and
(I = Ba)(T W)l = sup>y [yr — yr—1] for X = co.

Example 2.20. Let 1 < p < oo and q = p/(p — 1). Then it follows from
Corollary 2.16 and Example 2.17 that if A € (bvP,cy) then

o0 o0
1Zally = lim (sup(3" 3 a2,
"2 k=0 j=k

Further results concerning the characterizations of matrix transformations
and compact operators between the matrix domains of triangles can be found
in [14, 15, 16, 17, 18].
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3. STRONG MATRIX DOMAINS AND MIXED NORM SPACES

In this section, we study mixed norm spaces. Strong matrix domains can
be considered as special cases of mixed norm spaces.

Let 1 < p < oo throughout.

In 1968, Maddox [10] introduced and studied the sets wf = (co)ic,r =
{z € w:limy oo 1/n 35y |zk[P = 0} and w8 = (foo)jcyp Of sequences
that are strongly summable C; with index p to zero and strongly bounded
Cy with index p. He also observed that the sections 1/n) ;_; can be re-

U1 _

placed by the blocks 1/2v*! D heor ! and that the section and block norms
v+1_
lz]| = sup,, (1/n 33—y [axP)!/? and ||z]| = sup,»(1/2"+ S0 |agl?) /P
are equivalent.
In 1974, Jagers [7] studied the Cesdro sequence spaces ces(p) = (fp)[c]l

which are Banach spaces with the norm
Hxnces(p) = (Z(l/n Z |$k|)p)1/p.
n=1 k

=1

It can be found in [4] that an equivalent norm on ces(p) is

00 ovtl_q
Izl = (3270723 Ja )PP
v=0 k=2v

The mized norm spaces £(p,q) = {x € w: > oo z:;;l |21, P)9/P < o0}

were introduced by Hedlund [6] in 1969; see also Kellog [9].

Now we generalize the concept of mixed norm spaces.

Throughout, let (k(r))52, be a strictly increasing sequence of integers with
E(0) = 0, and I, be the set of all integers k with k(v) <k <k(v+1)—1 (v =

0,1,...). Given any sequence z = (z1);,, then, for every v =0,1,..., we
write <Y = 3" zre® for the v-block of the sequence x. Let X,Y O ¢
be sequence spaces, normed with || - || x and || -|ly. We define the generalized

mized norm spaces Z = [V, X]*> = {z € w : (|27 x)2, € Y}, and
put

(3.1) 9(z) = [|[(Iz5"7 |lx) e lly for all z € Z.
Since ¢ C X, ||z<"7||x is defined for every z € w and for all v =0,1,....

Hence the sequence y = (y,)52, with y, = ||[z<"7||x (¥ =0,1,...) is defined.
Furthemore, since ¢ C X, Y, we obviously have ¢ C Z.
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Example 3.1. Let 1 < p,r < co. Then we obtain

[y, £,) <> = {z cw: Y (Y |ap)r < oo} ,

v=0 keI,

<k(v)> _ . S r
[0, Coo] —{ZEw. Z(glez}x|zk|) <oo},

v=0 v

[co, £,) K> = {z €w: lim >l = 0} and
kel,

[Em,ﬁp]<k(y)> = {z Cw:sup Y |zl < oo} .

v20per,

In the special case of T = p and 1 < p < oo, we have [Er,ﬂp]<k(”)> = {p.

If k(v) = 2" forv =0,1,..., then [Er,ép]<k(y)> = {(r,p), the mized norm
spaces in [6, 9].

Let 1 < p < oo and k(v) = 2¥ for all v. If d, = (1/k(v + 1))/ for
v=0,1,... then [d~! x co,ép]<k('/) = wh and [d~! *Eoo,ép]<k(y)> = wh, [10].
If d, = 2°A/P=1) for v = 0,1,... we obtain the Cesdro sequence spaces or
weighted mized norm spaces [d=1 * o, £1]<F)> [7].

3.1. The topological properties of generalized mixed norm spaces.
First, we study the topological properties of the generalized mixed norm
spaces Z = [Y, X]<k®)>

We say that a norm || - || on a sequence space is monotonous if x| < |Zg]|
(k=1,2,...) for z,Z € X implies ||z| < |z||. Given a sequence z € w, we
write y = (y,)5%, for the sequence y, = ||z<"7||x (v =0,1,...).

Proposition 3.2. ([8, Proposition 3.1])

Let X, Y D ¢ be normed sequence spaces and Z = [Y, X]<k(”)>.

(a) If Y is normal and || - || x is monotonous then Z is normal.

(b) If || - |ly is monotonous then Z is normed with respect to g defined in
(3.1). If, however, ||-|| is not monotonous, then g does not satisfy the triangle
inequality in general.

Theorem 3.3. ([8, Theorem 3.2])

Let X D ¢ be a normed sequence space, Y D ¢ be a normal BK space and
| - [ly be monotonous. Then Z is a BK space with || - ||z = g where g is
defined in (3.1). Furthermore, if Y has AK and | - ||x is monotonous then
Z also has AK.

Example 3.4. (a) Let 1 < r,p < co. Then [€T7£p]<k(y)> and [Co,fp]<k(")> are

BK spaces with AK with ||z\|(r7p) = (020 (Xker, |zk|p)r/p)1/r and ||z||(m’p)
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= SUPVZO(ZkeI, |zk|p)1/p, and [Eoo,ﬂp]<k(”)> is a BK space with || - ||(m7p),'
moreover, [co,ﬂp]<k(”)> is a closed subspace of [Eoo,ﬁp]<k(")>; [0, £o0] FW)>
are BK spaces with AK with (3.5 (maxger, |2])") " .

Let 1 < p < oo, k(v) =2 and d, = (1/k(v + 1))V? for v =0,1,.... Then
wh and wh, are BK spaces with ||z = sup,_o(1/2" ! Zi:;,,_l |z |P) /P,
and wh has AK; moreover w} is a closed subspace of wE,.

3.2. The B—duals of generalized mixed norm spaces. Now we deter-
mine the S—duals of the spaces [V, X ]<k @)>

If X is a normed sequence space and a € w, we write ||a||x,o = SUp,ep,
Y keo larxr| and |lal|x g = supyep, | D heo axZr| provided the expressions
exist and are finite which is the case whenever X is a BK space and a € X ¢
or a € XP (cf. [22, Theorems 4.3.15 and 7.2.9, pp. 64 and 107]).

A norm on a sequence space X is said to be KB if the set P = {Py, : X —
C: Py(z) =ap (x € X)(k=1,2,...)} of coordinates is equicontinuous,
that is if there is a constant K such that |xy| < K||z| for all z € X and
all k. If X is a Banach sequence space with a norm which is KB then it is
obviously a BK space. Conversely the norm of a BK space need not be KB
in general. To see this, we choose X = ({oo)a with ||x|| = supy, |xx — zr_1],
a BK space, and the sequence x with xp =k for k =1,2,....

If X is a normed sequence space then we write X° = {a € w : ||a|x.a <

Theorem 3.5. ([8, Theorem 4.1])

Let X andY be normed sequence spaces with X,Y D ¢ and || - ||y be monot-
onous.

(a) Then [Y?, XO<k)>  ([y, x]<F)>)s,

(b) If, in addition, the norms || - | x and || - ||x are both KB, || - |x is
monotonous and Y is normal then ([Y, X]<F)>)0 < [y, x0]<k0)>

If X is a BK space then X = X% by [22, Theorem 4.3.15, p. 64], and if
X is normal then X® = XB. Therefore we obtain from Proposition 3.2 and
Theorems 3.3 and 3.5

Corollary 3.6. ([8, Corollary 4.2])

Let X be a normed sequence space, Y be a normal BK space and the
norms || - ||x and || - ||y be monotonous and KB. Then ([Y, X]<k(”)>)o‘ =
[Ya7Xa]<k‘(V)>.

If, in addition, X is normal then ([Y, X]<FW)>)8 = [y 8 yB]<k()>
Example 3.7. Let 1 < r,p < oo, s and q be the conjugate numbers of r and

p, that is s = oo forr =1 and s =r/(r —1) for 1 <r < oo and q defined
similarly. Since the norms || - |l¢, 5 and || - |4 and || - |les,s and || - ||1 are
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equivalent on Eg and on Ego = Cg, we have ([ghgp]<k(u)>)5 _ [fs,ﬂq]<k(”)>
and ([co, ) 7Y = ([boo, £, <7) = [0, 4] <.

Let U denote the set of all sequences u with uy # 0 for all k. If uw € U then
we write 1/u = (1/ug)3,, and it is obvious that (u=? *X)ﬁ = (1/u)~t « XP
for arbitrary subsets X of w. Let k(v) = 2" and d, = (1/k(v + 1))/? for

v=0,1,.... Then (wh)? = (wh)’ = M, where
o0
{aEw: S 2¥ ! max |ag| <oo} (p=1)
v=0 kelu
aEw:ZQ”*l(Z]aqu) < 00 (1<p<o0)
v=0 kelu

3.3. Matrix transformations in generalized mixed norm spaces.
Now we characterise some classes of matrix transformations between mixed
norm spaces.

Let (m(u))52y be a strictly increasing sequence of integers with m(0) = 1
and M, = {m € IN: m(u) <m <m(u+1)—1} (n =0,1,...). Furthermore,
let T denote the set of all sequences (t,);2 of integers such that for each
there is one and only one ¢, € M,,.

First we give a result that characterises the classes (X,Y’) where X is any

BK space and Y is any of the spaces £, cg, {1, [(co, 51]<m(“)>, [¢1, Em]<m(“)>

r [Co,fl]<m(“)>-

Theorem 3.8. ([8, Theorem 4.4])

Let X be a BK space, or a BK space with AK in the cases marked .
We write supy for the supremum taken over all finite subsets N of INy.
Then the conditions for A € (X,Y) when'Y is any of the spaces £, co, {1,

[loo, 0] > 101, 000] 5™ W or [co, 4] <™ W™ can be read from the table

FrOTIz bo | o | 01 | [fo, ]S> | oy, 050> | (g, 0] <00
X (1) | *(2) | (3) (4.) (5.) *(6.)
where
(1) (1.1) where (1.1) sup, ||4nllx,8 < o0
(2.) (1.1) and (2.1)  where (2.1) limy,_o0 ang = 0 for each k
3.) (3.1 where (3.1) supy |3 ,cn A”HX,ﬁ < oo
(4.) (4.1) where (4.1)

ZmEI\/[(;L) AmHX,ﬁ) <0

(5.) (5.1 where (5.1) supy (SupteT HZMEN A, Xﬁ) <
(6.)  (4.1)and (6.1)  where (6.1) im0 Xy, lani| = 0 for cach .

SU.pH (maXM(#) cM,
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We obtain as an immediate consequence of Example 3.7 and Theorem 3.8

Corollary 3.9. ([8, Corollary 4.5])
Let 1 <r <ooand 1l <p<oo and s and q be the conjugate numbers of r

and p. Then the conditions for A € ([Er,ﬂp]<k(y)>, Y) where Y is any of the
spaces in Theorem 3.8 can be read from the table

To - - —
From beo | Co | b1 [foo,fl]< (b)> [ﬂl,foo]< (1)> [00,51]< (1)>
6, 0, T [ 2) ] 3) @) 5 )
where
0o s/q
(1) (1.1) where (1.1) sup >_ | > |ank|? < 00
n v=0 \kel,

(2.) (1.1) and (2.1)  where (2.1) is (2.1) in Theorem 3.8

Z Ank

neN

q\ /4
< 0
N v=0 \ keI,
(4) (41 where (4.1)

s/q
) q
su max Am < o0
#p (M(H)CM,L ;::O (kgu ZmEM(H) k‘ ) )

3) (31 where (3.1) sup 3" (z

(5.) (5.1) where (5.1)
q\ s/4q
sup | sup > .-, ( Sl ank ) < 00
N \ter k€I, |pEN
(6.) (4.1) and (6.1) where (6.1) is (6.1) in Theorem 3.8
If r = 1 orp = 1 replace )2 or D yer, by sup,so or maxyes, in

conditions (1.1), (3.1), (4.1) and (5.1) in (1.)—(6.). The conditions for
A € ([co, 0,)°* >, V) are those in (1.)—(6.) with s = 1 in (1.1), (3.1),
(4.1) and (5.1). Finally, we have ([Eoo,fp]<k('/)>,Y) = ([CO,Ep]<k(”)>,Y) for
Y 7é Co, [c0,£1]<m(“)>.

Now we give the dual result of Theorem 3.8. We write T for the set of
all strictly increasing sequences ¢t = (t,)02, of integers such that for each v
there is one and only one t, € I,,.

Theorem 3.10. ([8, Theorem 4.6])
Let W be a BK space with AK and Y = W5, Then the conditions for A €

(X,Y) where X is any of the spaces oo, co, 1, [61,600]<k(y)>, [600,61]<k(")>

<k(v)>

or [co, {1] can be read from the table

F v v v
e S N R A e NN h O

% BRECAREE) @) G )
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where
(1.)  (1.1)  where (1.1) supy || >,en A"y < o0
(2.) (1.1)
(3.) (3.1)  where (3.1) sup,, ||A™|ly < o0
(4.)  (4.1)  where (4.1) supy (supser | Xpen A% [ly) < 0o
(5.)  (5.1) where (5.1) supy (maXK(,,)CKU 1 e s AmHy) <
6.)  (41)

We obtain as an immediate consequence of Theorem 3.10

Corollary 3.11. ([8, Corollary 4.7])
Let 1 <r < oo, 1 <p< oo and X be any of the spaces in Theorem 3.8.

Then the conditions for A € (X, [Zr,ﬁp]<m(“)>) can be read from the table

To fFrom loo | co | 41 [500751]<k(y)> [517500]<k(u)> [00,51]<k(u)>
(60> 1) 1 20 ] 3) (4. (5.) (6.)
where

(1.) (1.1)  where (1.1) supy Zzozo (ZkeM# ‘ZnEN ak”‘p)r/p <
(2.) (1.1)

(3.) (3.1)  where (3.1) sup,, ZZO:O (ZkeMu |akn|P)T/P < o0
(4.) (41)  where (4.1)

[e%s) P r/p
Supy | SuPer ZH:O (ZkeMM ‘ZVEN ak,tv‘ ) <00

(5.) (5.1)  where (5.1)
P)T/P> -
(6.) (4.1)

Sup <man(y)eK,, Ziozo (ZkeM”
Further results on matrix transformations and compact operators between
mixed norm spaces can be found in [14, 8, 15, 16].

ZWEK(V) Akm
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