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BOUNDING THE CEBYSEV FUNCTIONAL FOR
SEQUENCES OF VECTORS IN NORMED LINEAR SPACES

SEVER S. DRAGOMIR

ABSTRACT. Some new bounds for Cebysev functional for sequences of
vectors in normed linear spaces are found.

1. Introduction

Consider the Cebysev functional defined for p = (p1,...,pn) € R™, a =
(a1, ...,an) € K" (K=Ror C) and x = (z1,...,2,) € X", where X is a
linear space over the real or complex number field K:

n n n
(1.1) T (pieu,X) i=Pu > picuti — Y picvi - Y _ piti,
i=1 i=1 i=1

where P, :==>"" | p;.
The following Griiss type inequalities for sequences in normed linear
spaces hold.

Theorem 1. Let (X, ||.||) be a normed linear space over the real or complex
number field K, o = (o1, ...,on) € K", p = (p1,...,pn) € R} with Y7 pi =
1 and x = (x1,...,xn) € X™. Then one has the inequalities
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16 SEVER S. DRAGOMIR

The constant 1 in the first branch, % in the second branch and 1 in the third

branch are best possible in the sense that they cannot be replaced by smaller
constants.

The following particular inequalities for unweighted means hold as well,
where T}, (a, x) is defined as follows:

1< 1< 1<
T — e . N
n(Oé,X) nzazxz ’I’Lzal ’I’szl
=1 =1 =1
Corollary 1. With the assumptions of Theorem 1 for X, a and x, we have

(1.3) 1T (a, %)
1

15 (n? = 1) maxi<j<pn—1 | Aag| maxy<jcn—r || Azl [1];

3 (1= 1) 3200 Aoy Y02 1A, (3]

IN

st (vt o) (st )

p>1,4+: =12

Here the constants %, % and % are best possible in the sense that they cannot
be replaced by smaller constants.

For applications to estimate the p-moments of guessing mappings, see
[1]. For applications in approximating the discrete Fourier transform, the
discrete Mellin transform as well as some applications for polynomials and
Lipschitzian mappings, see [2] and [3].

For classical results related the Cebysev functional, see [4], [5], [6], [7], [8]
and [10]. For more recent results, see [12], [13], [14], [15], [9] and [11].

2. The Identities

The first result is embodied in the following

Theorem 2. Let p = (p1,...,pn),a = (a1,...,a,) be n-tuples of real or
complex numbers and x = (x1,...,x,) an n-tuple of vectors in the linear
space X . If we define

%
P :Zpkapi::Pn_PiaiE{lv'“vn_l}a
k=1

Ai(p) = prar, Ai (p) == An (P) = Ai ()i € {1,.,n = 1},
k=1
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then we have the identity

(2.1)

n—1 B Pn
T, (p;a,x) = Zdet ( A;(p) Ay, (p) ) - Ax;
A

n—1
PHZPi (A’})ip) - i(p)) Az (if B #0,i € {1,...,n})

P
=1
n—1 T
Y PP (Alp(p) - A’Jﬁ‘”) Az (if By Py £0,i € {1,..,n—1}),
i=1 : ‘

where Ax; := xi11 —x; (1 € {1,...,n — 1}) is the forward difference.

Proof. We use the following well known summation by parts formula

(2.2)

g—1 q—1
Z dlAvl = dlvl|g — Zvl—l—lAdl;
l=p l=p

where d; are real or complex numbers, and v; are vectors in a linear space,
and p, ¢ are natural numbers, g > p.

If we choose in (2.2), p = 1,q¢ = n,d; = P;A,, (p) — P,A; (p) and v; = x;
(i €{1,...,n—1}), then we get

n—1

> (PAL (p) — Pud; () - Az
=1

n—1
[Pidn (P) = PuAi (P)] - @ilf — Y A(Pidn (p) — PuAi (P)) - wis1
i=1
[PnAn (p) - P A, (p)] *Tn — [PlAn (P) - P A (P)] * I
n—1
- Z [Pit14n (P) — PrAit1 (P) — PA, (P) + PoAi (P)] - zin
i—1
n—1
Pupraiz = pidn (p) 21 — ) (pit14n (P) = Papis1aira) - T

=1
n—1 n—1

Puoprayzy — p1Ay, (p) z1 — A, (P) sz‘+1ivi+1 + P, sz‘+1ai+133z'+1

i=1 i=1
n n n

P, E DiQ;T; — § Dil; § DiTi
i1 i=1 i=1

T, (p;a,x),

which produces the first identity in (2.1).
The second and the third identities are obvious and we omit the details.

O



18 SEVER S. DRAGOMIR

Before we prove the second result, we need the following lemma providing
an identity that is interesting in itself.

Lemma 1. Let p = (p1,...,pn) and a = (ai,...,a,) be n-tuples of real or
complex numbers. Then we have the equality

P P n—1 B

(2:3) det( A; (Zp) A, Fp) ) N Z;P min{i,jH maxij} - A,
J:

for each i€ {1,...n—1}.

Proof. Define, for i € {1,....n — 1},

n—1
K (Z) = Z Pmin{i,j}Pmax{i,j} : Aaj-
j=1
We have
% ~ n—1 B
(24) K (’L) = Z Pmin{i,j}Pmax{i,j} : Aaj + Z Pmin{i,j}Pmax{i,j} . Aaj
j=1 j=it1
7 n—1
:ZPjPi'Aaj—k Z PZ'P]'-ACL]'
j=1 j=it1
B A n—1 B
=P Pj-Aaj+P Y Pj-Ag;
j=1 j=it+1

Using the summation by parts formula, we have
i

A
(2.5) Y Pi-Ag; = Poaglit =) (B — Py ajin
j=1 j=1

1
= P41 —prag — E Dj+1 " Qj+1

j=1
i+1
= Pipai — ij - aj
j=1
and
n—1 n—1
_ _ " _ _
(2.6) > PiAaj=PFiaplly, — Y (P P)ajn
j=i+1 j=i+1
n—1
= Phan — Pip1a;41 — Z (Py— Pjg1— P+ Pj) - ajq
j=it1

n—1

= —Fi+10;41 + E Pj+1 - Gj41-
j=i+1
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Using (2.5) and (2.6) we have

i+1 n—1
K(i) = P|Paaipi—Y pi-aj | +P | D piy1-ajpn — Prprain
j=1 j=it1
i+1 n—1
= PPiiaiys — PPiiaip— P Y _pj-aj+ P Y piy1-ajn
=1 j=i+l
= (P = P) Piy1 — P (P — Pip1)l aina
n—1 i+1
+P; Z pj+1- a1 — B ij " ag
J=i+1 J=1
n—1 it1
= Pwpinaini+P Y piiaj— B pj-a
=it i=1
n—1 i+1
= (Pi+ P)pit1ai1 + P; Z Pj+1-ajp1 — B ij “aj
j=it1 i=1

n—1 )
= P, Y pj-a;— B pj-a;=PAi(p) - PAi(p)
=it =1

P P,
= det ! " :
( Ai(p) An(p) )
and the identity is proved. ([l

We are able now to state and prove the second identity for the Cebysev
functional.

Theorem 3. With the assumptions of Theorem 2, we have the equality

n—1n—1

(27) Ty (p; a, X) = Z Z Pmin{i,j}pmax{i,j} ’ Aaj - Az

i=1 j=1
The proof is obvious by Theorem 2 and Lemma 1.

Remark 1. The identity (2.7), for n-tuples of real numbers, was stated
without a proof in paper [12]. It also may be found for the same sequences
in [9, p. 281], again without a proof.

3. Some New Inequalities

The following result holds

Theorem 4. Let (X, ||.||) be a normed linear space over the real or com-
plex number field K, a = (a1,...,a,) € K" p = (p1,...,pn) € R" and
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x = (z1,...,xn) € X™. Then one has the inequalities

(3.1) HTn (p§ a, X)H

det( Ai(p) An(p) )‘ 2= 1Az

. q\ 1/a »
det<AfEZp) Af?p)) ) -(2?211 HijHp>1/

1 1 _ 1.
forp>1,5+6—1,

maxj<i<n-—1

(z

IN

n—1 PZ P,
st e (5 0 )| w1

All the inequalities in (3.1) are sharp in the sense that the constants 1 cannot
be replaced by smaller constants.

Proof. Using the first identity in (2.1), we have

det < Aﬁip) AﬁLp) )‘ Al

Using Hélder’s inequality, we deduce the desired result (3.1).

Let us prove, for instance, that the constant 1 in the second inequality is
best possible.

Assume, for C' > 0, we have that

n
ITn (D2 x)l| < )
i=1

(3.2)
n—1 P P q a [n_1 1/p
. [ n ||P
17, (2, )] < € @1 aee (40 4l ) > a1

forp>1,%+%:1,n22.
If we choose n = 2, then we get

Ty (p;a,x) = pip2 (a2 — a1) (x2 — x1) .

q 1/q
) = \PlPQ\ \CLQ —a

Also, for n = 2,

X

i=1

det ( Aﬁip) Af ?p) )

1 1/p
> 1Az P = |lzg — 21|
j=1

and

Then by (3.2), holding for n = 2,p1,p2 > 0,a1 # a2, 2 # x1, we deduce
C > 1, proving that 1 is the best possible constant in that inequality. O
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The following corollary for the uniform distribution of the probability p
holds.

Corollary 2. With the assumptions of Theorem 4 for a and x, we have the
inequalities

1T, (a, %) ||
) i n n—1
maxj<i<p—1 |det i o i a || ; | Azl ;
k=1 k=1 =
n—1 i n ! 1/‘1 n—1 1/p
7 n . ||P
i % zgl det doak Y ak (]gl el )
>~ n2 k=1 k=1
forp>1,5+ ;=1
1l ) n
Zl det i o i a || MaX1<i<n-1 Ayl
=
k=1 k=1

The following result may be stated as well.

Theorem 5. With the assumptions of Theorem 4 and if P; #0(i = 1,...,n),
we have the inequalities

(3.3) Ty (psa, x)||
An(P) _ Ai(P)

.
maxlgignfl‘ipn iy >

-1
Doty |Pil [ A5

NV (s el a)

An(P) _ Ai(p)
P, Pi

(i1

1,1 _+.
forp>1,5+§—1,

An(p) _ Ai(P)
P,

-1
| > A Pi

All the inequalities in (3.3) are sharp in the sense that the constant 1 cannot
be replaced by a smaller constant.

‘ . maxlgign,l HA$1H .

Proof. Follows by the second identity in (2.1) and taking into account that

An(p)  Ai(P)| |, ,

n—1
I (P32, %) || < |Pa] Y
i=1

Using Holder’s weighted inequality, we easily deduce (3.3).
The sharpness of the constant may be shown in a similar manner. We
omit the details. O
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The following corollary containing the unweighted inequalities holds.

Corollary 3. With the above assumptions for a and x, one has

(3.4) 1T, (a, x)|
( 1 n 1 ) —1
1 _1 iNA
1§r{1Sa7§{*1 " k2::1 W k2:31 o z; HAill:
n—1 L& L i a\ 1/q n—1 1/p
1 <Z’anak_izak > '<Z’iIIAwin>
< Zx i=1 k=1 k=1 i=1
n

The inequalities in (3.4) are sharp in the sense mentioned above.

Another type of inequalities may be stated if one uses the third identity
in (2.1).

Theorem 6. With the assumptions in Theorem 4 and if P;, P; # 0, i €
{1,...,n — 1}, we have the inequalities

(3.5) |Tn (p;a,x)||

maX1§i§n—1‘ (p) (p)

—1 =
dp) _ L) 5ol P [Py | A

(i 1pl [P

ZL(p) _ Ai(p)
P;

Pi

IN

NV (St P )

1 1 _ 1.
forp>17§+a_1a

SR P

A; A;
% - #‘ -maxi<i<n—1 [|Az| .
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In particular, if p; = %,i € {1,...,n}, then we have

(3.6) |5 (a, x|
1y 1o =l .
(2 e B =g 3 ak| - 3L (n i) Al
, a\ 1/q
n—ll ) 1 n 1 7
(Zl(”_l)n—i ak = ¢ 2. ak )
1 1=1 k=i+1 k=1
< -
" n—1 1/p
X<Zi(”—73)HA$¢Hp> forp>1,2+1 =1
i=1
n—1 . n ) i
N 1 . ol
= (=) k;:zi;f—lak ' kgl Wl g 1Az]

The inequalities in (3.5)and (3.6) are sharp in the above mentioned sense.

A different approach may be considered if one uses the representation in
terms of double sums for the Cebysev functional provided by the Theorem

3.
The following result holds.

Theorem 7. With the assumptions in Theorem 4, we have the inequalities

(3.7) |Tn (p;a,x)||
maxi<;j<n—1 { | Pminfij} | |[Praxigy]} - Sory 1Aai| S0 | Az 5

n— n— D 1/a
(S 02t [Paingi | [ Prnasti )

IN

e Up /e 1/p
< (X 1aal) (S awr) T orp> 1,k L =1

S Y050 | Prvingigy | | Proaxiy |

X maxXi<i<n—1 ]Aa2| maxi<i<n-—1 HA.IZH .
The inequalities are sharp in the sense mentioned above.

The proof follows by the identity (2.7) on using Holder’s inequality for
double sums and we omit the details.
Now, define

koo :=  max {Hm{m<1—mw{z‘7}>}nzz

1<i,j<n—1 n n
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Using the elementary inequality

1
abﬁz(aer)Q, a,b € R;

we deduce
1
min {i, j} - (n —max {i,j}) < 7 (n+min{i,j} —max{i,j})*
1
= 1(n—|z'—j|)2,1 <i,j<n-—1.

Consequently, we observe that

1
< - 2} _
Foo < 4n? 19132}54 {(n ) 4
We may state now the following corollary of Theorem 7.

Corollary 4. Let (X, |.]|) be a normed linear space, a = (ay,...,a,) € K"
and X = (21, ...,xy) € X". Then we have the inequality

n—1 n—1 n—1 n—1
1
(38)  [Tn(@x)] S koo D |Aai| Y Azl < 7> 1Aa] Y [|Azi.
=1 =1 =1 =1

The constant % cannot be replaced in general by a smaller constant.

Remark 2. The inequality (3.8) is better than the second inequality in
Corollary 1.

Consider now, for ¢ > 1, the number

1
n—1ln—1 /a

b= g | D0 fmin i) - (n— max i, 7))
i=1 j=1

We observe, by the symmetry of the terms under the sums symbol, we have

that
1/q

-1
1 . Na LN .
k:q:ﬁ 2 Z zq(n—j)q—l—ZZ‘l(n—z)q ,
1<i<j<n—1 i=1
that may be computed exactly if ¢ = 2 or another natural number.
Since, as above,

[min {i, 7} - (n — max {, P’ < = (n— [i — 4%

S
we deduce
| [retne 1/q
o D) MR
i=1 j=1
< 4—; {(n — I)anq} 1a _ i(n —1)%e,

Consequently, we may state the following corollary.
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Corollary 5. With the assumption in Corollary 4, we have the inequalities

n—1 Up /m—1 1/p
ITn (@) < kg | D 1Aail” | | D A
i=1 i=1
1 n—1 Up /n—1 1/p
< =DM Al ) (Do lA]T)
i=1 i=1

provided p > 1, % + é = 1. The constant i cannot be replaced in general by
a smaller constant.

Finally, if we denote

n—1ln—1

1 P .
b= g 303 minfi g} (n — max (i, 7))
i=1 j=1
then we observe, for u = (%, - %) ,e=(1,2,...,n), that
1 « 1=\ 1
_ . _ -2 . _ 2
kl—Tn(u,e,e)—n;z - n;z —E(n —1),

and by Theorem 7, we deduce the inequality

1 2
ITn (@, %)l < 35 (n* —1) max |Aa;| max [Az].

Note that, the above inequality, has been discovered by a different method
in [1]. The constant {5 is best possible.
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