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A GENERAL COMMON FIXED POINT THEOREM
OF MEIR AND KEELER TYPE FOR
NONCONTINUOUS WEAK COMPATIBLE MAPPINGS

Valeriu Popa

Abstract

In this paper,using a combination of methods used in [1],[20] and
[22] the results from [3, Theorem 1], [14,Theorem 1] and [15, Theorem
1] are improved by removing the assumption of continuity,relaxing com-
patibility to weak compatibility property and replacing the complete-
ness of the space with a set of four alternative conditions for functions
satisfying an implicit relation.

1 Introduction

Let S and T be two self mappings of a metric space (X,d). Jungck [3]
defines S and T to be compatible if lim d(STx,,TSxzy,) = 0 whenever {x,}
is a sequence in X such that lim Sx,, = limTx, = x for some x € X. In
1993, Jungck, Murthy and Cho [6] define S and T to be compatible of type
(A) if lim d(TSxy, S%x,) = 0 and lim d(STz,, T?x,) = 0 whenever {x,} is
a sequence in X such that lim Sz, = lim Tz, = x for some z € X.

By [6, Ex.2.1 and Ex.2.2] it follows that the notions of compatible map-
pings and compatible mappings of type (A) are independent.

Recently, Pathak and Khan [17] introduced a new concept of compatible
of type (B) as a generalization of compatible mappings of type (A). S and
T is said to be compatible of type (B) if

lim d(STxy,, T%x,) < %[lim d(STx,, St) + lim d(St, S?x,,)],
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lim d(TSxy, S?x,) < =[limd(TSx,,Tt) + limd(Tt, T?z,)],
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whenever {z,} is a sequence in X such that lim Sz, = lim Tz, =t for some
te X.

Clearly, compatible mappings of type (A) are compatible of type (B).
By [17, Ex.2.4] it follows that implication is not reversible.

In [18] the concept of compatible mappings of type (P) was introduced
and compared with compatible mappings and compatible mappings of type
(A). S and T are compatible of type (P) if lim d(S%z,, T?x,) = 0 whenever
{z,,} is a sequence in X such that lim Sz, = lim Tz, =t for some t € X.

Lemma 1 [4] (resp. [6],[17].[18]). Let S and T be compatible (resp.
compatible of type (A), compatible of type (B), compatible of type (P))

self mappings of a metric space (X,d). If Sz = Tz for some = € X, then
STx =TSx.

In 1994, Pant [11] introduced the notion of pointwise R-weakly commut-
ing mappings. It is proved in [12] that the notion of pointwise R-weakly
commuting is equivalent to commutativity in coincidence points. Jungck [5]
defines S and T to be weakly compatible if Sx = Tx implies STx = T'Sxz.
Thus S and T are weakly compatible if and only if S and T are pointwise
R-weakly commuting mappings.

Remark 1. By Lemma 1 it follows that every compatible ( compatible
of type (A), compatible of type (B), compatible of type (P)) pair of mappings
is weakly compatible .

The following example is an example of weakly compatible mappings
which is not compatible ( compatible of type (A), compatible of type (B),
compatible of type (P)).

Let X = [2,20] with the usual metric. Define

2 if z=2
_ . ] ) 2 if xze{2}U(5,20]
Tr=< 12+ if 2<:c§5,5:1:—{8 " o<w<h
r—3 if 5<ax<20

S and T are weakly compatible since they commute and their coincidence
point [12] but S and T are not compatible.

By [19] S and T are not compatible of type (A) and noncompatible of
type (P). S and T are not compatible of type (B). Indeed, let us consider a de-
creasing sequence {x,} such that lim xz, = 5, then lim Tz, = 2, lim Sz, =
2; lim STx,, = 8,limT?z,, = 14,lim S?x, = 2. Then lim d(STx,, T*z,) =
6 > L[lim STy, St) + limd(St, S?z,)] = 3[6 + 0] = 3.
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2 Preliminaries

In 1969, Meir and Keeler [8] established a fixed point theorem for self map-
pings of a metric space (X,d) satisfying the following condition:

For every € > 0, there exists a § > 0 such that

(2.1) e < d(x,y) < e+ 6 implies d(fz, fy) <e .

There exists a vast literature which generalize the result of Meir and
Keeler. In [7] Maiti and Pal proved a fixed point theorem for a self map-
pings f of a metric space (X,d) satisfying the following condition, which is a
generalization of (2.1):

For every € > 0, there exists a § > 0 such that

(2.2) e < max{d(x,y),d(z, fz),d(y, fy)} <e+§
implies d(fz, fy) <e .

In [16] and [21], Park-Rhodes and Rao-Rao extended this result for two
mappings and proved some fixed point theorems for self mappings f and g
of a metric space (X,d) satisfying the following condition:

(2.3) e < maz{d(fx, fy),d(fz,gx),d(fy, gy), 51d(fz, gy)+d(fy, gz)]} <
e+46
implies d(gz, gy) < € .

In 1986, Jungck [4] and Pant [9] extended these results for four mappings.
It is known from Jungck [4] and Pant [10],[12]-[14] and other papers the fact
that in case of theorems for four mappings A,B,S,T : (X,d) — (X,d), a
condition of Meir-Keeler type didn’t assure the existence of a fixed point.

The following theorem is proved in [3].

Theorem 1[3]. Let (A,S) and (B,T) be compatible mappings of a com-
plete metric space (X,d) such that :

(i) A(X) Cc T(X) and B(X) C S(X),

(ii) given € > 0 there exists a 6 > 0 such that for all x,y in X

e < max{d(Sz, Ty),d(Axz, Sz),d(By, Ty); 1[d(Sz, By) + d(Az, Ty)]} <
e+4d
implies d(Az, By) < e and (iii) d(Az, By) < k[d(Sz,Ty) + d(Az,Sx) +
d(By,Ty) + d(Sz, By) + d(Az, Ty)]
for 0 < k < % If one of mappings A,B,S and T is continuous then A ,B,S
and T have a unique fixed point.

The following theorems appear in [14], respectively [15].

Theorem 2 [14]. Let A,B,S and T as in Theorem 1 satisfying (i), (ii) and
(iv) d(Az, By) < max{ki1d(Sx,Ty), ko[d(Az, Sz)+d(By,Ty)]/2; [d(Sx, By)+
d(Az,Ty)]/2} for k1 > 0 and 1 < kg < 2.
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If one of the mappings A,B,S and T is continuous then A ,B,S and T have
a unique fixed point.

Theorem 3 [15]. Let A,B,S and T as in Theorem 1 satisfying (i), (ii) and
(v) d(Ax, By) < max{d(Sx,Ty), [d(Ax,Sx) + d(By,Ty)]/2, k|d(Sz, By) +
d(Az,Ty)]} for 1 < k < 2.

If one of the mappings A,B,S and T is continuous, then A,B,S and T
have a unique common fixed point.

3 Implicit relations

Let Fs be the set of all continuous functions F(ty, ..., %) : RS — R satisfying
the following conditions:

(F1) : F(u,0,u,0,0,u) < 0 implies u = 0; (F») : F(u,0,0,u,u,0) < 0
implies u = 0.

The function F(t1,...ts) : RS — R satisfies the conditions (F,) if

F(u,u,0,0,u,u) > 0;Vu >0

Ex.1. F(t1,...,ts) = t1 — ata — b(t3 + ta) — c(t5 + t6), where
a,b,c>0,0<b+c<land0<a+2c<1

(F1) : F(u,0,u,0,0,u) = u(l —b—c) <0 implies u = 0.
Similarly, F'(u,0,0,u,u,0) < 0 implies u = 0.

(Fy) : F(u,u,0,0,u,u) =u(l —a—2¢) >0;Vu>0.

Ex.2. F(tl, ...,tﬁ) =11 — max{tg, (tg + t4)/2, k‘(t5 + t6)/2} where 0 <
k<1

(F1) : F(u,0,u,0,0,u) = v — max{§,k5} = § < 0 implies u = 0.

Similarly, F(u,0,0,u,u,0) <0 implies u = 0.

(Fy) : F(u,u,0,0,u,u) = u—mazx{u,ku} = 0; Yu >0 .

Ex.3. F(tl, ...t(;) =t — max{kltg,kg(tg + t4)/2, (t5 + t(j)/Q} where
0<k <1,1<ky<?2.

(F1) : F(u,0,u,0,0,u) = u — mazx{kou/2, 5} = u(l — %) < 0 implies
u = 0.

Similarly, F(u,0,0,u,u,0) < 0 implies u = 0.

(Fy) : F(u,u,0,0,u,u) = u— mazx{kiu,u} = 0; Yu >0 .

Ex.4. F(ty,...tg) = t1 — hma.l‘{tg,tg,t4,t5,t6}, where 0 < h < 1. (F}) :
F(u,0,u,0,0,u) = u(l —h) <0 implies u = 0.
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Similarly, F(u,0,0,u,u,0) <0 implies u = 0.
(Fy) : F(u,u,0,0,u,u) =u(l —h) >0; Yu >0 .

Ex.5. F(t1,..tg) = 13 — at3 — taty — bt2 — ct?, where a,b,c > 0,0 <
a+b+c<l1.

(Fy) : F(u,0,u,0,0,u) = u?(1 — ¢) <0 implies u =0 .

(F2) : F(u,0,0,u,u,0) = u?(1 — b) < 0 implies u = 0 .

(F) : F(u,u,0,0,u,u) =u*(1 —a—>b—c) > 0; Vu > 0.

Ex.6. F(t1,..tg) =3 — k(t3 +t§ + 13 + 13 + ), where 0 < k < 1.
(Fy) : F(u,0,u,0,0,u) = u?(1 — 2k) < 0 implies u = 0 .

Similarly, F'(u,0,0,u,u,0) < 0 implies u = 0.

(F) : F(u,u,0,0,u,u) = u?(1 — 3k) > 0; Yu > 0.

Theorem 4. Let (X,d) be a metric space and S,T,I and J : (X,d) —
(X, d) four mappings satisfying the inequality

(3.1) F(d(Sx,Ty),d(Ix, Jy),d(Ix,Sx),d(Jy, Ty)d(Iz,Ty),d(Jy, Sx)) <
0
for all x,y in X where F satisfies property (Fy,).

Then S,T.,I,J have at most one common fixed point.

Proof. Suppose that S, T,I and J have two common fixed points z and
v with z # v. Then by (3.1) we have successively

F(d(Sz,Tv),d(Iz,Jv),d(Iz,Sz),d(Jv,Tv),d(Iz,Tv),d(Jv,Sz) <0

F(d(z,v),d(z,v),0,0,d(z,v),d(z,v)) < 0 a contradiction of (Fy,).

In this paper, using a combination of methods used in [1],[20] and [22]
the results from Theorems 1-3 are improved by removing the assumption
of continuity, relaxing compatibility to weakly compatibility property and
replacing the completeness of the space with a set of four alternative condi-
tions for functions satisfying an implicit relation.

4 Main results

Theorem 5. Let S, T,I and J be the self mappings of a metric space (X,d)
such that

a) S(X) C J(X) and T(X) C I(X),

b) given € > 0, there exists § > 0 such that

e < max{d(Iz,Jy),d(Iz,Sz),d(Jy,Ty), [d(Iz, Jy) + d(Jy,Tz)]/2} <
€ + 0 implies d(Sz,Ty) < € and

c) there exists F' € Fg such that inequality (3.1) holds for all x,y in X.

If one of S(X),T(X),I(X) and J(X) is a complete subspace of X, then
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d) S and I have a coincidence point, e) T and J have a coincidence point.

Moreover, if the pairs (S,I) and (T,J) are weakly compatible, then S,T,I
and J have a unique common fixed point.

Proof. Let zp be an arbitrary point in X, then since (a) holds we can
define inductively a sequence

{SJ}(), Ta:l, sz, T.Tg, ceey S:Iign, TIL’Qn+1, }
such that yo, = Sz, = Jxop+1, Yont1 = Txont1 = [xopio forn =0,1,2, ...

By [2 Lemma 2.2] it follows that {y,} is a Cauchy sequence in X.

Now suppose that J(X) is a complete subspace in X, then the sequence
Yon = Jxan41, is a Cauchy sequence in J(X) and hence has a limit u.

Let v € J'u, then Jv = w. Since ¥, is convergent and 2,41 also
converges to u. Setting x = x9, and y = v in (3.1) we have

F(d(Szap, Tv),d(Iz2p, Jv), d(Iz2n, STay,), d(Jv, Tv),
d(Izon, Tv)d(Jv, Sxay,)) < 0.

Letting n tend to infinity we obtain

F(d(u,Tv),0,0,d(u, Tv),d(u,Tv),0) <0 .

By (F») we have u = Tv. Hence J and T have a coincidence point. Since
T(X) C I(X), u = Tv implies that u € I(X). Let w = I~ tu, then Tw = u.

Setting * = w and y = x2,4+1 we obtain by (F}) that Sw = u. Thus S
and T have a coincidence point.

If one assumes that I(X) is complete then analoguous arguments estab-
lishes the earlier conclusion.

The remaining two cases are essentially the same as the previous cases.
Indeed, if S(X) is complete, then by (a) u € S(X) C J(X).

Similarly, if T(X) is complete then v € T'(X) C I(X). Then (d) and (e)
are completely established.

By uw = Jv = T'v and weak compatibility of (J,T) we have

Tu=TJv=JTv=Ju.

By v = Iw = Sw and weakly compatibility of (I,S) we have
Su=8Iw=I15=1Iu.

By (3.1) we have successively
F(d(Sw,Tu),dIw, Ju),d{w, Sw), d(Ju, Tu), d({w, Tu), d(Ju, Sw)) < 0
F(d(u,Tu),d(u,Tu),0,0,d(u, Tu),d(u,Tu)) <0
a contradiction of (Fy) if u # Tu. Thus v = Tw. Similarly we can show
that Su = u.



Fixed point theorem of Meir and Keeler type 39

Therefore, v = Tu = Ju = Su = Iu and u is a common fixed point
of S,T,I and J . The uniqueness of the common fixed point follows from
Theorem 4.

Corolarry 1. Let S,T,I and J be the self mappings of a complete metric
space satisfying conditions a),b),c) of Theorem 5. Then d) and e) hold.
Moreover, if the pairs (S,I) and (T,J) are compatible ( compatible of type
(A), compatible of type (B), compatible of type (P)), then S,T.,I and J have
a unique common fixed point.

Proof. It follows by Theorem 5 and Remark4 1.

Corollary 2. Theorem 1.
Proof. It follows by Corollary 1 and Ex.1.

Remark 2. By Corollary 1 and Ex.3 we obtain Theorem 2 for 0 < k£ < 1
and 1 < ky < 2.
By Corollary 1 and Ex.2 we obtain Theorem 3 for 0 < k < 1.

References

[1] M. Imdad, A. S. Kumar and M. S. Khan, Remarks on some fized point theorem satis-
fying implicit relations, Radovi Mat. 11 (2002),135-143.

[2] J. Jachymski, Common fized point theorems for some families of mappings, Indian J.
Pure Appl. Math. 25 (1994),925-937.

[3] K. Jha, R. P. Pant and S. L. Singh, Common fized point for compatible mappings in
metric spaces, Radovi Mat. 12(2003),107-114.

[4] G. Jungck, Compatible mappings and common fized points, Internat.J. Math.Math.Sci.,
9 (1986),771-779.

[5] G. Jungck, Common fized points for non-continuous nonself mappings on a non-

numeric spaces, Far East J.Math.Sci. 4(2)(1996), 199-212.

[6] G. Jungck, P. P. Murthy and Y. J. Cho, Compatible mappings of type (A) and common
fized points, Math.Japonica, 36 (1993), 381-390.

[7] M. Maiti and T. K. Pal, Generalizations of two fized point theorems, Bull. Calcutta
Math. Soc. 70 (1978), 57-61.

[8] A. Meir and E. Keeler, A theorem on contraction mappings, J.Math.Anal. Appl. 28
(1969), 326-329.

[9] R. P. Pant, Common fized point of two pairs of commuting mappings, Indian J.Pure
Appl.Math. 17(2) (1986),187-192.

[10] R. P. Pant, Common fized point of weakly commuting mappings, Math. Student,
62,1-4 (1993),97-102.

[11] R. P. Pant, Common fized points for non-commuting mappings, J. Math. Anal. Appl.
188 (1994), 436-440.



40 Valeriu Popa

[12] R. P. Pant, Common fized points for four mappings, Bull. Calcutta Math. Soc. 9
(1998), 281-286.

[13] R. P. Pant, Common fized point theorems for contractive maps, J. Math. Anal. Appl.
226 (1998), 251-258.

[14] R. P. Pant and K. Jha, A generalization of Meir-Keeler type common fized point
theorem for four mappings, J. Natural and Physical Sciences, 16(1-2) (2002), 77-84.

[15] R. P. Pant and K. Jha, A generalization of Meir-Keeler type fized point theorem for
four mappings, Ultra-Science, 15(1) (2003), 97-102.

[16] S. Park and B. E. Rhodes, Meir-Keeler type contractive conditions, Math. Japonica,
26 (1) (1981), 13-20.

[17] H. K. Pathak and M. S. Khan, Compatible mappings of type (B) and common fized
point theorems of Gregus type, Czech. Math. J. 45(120) (1995),685-698.

[18] H. K. Pathak, Y. J. Cho, S. M. Kang and B. S. Lee, Fized point theorems for compatible
mappings of type (P) and applications to dynamic programming, Le Matematiche(Fasc.I)
50 (1995), 15-33.

[19] V. Popa, Some fized point theorems for weakly compatible mappings, Radovi Mat. 10
(2001), 245-252.

[20] V. Popa, Coincidence and fized point theorems for noncontinuous hybrid contractions,
Nonlinear Analysis Forum, 7(2) (2002), 153-158.

[21] J. H. N. Rao and K. P. R. Rao, Generalizations of fized point theorems of Meir-Keeler
type, Indian J. Pure Appl. Math. 16(1) (1985), 1249-1262.

[22] S. L. Singh and S. N. Mishra, Remarks on recent fized point theorems and applications
to integral equations, Demonstratio Math. 24 (2001), 847-857.

Department of Mathematics, University of Bacau, 5500 Bacau, Romania
E-mail: vpopa®@ub.ro



