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APPLICATION OF CONVOLUTION AND
DZIOK-SRIVASTAVA LINEAR OPERATORS
ON ANALYTIC AND P-VALENT FUNCTIONS

Sh. Najafzadeh, S. R. Kulkarni and D. Kalaj

Abstract

In this paper, we introduce a new class of multivalent functions
defined by convolution and Dziok-Srivastava operator and study some
properties of this class e.g. coefficient estimates, integral representa-
tion, distortion and closure theorems, convolution and integral opera-
tor.

1 Introduction

Let A, be the class of p-valent analytic functions with positive coefficients
of the form

f(z) =2+ i arzt, ze A={z:]z] <1} (1)
k=p+1

For two functions f(z) given by (1) and

g(z) =2 + Z b2, (2)
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the Hadamard product (or convolution) of f(z) and g(z) denoted by (f *
9)(z) = (g = f)(z) is defined by

(fxg)(z)=2"+ > apbpz". (3)
k=p+1
For {aq, 9, -+ ,amm} € C and {01,062, -+ ,0n} C C.} the generalized hy-
pergeometric function ,, Fy(auq, -+, am; 01, -+, On; 2) is defined by
X () om) 2
an(a].y"' 7am;ﬁla”' 7571;2) :kz %
= (4)

(m<n+1,mmn,e Ny=1{0,1,2,---})
where (\)g is the pochhammer symbol defined by

_ru+ky_{1 k=0

(A = T(k) |\ AA+1)---(A+k—1) kelN (5)

We consider Dziok - Srivastava operator [2] on f(z) € A, that is defined by
PSP = DSIar, -+ amiry - B F()
= hp(al,--' 7am;ﬂ17”' 7571;2) *f(z)

— i (al)kfp"'(am)k*pakzk (6)
(B)k—p -+ (Bn)k—p(k — p)!

k=p+1

where
hp(ala"' 7am;ﬁla"' aﬁn;z) :Zp an(ala"' aam;ﬁb"' aﬁnaz)

oo
Definition : Let g(z) = 2P+ Y. byz" be a fixed p-valent analytic function
k=p+1
in A. Define the class

Ap(g(z)aala e 7am;/317/62a e 7/81%7) — Ag(Z)(mvnary)
by

; 2(DSp " (f*g)(2))"”
A mm.y) = {(2) € Ay Be {1+ Gk | <

(7)
(I<y<l+4g, z€A)}

For other subclasses of p-valent functions, we can see the recent works of
authors in [1], [5], [7].
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2 Main Results

In this section we first find a necessary and sufficient condition for functions
to be in the class Ag(” (m,n,).
Theorem 2.1 : f(z) € Af,(z) (m,n,~) if and only if

— k(k—py) .
where
0(:1{5 p) — (al)k—p T (am)k‘—p
7 (B)k—p (Br)k—p(k — p)!

Proof: If f(2) € Af,(z) (m,n,~), then by using (6) and (7) we obtain

2(plp—1)2P7 24+ Y O(k,,p)k(k — 1)aybyz"2
k=p+1

Re< 1+ = < py
pzP=l+ 37 O(k,p)kagbypzh—1
k=p+1
where
9(k p) _ (al)k—p te (am)k—p

(Bl)k—p e (ﬁn)k—p(k - p)'

By letting 2 — 1~ through real values we have

P’ + > 0(k,p)kPaiby
k=p+1

p+ > Ok, p)kayby
k=p+1

<py

or equivalently

> k(k = py)0(k, p)arby, < p*(y — 1).
k=p+1

To prove the “if” part, let (8) holds true, so
2(DSy"" (f % 9)(2))" — (p = 1)(DS"" (f * 9)(2))
2(DSy" (f * 9)(2)" = [2p(1 — ) — 1+ p|(DSy"" (f + 9)(2))’

> k(k—p)agby
k=p+1

< <1

00 -

2p°(y—1) - k:ZH[k‘(k‘ —p)(1 = 2(1 —)))]arbr
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so by maximum principal theorem the proof is complete.
Theorem 2.2 : If f(z) € Af,(z) (m,n,7), then

p(y—1)
k(k —py)br0(k,p)

the result is sharp for functions of the form

ap <

p’(y—1) k

fk(z):Zp+ z k:p+1ap+27

k(k — py)brt(k,p)

Proof : Let f(z) € Ag(z) (m,n,v). By (8), we have

k(k — py)0(k,p)agby < > k(k — py)0(k, p)agby < p*(y — 1)

k=p+1

" o< P01
= k(k —p)0(k,p)b)k

The sharpness is trivial and so omitted.

3 Distortion Bounds

In this section we obtain the distortion bounds for f(z) € Af,(z) (m,n,v).

Theorem 3.1 : If f(z) € A3") (m, n,~), then

= ) < I£()

(p+1)(p+1—py)0(p+1,p)bps1
pz(’}/ - 1) Tp-}—l

p
=T (p+1)(p+1—py)0(p+1,p)bps1
where .
[T
O(p+1,p) = izl . lzl=r <1
I1 5
7=1

The result is sharp for function defined by

fz) =2+ Py —1) sy

(p+1L)(p+1—py)0(p+1,p)bps1

118

(10)

(11)



Proof : By using (8), (9) we obtain

bps10(p+1,p) (1) (p+H1—py) > ar < Y k(k—py)0(k,p)arby < p*(y—1)

k=p+1 k=p+1
or )
- p(y—1)
ar < 12
2 %S DT )0+ Lo (12)

k=p+1

o0
For the function f(z) = 2P + Y. a2"* and using (12), for |z| = r we have

k=p+1
(o]
FE < Y at
k=p+1
[o¢]
< 7P 4Pt Z ay
k=p+1
< D p2(ry - 1) Tp+1
- P+DP+1=pN0(p+1Lp)bpr1
also
oo
fE = = D apt
k=p+1
S P Py —1) PPty
- (p+1Dp+1—py)0(p+1.p)bps1
Now the proof is complete. O
Corollary : If f(z) € Ag(z) (m,n,7), then
2
-1 p (7 — 1) p /
prfT — < |f(z
(P+1—=p)0(p+1p)bp+1 =)
2(~ —
< 1y p*(y—1) "

(p+1—=py)0(p+1,p)bp11

The result is sharp for the function given by (11).

4 Integral Representation

In this section we obtain integral representation for DS,""(f * g)(z) with
suitable ranges on variables.
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Theorem 4.1 : If f(z) € Ag(z) (m,n,7) then

DS (f * g)(2) = /Z exp </Z pVQ|§|_1dt> ds

€2 1

where €; — 0,63 — 0 and |Q(2)| < 1,z € A.
Proof : By letting DS,""(f % g)(z) = M(z) in (7) we have

2M"(z
Re{l—i— M,()}<p’y.

Ml/ M//
Re{1+ZM, }< ‘1+ZM, }

hence by choosing the values of z such that

Since for all z,

M’
1+ | <P
we conclude
zM" M"  pyQ(z2)—1
L5 =pQE) o 3 ==
After integration we obtain
z t)—1
log(M'(2)) :/ p’YQ(t)dt (e1 —0),
€1
thus B A1
M'(z) = exp/ p’yQ(t)—dt (1 — 0),
€1
after integration we obtain the result. O

5 Some Properties of the Class Ag(z)(m,n,y)

In this section, we prove the closure theorems for the class Ag(z)(m, n,7y).

oo
Theorem 5.1 : Let Fj(z) = 2P + > a;28 (j=1,2,---,q) be in the

k=p+1
q
class Ag(z)(m,n,’y) and n; > 0 for j = 1,2,---,¢g and > n; <1 then the
j=1
function
0o q
f(z) =2+ Z ana;w- P
k=p+1 \j=1



belongs to A;‘i(z) (m,n,7).
Proof : Since Fj(z) € .Ag(z)(m,n,y), then from Theorem 2.1 for every
j=12---,q we have

> k(k — py)0(k, p)brar; < p*(y — 1)
k=p+1

Also

Z k(k — py)0(k, p)by Zmam

k=p+1

=Y ni( Y k(k—py)0(k,p)brar,;)

j=1  k=p+1

q
<> mp*(y -
7=1
2
<p(y—1).

So by Theorem 2.1, f(z) € A}g,(z) (m,n,).
Theorem 5.2 : Let Fj,(z) = 2P and

p(y—1)
k(k — py)0(k, p)by

Then f(z) € .Af)(z) (m,n,~) if and only if

Fi(z) = 2P 4+ Fo(k=p4+1,---).

) =mp+ ) mFr(z)

k=p+1
o0
where > np =1 and 7 > 0.
k=p
Proof: Let f(z) € Ag(z) (m,n,7), then from Theorem 2.2, we have
2
-1

k(k — py)0(k, p)by

therefore by letting

k(k — py)0(k, p)brax
Py —1)
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o
and 7, = 1 — >  mn,. We conclude the required result. Conversely, let

k=p+1
f(z) =mp2P + 3 miFi(z), then
k=p+1
o0 2
p(y—1) k
flz) = X + (zp + z
&)= k:zp;lnk k(k — p)0(k, p)bi
mep*(y — 1) k
= 2P+ EAR
kzilk‘ k=) (k,p)bk

Therefore

3 mp*(y—1)  k(k—py)
k—ZJrl k(k —py)0(k,p)bp  p*(yv—1) 0 (k, p)bx

an—l—npq

k=p+1

Hence by Theorem 2.1, we have f(z) € .Ag(z) (m,n,y).

6 Convolution Property and Integral Operator

In this section we show that the class .A,g,(z) (m,n,~) is closed under convo-
lution and one special operator.

o0
Theorem 6.1 : Let h(z) = 2P + > c¢x2* be analytic in unit disk A and
k=p+1

0<¢ <1 If f(2) € Algj(z)(m,n,fy), then (f % h)(z) is also in the class
AP (., ).
Proof : Since f(z) € Ag(z) (m,n,~y) then by Theorem 2.1 we have

> k(k —py)0(k, p)arby < p*(y — 1)
k=p+1
By using the last inequality and the fact that

(f*xh)(z) =2+ Z apcpz”

k=p+1
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we have

Z k(k — py)0(k, p)axcyby

k=p+1
< > k(k—py)8(k,parby < p*(y = 1)
k=p+1
and this by Theorem 2.1 gives the result. O
Theorem 6.2 : If f(z) € Ag(z) (m,n,), then
)\ z
F(z) = ;p/ ALfdt (N> —1; ze A)
0

is also in the class Alg,(z) (m,n,v). See [3], [5].

MEF P

Proof: Since F(z) = f(z)x | 22+ 5 242 k) and 272 < 1, by Theorem
k=p+1

6.1, the proof is trivial.
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