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ON PARTIAL BILATERAL AND IMPROPER PARTIAL
BILATERAL GENERATING FUNCTIONS INVOLVING
SOME SPECIAL FUNCTIONS

Asit Kumar Sarkar

Abstract

A group-theoretic method of obtaining more general class of gener-
ating functions from a given class of improper partial bilateral generat-
ing functions involving Hermite. Laguerre and Gegenbauer polynomials
are discussed.

1 Introduction

The usual generating relation involving one special function may be called
linear or unilateral generating relation. By the term usual (proper) bilateral
generating function we mean a function G(z,z,w) which can be expanded
in powers of w in the following form

Gz, z,w) = Z an fn(T)gn(2)w"
n=0

where a,, is arbitrary that is independent of x and z and f,(x), gn(z) are
two different special functions.

In particular, when two special functions are same that is f, = g, we
call the generating relation as bilinear generating relation.

Unlike the usual (proper) bilateral or bilinear generating relations [5],
we shall introduce the concepts of usual (proper) partial bilateral generating
relation and improper partial bilateral generating relation.

Definition 1.1. By the term usual (proper) partial bilateral generating
relation for two classical polynomials, we mean the relation :
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Gz, 2,w) = Y anw" '), (@)al)n(2) (1.1.1)
n=0

where the coefficients a,,’s are quite arbitrary and pg,ﬂn(az), qﬁf}rn(z) are any

two classical polynomials of order (m + n) and of parameters a and (3 re-
spectively.

Definition 1.2. By the term improper partial bilateral generating relation
for two classical polynomials, we mean the relation :

Glr,z,0) = 3 anuw"ps) (), (2) (1.2.1)
n=0

where the coefficients a,’s are quite arbitrary and pgﬁ_n( ), q,(ﬁ)n( ) are any

two classical polynomials of order (m + n), (k + n) and of parameters «, (3
respectively.

The object of this paper is to establish some general class of generating
functions from a given class of improper partial bilateral generating func-
tions.

2 Main Results

a) For improper partial bilateral generating functions :

Theorem 2.1 : If there exist the following class of improper partial bilateral
generating functions for the Hermite and Laguerre polynomials by means of
the relation

o0
G, z,w) = 3 anw Hypn (2) L) (2) (2.1.1)
n=0
where a,, is arbitrary, then the following general class of generating functions
hold :

e ()0 e 1)

1—v 1—v'1—v

oo oo o0

k+n+1
=3 > aputv ner (Bt 1), T )r Hm+n+5(aﬁ)Lgﬁn+T(z) where |v| < 1
n=07r=0s=0

Proof : Multiplying both sides of (2.1.1) by y™t*, we get

Yy G (x, 2, w) Z anW" (Hpin( z)ym)(Ll(ch)n( )tk) (2.1.2)
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Now replacing ‘w’ by ‘wvyt’ in (2.1.2) we get

e}

Y G e,z woyt) = 3 an(w0) (Hen (g™ ") (L@)pn(2)847)

n=0
(2.1.3)
We now choose the following two operators R; and Ry of one-parameter
groups ([1], [2]) namely

R1:2xy—yﬁ anngzth—{—tQQ—l—(a—i—l—z)t

Oz 0z ot
so that
Ri [Hiin(2)y™] = Hpppr (2)y™
By [Li (] = (k4n+ )L, ()
and ([3], [4])
exp(wR)f(z,y) = expury — wy®) f(z — wy,y)
exp(uR) f(z,t) = (1—vt)Lexp <1”_Zit) f (1 e _tvt> .

where |vt| < 1
We now operate both sides of (2.1.3) by exp(wR;)exp(vR2) and as a
result of it, the relation (2.1.3) becomes

t t\"
exp(2wzy — w?y?)(1 — vt) " Lexp ( vz > y™ ( ) X

11—t 1—ot
e ( B z woyt >
T T 1~ ot
o0 (o olNe o]
n (le)S m-+n
=35> an(wn)” (HE (Hunlahy™ 7))
n:0r1§0§:0 (@) S
x (W (L))
> o0 0 n+s,n+r
- Z Z Z a”%(kj + 1+ 1)y (Higns(2)y™ %
sl r!
n:O(ra:)Os:O 3
X (L (2)EFF7HT)

Now putting y =t = 1 in the above relation, we get

2wz — w1 — v)~(atk+D) (_ vz )G( _ zwv>
exp(2wz — w*)(1 —v) exp  —7— oW, T Ty
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. 0 nJrsUnJrr (@)
- Z Z Z an————(k+n+1)r Hninis (5U)Lk+n+r(z),
n=07r=0s=0 !

where -
Gz, z,w) = Z anw”Hern(x)Lgfj_)n(z) and |v| < 1.
n=0
Theorem 2.2 If there exist the following class of improper partial bilateral
generating functions for Hermite and Gegenbauer polynomials by means of
the relation -
Gz, z,w) = 3 anw Hypn (2) O, (2) (2.2.1)
n=0

where a,, is arbitrary, then the following general class of generating functions
hold :

k zZ—0 wv
exp(2wzr—w?)(1—2vz+02)"*"2G (x —w, , )
( ) ) V1—=2vz+ 02 V1=2vz+ 02

X 0 © wntTsyntr (@)
= Z Z Z an——F7—(k+n+1), Hm+n+8(x)ck+n+r(z)7
n=07r=0s=0 !

where [2vz — v?| < 1.

Proof : Multiplying both sides of (2.2.1) by y™t*, we get :-

Y™t G(z, 2, w) Zanw Hopgn( :E)ym)(Cngr)n( )tF) (2.2.2)

Now replacing ‘w’ by ‘wvyt’ in (2.2.2), we get

[e o]

YEG (2, woyt) = Y a (w0) (Hpgn (2)y™ ) (O (2)5F7) (2.2.3)
n=0
We now choose the following two operators R; and Ry of one-parameter

groups ([1], [2]) namely

0 d 0
Ry =2zy —y— and Ry = (2% — 1)t— + 2t = + 2o+ k)2t

so that
Rl [Hm+” (m)ym—kn] = Hm+n+1( )ym-i-n—i-l
ROy ()5 = (k+n+ DO (2)th
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and ([3], [4])
exp(wR1)f(z,y) = exp2uwzy —w’y?)f(z —wy,y)
eXp('UR2)f(Z7t) = (1 — 2vzt + 'U2t2)7af (\/1_221:;;:_1]2,527 \/1—2vtzt+v2t2) .

where |2vzt — v?32| < 1
We now operate both sides of (2.2.3) by exp(wR;)exp(vRz) and as a
result of it, the relation (2.2.3) becomes

t k
exp(2wxy — w?y?) (1 — vzt + v2t2) ¢ m( >
pl Y v )"y V1 = 2uzt + v2¢t2
G ( z—vt woyt >
T — wy, ,
Y V1 =2zt + 0262 V1 — 220t + 022
0o 00 o0 le 'URQ r
=S Y anlwn) (U ) (PR it
n=07r=0s=0 '
o oo n+svn+r
- Z Z Z an——y——(k+n+1), (Hm+n+8(x)ym+n+s) x
n=0r=0 s=0 !
()
Now putting y =t = 1 in the above relation, we get
zZ—v )
exp(2wz —w?) (1 —2vz +v2) 3G (w —w, , )
p( ) ) V1—2vz+ 12 V1 - 20z + 02
X X0 XX wn TSyt (@)
= Z Z Z an——F7—(k+n+1) Hm+n+s($)ck+n+r(z)a
n=0r=0s=0 Lrl

where

[e.e]
G(x,z,w) = Z anw”Hern(w)C,gi)n(z) and |20z — v?| < 1.
n=0

Theorem 2.3. If there exist the following class of improper partial bilateral
generating functions for Lequerre and Gegenbauer polynomials by means of
the relation

Gz, z,w) = 3 agu L, (2)C (=), (2.3.1)
n=0

where a,, is arbitrary, then the following general class of generating functions
hold :

(1—w) ™ (1 - 20z + 112)_5_% exp <_1w:1: > X
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e x z—U wv
I—w 1-2vz402 (1 —w)V1-2vz+ 02
(o.9] o o0

nsnrm—i—n—&—lsm%-n—i-l
=3 >t bt nt e pe) @O0
n=07r=0s=0 :

where |2vz —v?| < 1
Proof : Multiplying both sides of (2.3.1) by y™t*, we get

Yy th Gz, 2, w) Z anpw" ( x)ym> (C’é@n(z)tk) (2.3.2)

Now replacing ‘w’ by ‘wvyt’ in (2.3.2), we get

[e9]

YR Gz, 2, woyt) = Z )" (LS, @)y ) (CE () (2.3.3)

We now choose the following two operators 1 and Rs of one-parameter
groups ([1], [2]) namely

_ 0 9 0 _ 0 5 0
Rl—xyax—i-y ay—i—(a—i—l z)y and Ry = (2* )taz+zt 5 +(28+k)zt
so that

R L(a) m+n| _ 1 L( a) m~+n+1
1 m+n( )y (m+n+1) m—l—n—l—l(m)y

Ry [CF, ()7 = (k+n+ 1)C, ()t
and ([3], [4])

exp(wRi) f(z,y) = (1 — wy) "> 'exp (_ 1Iingz/)y) ! (1 —xwy’ 1 —ywy>

_ z — vt t
exp(vRQ)f(z, t) - (1—21)zt+1)2t2) ﬁf (\/1 — Quzt + v22’ V1=2vzt + v2t2) .

where |20zt — v?32| < 1
We now operate both sides of (2.3.3) by exp(wR;)exp(vRz2) and as a
result of it, the relation (2.3.3) reduces to

(1 —wy) ™11 = 20zt + 0*1%) P x

wry Y m t k
xexp | — — | X
1 —wy 1 —wy V1= 2vzt + 02t
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T z—vt woyt
xG , ,
L —wy 1 —2vzt + 022 (1 —wy)V1 — 2zt + v2t2

P EE (wR a etn vRy)" "
=222 an(wr) (B, @) (YR, k)

oo oo o0

_ZZZQ ey iy (M An+1), (k:+n+1)

| |
n=07r=0s=0 8 r
(@) m4n+ts ~(6) k+n+r
X Lm+n+s (1")y Ck-+n+r,« )t

Now putting y =t = 1 in the above relation, we get

(1—w)™ ™ (1 - 20z + 122)_5_g exp (_lwx ) X
—w

wof z—v wo
L—w’ 1-2vz4v2 (1 —w)V1—2vz+ 02

[ eXuNNe clNe o]

- Z{)Z()Zoa nW + * s! ! Lgn-)i-n-i-s( )CI(H-?H—T( )
where

G(z,z,w) Z anw”Lrsﬁ)rn )C,gi)n( ) and |[2vz — v?| < 1.

Particular Cases : It may be of interest to point out that for k = m,
the above Theorems 2.1, 2.2 & 2.3 become nice general class of generating
functions from the given class of usual (proper) partial bilateral generating
functions, which need not be derived independently. We state those resutls
in the following form :

b) For proper partial bilateral generating functions

Theorem 2°.1 If there exist the following class of (proper) partial bilateral
generating functions for Hermite and Leguerre polynomials by means of the
relation

G(z,z,w) = Z anwnHm+n(x)L(a) (2), (2/.1.1)

m+n
n=0

where ay, is arbitrary, then the following general class of generating functions
hold :

w — w?)(1 — p)-(@+m+) <_ “Z> <_ zw“)
exp(2wzr — w*)(1 —v) exp | —7 Gl YT T—s
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[c. e eENe o]

(m+n+1),
= Z ZZ@ ”+SWHm+n+s(x)Lﬁln+r(z), where |v| < 1.
n=07r=0 s=0 T

Theorem 2°.2 If there exist the following class of (proper) partial bilateral
generating function for Hermite and Gengenbauer polynomials by means of
the relation
o0
Gz, z,w) = 3 anw Hypn (2)C0L (2), (2'2.1)
n=0
where a,, is arbitrary, then the following general class of generating functions

hold :

m z—v wv
exp(2uz—w?)(1—2vz24+0%)"*" 2 G <$ —w, , )
p( ) ) V1—2vz 4012 V1 —2vz + 02

oo o0 o0

(m+n+1),
= Z Z ZCL wn-‘rs i S' 7“' Hm+n+s(m)cr(r?—?-n+r(2)a
n=0r=0s=0

where |[2vz — v?| < 1.

Theorem 2°.3 If there exist the following class of (proper) partial bilateral
generating functions for Laguerre and Gegenbauer polynomials by means of
the relation

G(z, z,w) Zanw”Lgﬁrn )Cﬁf}rn(z), (2/.3.1)

where a,, is arbitrary, then the followmg general class of generating functions
hold :

(1—w) ™ (1 = 2vz+ 03P % exp (— 1w:c ) X

ol ® z—wv wv
1—w 1—-2vz+0v2 (1 —w)V1—2vz+ 02
oo [ olNe o]

nsnrm+n+1sm+n+1ra
=YY S aurtrarrd Lt A Do) (@), €3]
n=07r=0s=0 :

where |2vz — v?| < 1.

Remark : In a similar manner some new results can also be derived for
(proper) bilinear as well as improper partial bilinear generating functions.
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