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ABOUT A CLASS OF METRICAL N-LINEAR
CONNECTIONS ON THE 2-TANGENT BUNDLE
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Abstract

In the paper herein we treat some problems concerning the met-
ric structure on the 2-tangent bundle: T 2M. We determine the set of
all metric semi-symmetric N-linear connections, in the case when the
nonlinear connection N is fixed. We prove that the sets: TN of the
transformations of N-linear connection having the same nonlinear con-
nections N and

ms

T N of the transformations of metric semi-symmetric
N-linear connections, having the same nonlinear connection N, together
with the composition of mappings are groups. We obtain some impor-
tant invariants of the group

ms

T N and we give their properties. We also
study the transformation laws of the torsion and curvature d-tensor
fields, with respect to the transformations of the groups TN and

ms

T N .
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1 The N-and JN-linear connections on tangent
bundle of order two

Let M be a real C∞-manifold with n dimensions and (T 2M, π,M) its
2-tangent bundle, [1]. The local coordinates on 3n-dimensional manifold
T 2M are denoted by (xi, y(1)i, y(2)i) = (x, y(1), y(2)) = u, (i = 1, 2, ...n).

Let ( ∂
∂xi ,

∂
∂y(1)i ,

∂
∂y(2)i ) be the natural basis of the tangent space TT 2M

at the point u ∈ T 2M and let us consider the natural 2-tangent structure
on T 2M , J : χ(T 2M) → χ(T 2M) given by:

(1.1) J( ∂
∂xi ) = ∂

∂y(1)i , J( ∂
∂y(1)i ) = ∂

∂y(2)i , J( ∂
∂y(2)i ) = 0.

We denote with N a nonlinear connection on T 2M with the local coeffi-
cients (N i

j ,
1

N i
j

2

) (i, j = 1, 2, ..., n), [7], [8].

Hence, the tangent space of T 2M in the point u ∈ T 2M is given by the
direct sum of the linear vector spaces:

(1.2) TuT 2M = N0(u)⊕N1(u)⊕ V2(u), ∀u ∈ T 2M.

An adapted basis to the direct decomposition (1.2) is given by:

(1.3) { δ
δxi ,

δ
δy(1)i ,

δ
δy(2)i },

where:

(1.4)

δ
δxi = ∂

∂xi −N j
i

1

∂
∂y(1)j −N j

i
2

∂
∂y(2)j ,

δ
δy(1)i = ∂

∂y(1)i −N j
i

1

∂
∂y(2)j , δ

δy(2)i = ∂
∂y(2)i .

Let us consider the dual basis of (1.3):

(1.5) {dxi, δy(1)i, δy(2)i},
where

(1.6)
δxi = dxi, δy(1)i = dy(1)i + N i

j
1

dxj ,

δy(2)i = dy(2)i + N i
j

1

dy(1)j + (N i
j

2

+ N i
m

1
Nm

j
1

)dxj .

Definition 1.1. ([1]-[3]) A linear connection D on T 2M , D : χ(T 2M)×
χ(T 2M) → χ(T 2M) is called an N-linear connection on T 2M if it preserves
by parallelism the horizontal and vertical distributions N0, N1 and V2 on
T 2M .

An N-linear connection D on T 2M is characterized by its coefficients in
the adapted basis (1.3) in the form:
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(1.7)

D δ

δxk

δ
δxj = Li

jk
(00)

δ
δxi , D δ

δxk

δ
δy(1)j = Li

jk
(10)

δ
δy(1)i ,

D δ

δxk

∂
∂y(2)j = Li

jk
(20)

∂
∂y(2)i ,

D δ

δy(1)k

δ
δxj = Ci

jk
(01)

δ
δxi , D δ

δy(1)k

δ
δy(1)j = Ci

jk
(11)

δ
δy(1)i ,

D δ

δy(1)k

∂
∂y(2)j = Ci

jk
(21)

∂
∂y(2)i ,

D ∂

∂y(2)k

δ
δxj = Ci

jk
(02)

δ
δxi , D ∂

∂y(2)k

δ
δy(1)j = Ci

jk
(12)

δ
δy(1)i ,

D ∂

∂y(2)k

∂
∂y(2)j = Ci

jk
(22)

∂
∂y(2)i .

The system of nine functions:

(1.8) DΓ(N) = ( Li
jk,

(00)

Li
jk,

(10)

Li
jk,

(20)

Ci
jk,

(01)

Ci
jk,

(11)

Ci
jk,

(21)

Ci
jk,

(02)

Ci
jk,

(12)

Ci
jk

(22)

),

are called the coefficients of the N-linear connection D.
Generally, an N-linear connection DΓ(N) on T 2M is not compatible

with the natural 2-tangent structure J given by (1.1).

Definition 1.2. An N -linear connection D on T 2M is called JN -linear
connection if it is absolut parallel with respect to D:

(1.9) DXJ = 0, ∀X ∈ χ(T 2M).

Theorem 1.1. (Gh.Atanasiu,[1]) A JN -linear connection on T 2M is
characterized by the coefficints JDΓ(N) given by (1.8),where:

(1.10)

Li
jk

(00)

= Li
jk

(10)

= Li
jk

(20)

(= Li
jk),

Ci
jk

(01)

= Ci
jk

(11)

= Ci
jk

(21)

(= Ci
jk

(1)

), Ci
jk

(02)

= Ci
jk

(12)

= Ci
jk

(22)

(= Ci
jk

(2)

).

It results that a JDΓ(N)- linear connection on T 2M has three essen-
tially coefficients:

(1.11) JDΓ(N) = (Li
jk, Ci

jk
(1)

, Ci
jk

(2)

).

Obvious, the geometrical theory on 2- tangent bundle (T 2M, π,M) with
the N- linear connection [1]-[3], [15], generalize that with the JN-linear con-
nection (cf.with R.Miron and Gh.Atanasiu [5]-[8]; see, also M.Purcaru [12],
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[13]).

In the following we use the N-linear connections, only.

2 The transformations of the d-tensors of torsion
and curvature in TN

Let TN be the set of transformations of N-linear connections, corresponding
to the same nonlinear connection N:

TN = {t(0, 0, Bi
jk,

(00)

Bi
jk,

(10)

Bi
jk,

(20)

Di
jk,

(01)

Di
jk,

(11)

Di
jk,

(21)

Di
jk,

(02)

Di
jk,

(12)

Di
jk

(22)

) ∈ T },

where T is the set of the transformations of N-linear connections to N̄ -linear
connections.

We have:
Theorem 2.1.The set TN of the transformations of N-linear connections

to N-linear connections, together with the composition of mappings is an
Abelian group. This group, TN , acts effectively and transitivelly on the set
of N-linear connections.

Proof. Let t(0, 0, Bi
jk,

(00)

Bi
jk,

(10)

Bi
jk,

(20)

Di
jk,

(01)

Di
jk,

(11)

Di
jk,

(21)

Di
jk,

(02)

Di
jk,

(12)

Di
jk

(22)

) :

DΓ(N) → DΓ̄(N) be a transformation from TN given by (2.1):

(2.1)

N̄ i
j

β

= N i
j

β

, L̄i
jk

(α0)

= Li
jk

(α0)

− Bi
jk

(α0)

,

C̄i
jk

(α1)

= Ci
jk

(α1)

− Di
jk

(α1)

, C̄i
jk

(α2)

= Ci
jk

(α2)

− Di
jk

(α2)

,

(α = 0, 1, 2; β = 1, 2).
The composition of two transformations from TN is a transformation

from TN , given by: t(0, 0, B̄i
jk,

(00)

B̄i
jk,

(10)

B̄i
jk,

(20)

D̄i
jk,

(01)

D̄i
jk,

(11)

D̄i
jk,

(21)

D̄i
jk,

(02)

D̄i
jk,

(12)

D̄i
jk

(22)

)◦

t(0, 0, Bi
jk,

(00)

Bi
jk,

(10)

Bi
jk,

(20)

Di
jk,

(01)

Di
jk,

(11)

Di
jk,

(21)

Di
jk,

(02)

Di
jk,

(12)

Di
jk

(22)

) = t(0, 0, Bi
jk

(00)

+

B̄i
jk,

(00)

Bi
jk

(10)

+ B̄i
jk,

(10)

Bi
jk

(20)

+ B̄i
jk,

(20)

Di
jk

(01)

+D̄i
jk,

(01)

Di
jk

(11)

+D̄i
jk,

(11)

Di
jk

(21)

+D̄i
jk,

(21)

Di
jk

(02)

+

D̄i
jk,

(02)

Di
jk

(12)

+ D̄i
jk,

(12)

Di
jk

(22)

+ D̄i
jk

(22)

).

The inverse of a transformation from TN is the transformation:

t(0, 0,−Bi
jk,

(00)

−Bi
jk,

(10)

−Bi
jk,

(20)

−Di
jk,

(01)

−Di
jk,

(11)

−Di
jk,

(21)

−Di
jk,

(02)

−Di
jk,

(12)

− Di
jk

(22)

)
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: DΓ(N) → DΓ̄(N).
The transformation (2.1) preserves all the N-linear connections D if

Bi
jk

(α0)

= Di
jk

(α0)

= 0, (α = 0, 1, 2). Therefore TN acts effectively on the set of

N-linear connections.
Firstly, we shall study the transformations of the d-tensors of torsion of

DΓ(N) (see, (7.2) and (7.5), [1]) by a transformation (2.1). We obtain:
Proposition 2.1.The transformations of the Abelian group TN , given by

(2.1) lead to the transformations of the d-tensors of torsion in the following
way:

(2.2)

α

T̄ i
jk

(0)

=
α

T i
jk

(0)

+( Bi
kj

(α0)

− Bi
jk

(α0)

),
α

S̄ i
jk

(β)

=
α

S i
jk

(β)

+( Di
kj

(αβ)

− Di
jk

(αβ)

),

Q̄i
jk

(21)

= Qi
jk

(21)

− Di
jk

(12)

,
α

Q̄ i
jk

(22)

=
α

Q i
jk

(22)

+ Di
kj

(α1)

, S̄i
jk

(12)

= Si
jk

(12)

,

R̄i
jk

(0β)

= Ri
jk

(0β)

,
α

P̄ i
jk

(ββ)

=
α

P i
jk

(ββ)

+ Bi
kj

(α0)

, P̄ i
jk

(β0)

= P i
jk

(β0)

− Di
jk

(0β)

,

P̄ i
jk

(12)

= P i
jk

(12)

, P̄ i
jk

(21)

= P i
jk

(21)

, (α = 0, 1, 2; β = 1, 2).

Now, we shall study the transformations of the d-tensors of curvature of
DΓ(N) (see, (7.11),[1]) by a transformation (2.1). We get:

Proposition 2.2.The transformations of the Abelian group TN , given
by (2.1) lead to the transformations of the d-tensors of curvature in the
following way:

(2.3) R̄ i
h jk

(0α)

= R i
h jk

(0α)

− Di
hs

(α1)

Rs
jk

(01)

− Di
hs

(α2)

Rs
jk

(02)

− Bi
hs

(α0)

α
T s

jk
(0)

+

+Ajk{−Bi
hj|αk

(α0)

+ Bs
hj

(α0)

Bi
sk

(α0)

},

(2.4) P̄ i
h jk

(1α)

= P i
h jk

(1α)

− Di
hs

(α1)

α
P s

jk
(11)

− Di
hs

(α2)

P s
jk

(12)

− Bi
hs

(α0)

Cs
jk

(α1)

+

+ Ls
kj

(α0)

Di
hs

(α1)

− Bi
hj

(1)

| αk
(α0)

+Di
hk|αj

(α1)

+ Bs
hj

(α0)

Di
sk

(α1)

−

− Ds
hk

(α1)

Bi
sj

(α0)

+ Ci
hs

(α1)

Bs
kj

(α0)

− Di
hs

(α1)

Bs
kj

(α0)

,

(2.5) P̄ i
h jk

(2α)

= P i
h jk

(2α)

− Di
hs

(α1)

P s
jk

(21)

− Di
hs

(α2)

α
P s

jk
(22)

− Bi
hs

(α0)

Cs
jk

(α2)

+

+ Ls
kj

(α0)

Di
hs

(α2)

− Bi
hj

(2)

| αk
(α0)

+Di
hk|αj

(α2)

+ Bs
hj

(α0)

Di
sk

(α2)

−
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− Ds
hk

(α2)

Bi
sj

(α0)

+ Ci
hs

(α2)

Bs
kj

(α0)

− Di
hs

(α2)

Bs
kj

(α0)

,

(2.6) Q̄ i
h jk

(2α)

= Q i
h jk

(2α)

− Cs
jk

(α2)

Di
hs

(α1)

+ Cs
kj

(α1)

Di
hs

(α2)

− Di
hj

(2)

| αk
(α1)

+

+ Di
hk

(1)

| αj
(α2)

+ Ds
hj

(α1)

Di
sk

(α2)

− Ds
hk

(α2)

Di
sj

(α1)

− Di
hs

(α2)

P s
jk

(21)

,

(2.7) S̄ i
h jk

(βα)

= S i
h jk

(βα)

− Di
hs

(αβ)

α
S s

jk
(β)

+Ajk{− Di
hj

(β)

| αk
(αβ)

+

+ Ds
hj

(αβ)

Di
sk

(αβ)

} − Di
hs

(α2)

Rs
jk

(β2)

, (α = 0, 1, 2; β = 1, 2),

where Aij{...} denotes the alternate summation.

We shall consider the tensor fields:
(2.8) K i

h jk
(0α)

= R i
h jk

(0α)

− Ci
hs

(α1)

Rs
jk

(01)

− Ci
hs

(α2)

Rs
jk

(02)

,

(2.9) P i
h jk

(1α)

= Ajk { P i
h jk

(1α)

− Ci
hs

(α1)

δNs
j

1

δy(1)k − Ci
hs

(α2)

(N s
m

1

δNm
j

1

δy(1)k +

+
δNs

j
2

δy(1)k −
δNs

k
2

δy(1)j )},

(2.10) P i
h jk

(2α)

= Ajk { P i
h jk

(2α)

− Ci
hs

(α1)

∂Ns
j

1

δy(2)k − Ci
hs

(α2)

(N s
m

1

∂Nm
j

1

δy(2)k +
∂Ns

j
2

δy(2)k )},

(2.11) Q i
h jk

(2α)

= Ajk {Q i
h jk

(2α)

+ Ci
hs

(α2)

∂Ns
j

1

δy(2)k },

(2.12) S i
h jk

(βα)

= S i
h jk

(βα)

− Ci
hs

(α2)

Rs
jk

(β2)

, (α = 0, 1, 2; β = 1, 2).

Proposition 2.3.By a transformation of the Abelian group TN , given
by (2.1), the tensor fields: K i

h jk
(0α)

, P i
h jk

(1α)

, P i
h jk

(2α)

, Q i
h jk

(2α)

and S i
h jk

(βα)

,

(α = 0, 1, 2; β = 1, 2) are transformed according to the following laws:

(2.13) K̄ i
h jk

(0α)

= K i
h jk

(0α)

− Bi
hs

(α0)

α
T s

jk
(0)

+Ajk {−Bi
hj|αk

(α0)

+ Bs
kj

(α0)

Bi
sk

(α0)

},

(2.14) P̄ i
h jk

(βα)

= P i
h jk

(βα)

− 2 Di
hs

(αβ)

α
T s

jk
(0)

− Bi
hs

(α0)

α
S s

jk
(β)

+Ajk {− Bi
hj

(β)

| αk
(α0)

− Di
hj|αk

(αβ)

+ Bs
hj

(α0)

Di
sk

(αβ)

+ Ds
hj

(αβ)

Bi
sk

(α0)

+ Di
hs

(αβ)

Bs
jk

(α0)

− Ci
hs

(αβ)

Bs
jk

(α0)

},
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(2.15) Q̄ i
h jk

(2α)

= Q i
h jk

(2α)

+ α S s
jk

(2)

Di
hs

(α1)

−
α
S s

jk
(1)

Di
hs

(α2)

+ Ajk {Di
hj

(2)

| αk
(α1)

+Di
hk

(1)

| αj +
(α2)

Ds
hj

(α1)

Di
sk

(α2)

− Ds
hk

(α2)

Di
sj

(α1)

},

(2.16) S̄ i
h jk

(βα)

= S i
h jk

(βα)

− Di
hs

(αβ)

α
S s

jk
(β)

+Ajk {− Di
hj

(β)

| αk
(αβ)

+ Ds
hj

(αβ)

Di
sk

(αβ)

},

(α = 0, 1, 2; β = 1, 2).

3 Metric semi-symmetric N-linear connections on
2-tangent bundle

Definition 3.1. ([1]) A metric structure on the manifold T 2M is a sym-
metric covariant tensor field G of the type (0,2), which is non-degenerate at
each point u ∈ T 2M and of constant signature on T 2M .

Let G be a metric structure on T 2M . Locally G looks as follows:

(3.1) G = gij
(0)

dxi ⊗ dxj + gij
(1)

δy(1)i ⊗ δy(1)j + gij
(2)

δy(2)i ⊗ δy(2)j .

Definition 3.2. ([1]) An N-linear connection D on T 2M endowed with
a metric structure G is said to be a metric N-linear connection if DXG = 0
for every X ∈ X (

T 2M
)
.

Proposition 3.1.([1]) An N-linear connection D on T 2M endowed with
a metric structure G is a metric N-linear connection if and only if:

(3.2)
D
0

H
X GH = 0, D

0

V1
X GH = 0, D

0

V2
X GH = 0,

D
β

H
X GVβ = 0, D

β

V1
X GVβ = 0, D

β

V2
X GVβ = 0, (β = 1, 2) .

Translating the Proposition 3.1. in local coordinates we obtain:

Proposition 3.2.([1]) An N-linear connection on T 2M is a metric N-
linear connection if and only if:

(3.3) g
(α)

ij|αk= 0, g
(α)

ij

(1)

| αk= 0, g
(α)

ij

(2)

| αk= 0, (α = 0, 1, 2) .

Theorem 3.1.([1]) If the manifold T 2M is endowed with the metric
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structure G given by:

(3.4)
(DXG)(Y H , ZVβ) = XG(Y H , ZVβ)−G(DXY H , ZVβ)−

−G(Y H , DXZVβ) = 0,

then there exists on T 2M a metric N-linear connection, depending only on
G, whose h(hh)-, v1(v1v1)- and v2(v2v2)- tensors of torsion vanish. Its local

coefficients D
c
Γ (N) = (

c
L

(α0)

i
jk,

c
C

(α1)

i
jk,

c
C

(α2)

i
jk), (α = 0, 1, 2), are as follows:

(3.5)

c
L

(00)

i
jk = 1

2 g
(0)

il (δk g
(0)

jl +δj g
(0)

lk −δl g
(0)

jk),

c
L

(β0)

i
jk = B

(ββ)

i
kj +1

2 g
(β)

il (δk g
(β)

jl − B
(ββ)

m
kj g

(β)
ml − B

(ββ)

m
kl g

(β)
jm),

c
C

(δ1)

i
jk = 1

2 g
(δ)

il δ1k g
(δ)

jl,
c
C

(ε2)

i
jk=

1
2 g

(ε)

id ∂̇2k g
(ε)

jl,

c
C

(ββ)

i
jk = 1

2 g
(β)

il (δβk g
(β)

jl +δβj g
(β)

lk −δβl g
(β)

jk),

(δ = 0, 2; β = 1, 2; ε = 0, 1) , δ2i = ∂̇2i.

Definition 3.3. The metric N-linear connection given by (3.5) is called
the canonical N-linear connection associated with G.

Let us associate to G the following operators of Obata type:

(3.6)
α
Ω
1

ir
sj = 1

2(δi
sδ

r
j− g

(α)
sj g

(α)

ir),
α
Ω
2

ir
sj = 1

2(δi
sδ

r
j+ g

(α)
sj g

(α)

ir), (α =

0, 1, 2).

There is inferred:

Proposition 3.3. The Obata’s operators have the following properties:

(3.7)
α
Ω
1

ir
sj+

α
Ω
2

ir
sj = δi

sδ
r
j ,

(3.8)
α
Ω
1

ir
sj

α
Ω
1

sn
mr =

α
Ω
1

in
mj ,

α
Ω
2

ir
sj

α
Ω
2

sn
mr =

α
Ω
2

in
mj ,

α
Ω
1

ir
sj

α
Ω
2

sn
mr =

α
Ω
2

ir
sj

α
Ω
1

sn
mr = 0 ,

(3.9)
α
Ω
1

ir
rj =

α
Ω
1

ir
si = 0,

α
Ω
1

ir
ij = 1

2(n− 1)δr
j ,

α
Ω
2

ir
ij = 1

2(n + 1)δr
j , (α = 0, 1, 2).

Theorem 3.2.([1])The set of all metric N-linear connections with re-
spect to G on the manifold T 2M is given by:
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(3.10)
L

(α0)

i
jk =

c
L

(α0)

i
jk +

α
Ω
1

mi
jl

α
X l

mk, C
(α1)

i
jk=

c
C

(α1)

i
jk +

α
Ω
1

mi
jl

α
Y l

mk,

C
(α2)

i
jk =

c
C

(α2)

i
jk +

α
Ω
1

mi
jl

α
Z l

mk, (α = 0, 1, 2) ,

where D
c
Γ (N) =

(
c
L

(α0)

i
jk,

c
C

(α1)

i
jk,

c
C

(α2)

i
jk

)
are the local coefficients of the

canonical N-linear connection associated with G and
α
Xi

jk,
α
Y i

jk,
α
Zi

jk,
(α = 0, 1, 2), are arbitrary d-tensor fields.

Definition 3.4. ([1])An N-linear connection on T 2M is called semi-
symmetric if:

(3.11) T
(00)

i
jk = 1

2(δi
jσk − δi

kσj), S
(ββ)

i
jk = 1

2(δi
j τ

(β)
k − δi

k τ
(β)

j),

where σ, τ
(1)

, τ
(2)
∈ X ∗(T 2M) and

0
T
(0)

i
jk = T

(00)

i
jk,

β

S
(β)

i
jk = S

(ββ)

i
jk, (β = 1, 2).

Theorem 3.3. ([1]) Let T 2M be endowed with a metric structure G.
There exists on T 2M a metric N-linear connection completely determined by
G whose h(hh)-, v1(v1v1)- and v2(v2v2)- tensors of torsion are prescribed
and its local coefficients are as follows:

(3.12)

L
(00)

i
jk =

c
L

(00)

i
jk + 1

2 g
(0)

im( g
(0)

mh T
(00)

h
jk− g

(0)
jh T

(00)

h
mk+ g

(0)
hk T

(00)

h
jm),

L
(β0)

i
jk =

c
L

(β0)

i
jk,

C
(ββ)

i
jk =

c
C

(ββ)

i
jk + 1

2 g
(β)

im( g
(β)

mh S
(ββ)

h
jk− g

(β)
jh S

(ββ)

h
mk+ g

(β)
hk S

(ββ)

h
jm),

C
(01)

i
jk =

c
C

(01)

i
jk, C

(21)

i
jk =

c
C

(21)

i
jk, C

(ε2)

i
jk =

c
C

(ε2)

i
jk, (ε = 0, 1;β = 1, 2),

where D
c
Γ (N) = (

c
L

(α0)

i
jk,

c
C

(α1)

i
jk,

c
C

(α2)

i
jk), (α = 0, 1, 2) are the local coeffi-

cients of the canonical N-linear connection associated with G.

Using the Theorem 3.3 and the Definition 3.4 we obtain:

Theorem 3.4. The set of all metric semi-symmetric N-linear connec-
tions with the local coefficients: DΓ(N) = ( L

(α0)

i
jk, C

(α1)

i
jk, C

(α2)

i
jk), (α =

0, 1, 2) is given by:
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(3.13)

L
(00)

i
jk =

c
L

(00)

i
jk + 1

2( g
(0)

jk g
(0)

imσm − σjδ
i
k), L

(β0)

i
jk =

c
L

(β0)

i
jk,

C
(01)

i
jk =

c
C

(01)

i
jk, C

(21)

i
jk =

c
C

(21)

i
jk, C

(ε2)

i
jk =

c
C

(ε2)

i
jk,

C
(ββ)

i
jk =

c
C

(ββ)

i
jk + 1

2( g
(β)

jk g
(β)

im τ
(β)

m− τ
(β)

jδ
i
k), (ε = 0, 1;β = 1, 2),

where D
c
Γ (N) = (

c
L

(α0)

i
jk,

c
C

(α1)

i
jk,

c
C

(α2)

i
jk), (α = 0, 1, 2) are the local coeffi-

cients of the canonical N-linear connection associated with G and σ, τ
(1)

, τ
(2)
∈

X ∗(T 2M).

4 The group of transformations of metric semi-
symmetric N-linear connections

Let N be a given nonlinear connection on T 2M . Then any metric semi-
symmetric N-linear connection with local coefficients

D̄Γ(N) = ( L̄
(α0)

i
jk, C̄

(α1)

i
jk, C̄

(α2)

i
jk),

(α = 0, 1, 2) is given by (3.12) with (3.11).

From Theorem 3.4 we have:

Theorem 4.1. Two metric semi-symmetric N-linear connections: D
and D̄, with local coefficients DΓ(N) = ( L

(α0)

i
jk, C

(α1)

i
jk, C

(α2)

i
jk), and D̄Γ(N) =

( L̄
(α0)

i
jk, C̄

(α1)

i
jk, C̄

(α2)

i
jk), (α = 0, 1, 2) are related as follows:

(4.1)

L̄
(00)

i
jk = L

(00)

i
jk + 1

2( g
(0)

jk g
(0)

imσm − σjδ
i
k), L̄

(β0)

i
jk = L

(β0)

i
jk,

C̄
(01)

i
jk = C

(01)

i
jk, C̄

(21)

i
jk = C

(21)

i
jk, C̄

(ε2)

i
jk = C

(ε2)

i
jk,

C̄
(ββ)

i
jk = C

(ββ)

i
jk + 1

2( g
(β)

jk g
(β)

im τ
(β)

m− τ
(β)

jδ
i
k), (ε = 0, 1;β = 1, 2).

Conversely, given σj ∈ X ∗(T 2M), τj ∈ X ∗(T 2M) the above (4.1)is
thought to be a transformation of a metric semi-symmetric N-linear con-
nection D, with the local coefficients DΓ(N) = ( L

(α0)

i
jk, C

(α1)

i
jk, C

(α2)

i
jk), to a

metric semi-symmetric N-linear connection D̄, with the local coefficients
D̄Γ(N) = ( L̄

(α0)

i
jk, C̄

(α1)

i
jk, C̄

(α2)

i
jk), (α = 0, 1, 2).
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We shall denote this transformation by: t(σj , τ
(1)

j , τ
(2)

j).

Thus we have:

Theorem 4.2. The set:
ms
T N of all transformations t(σ, τ

(1)
, τ
(2)

) : DΓ(N) →
D̄Γ(N) of the metric semi-symmetric N-linear connections, given by (4.1)
is an Abelian group, together with the mapping product.

This group acts on the set of all metric semi-symmetric N-linear con-
nections, corresponding to the same nonlinear connection N, transitively.

By applying the results from Proposition 2.3, we obtain:

Theorem 4.3. By means of a transformation (4.1) the tensor fields
K

(00)

i
h jk, S

(ββ)

i
h jk, (β = 1, 2) given in (2.8), (2.12) are changed by the laws:

(4.2) K̄
(00)

i
h jk = K

(00)

i
h jk +Ajk{

0
Ω
1

ir
jhσrk},

(4.3) S̄
(ββ)

i
h jk = S

(ββ)

i
h jk +Ajk{

β

Ω
1

ir
jh τ

(β)
rk},

where:
(4.4) σrk = −σ

r
0

|k
+ 1

2σrσk + 1
4 g
(0)

rkσ, (σ = g
(0)

rmσrσm),

(4.5) τ
(β)

rk = − τ
(β)r

β

|βk
+ 1

2 τ
(β)

r τ
(β)

k + 1
4 g
(β)

rk τ
(β)

, ( τ
(β)

= g
(β)

rm τ
(β)

r τ
(β)

k), (β = 1, 2).

Using these results we can determine some invariants of the group
ms
T N .

To this aim we eliminate σij , τ
(β)

ij , (β = 1, 2) from (4.2), (4.3) and we obtain:

Theorem 4.4. For n > 2 the following tensor fields H
(00)

i
h jk, M

(ββ)

i
h jk,

(β = 1, 2) of metric semi-symmetric N-linear connections on T 2M , are in-

variants of the group
ms
T N :

(4.6) H
(00)

i
h jk = K

(00)

i
h jk + 1

n−2Ajk{
0
Ω
1

ir
jh(2 K

(00)
rk −

K
(00)

g
(0)

rk

n−1 )},

(4.7) M
(ββ)

i
h jk = S

(ββ)

i
h jk + 1

n−2Ajk{
β

Ω
1

ir
jh(2 S

(ββ)
rk −

S
(ββ)

g
(β)

rk

n−1 )},

where: K
(00)

hj = K
(00)

i
h ji, K

(00)
= g

(0)

hj K
(00)

hj , S
(ββ)

hj = S
(ββ)

i
h ji, S

(ββ)
= g

(β)

hj S
(ββ)

hj ,
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(β = 1, 2).

In order to find other invariants of the group
ms
T N , let us consider the

transformation formulas of the torsion d-tensor fields by a transformation
t(σ, τ

(1)
, τ
(2)

) : DΓ(N) → D̄Γ(N) of metric semi-symmetric N-linear connec-

tions on T 2M , with respect to G, given by (4.1)

Using Proposition 2.1. and the transformation (4.1) by direct calcula-
tions we obtain:

Proposition 4.1.By a transformation (4.1) of metric semi-symmetric
N-linear connections, corresponding to the same nonlinear connection N :
t(σj , τ

(1)
j , τ

(2)
j) : DΓ(N) → D̄Γ(N), the torsion tensor fields,

T
(00)

i
jk, R

(0β)

i
jk, T

(β0)

i
jk, S

(ββ)

i
jk, S

(αβ)

i
jk, Q

(21)

i
jk, P

(ββ)

i
jk, P

(β0)

i
jk, P

(12)

i
jk, P

(21)

i
jk, are

transformed as follows:

(4.8)

R̄
(0β)

i
jk = R

(0β)

i
jk, T̄

(00)

i
jk = T

(00)

i
jk +Aij{σjδ

i
k}, T̄

(β0)

i
jk = T

(β0)

i
jk,

S̄
(ββ)

i
jk = S

(ββ)

i
jk +Aij{ τ

(β)
jδ

i
k}, S̄

(αβ)

i
jk = S

(αβ)

i
jk, Q̄

(21)

i
jk = Q

(21)

i
jk,

P̄
(ββ)

i
jk = P

(ββ)

i
jk, P̄

(β0)

i
jk = P

(β0)

i
jk, P̄

(12)

i
jk = P

(12)

i
jk, P̄

(21)

i
jk = P

(21)

i
jk

(α, β = 1, 2;α 6= β).
We denote with:

(4.9) t
(β)

i
jk = Ajk{

δN
β

i
j

δy(β)k }, (β = 1, 2),

and with:
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(4.10)

t
(β)

∗
ijk = Σijk{ g

(β)
im t

(β)

m
jk}, T

(00)

∗
ijk = Σijk{ g

(0)
im T

(00)

m
jk},

T
(β0)

∗
ijk = Σijk{ g

(β)
im T

(β0)

m
jk},

R
(0β)

∗
ijk = Σijk{ g

(0)
im R

(0β)

m
jk}, S

(ββ)

∗
ijk = Σijk{ g

(β)
im S

(ββ)

m
jk},

S
(αβ)

∗
ijk = Σijk{ g

(α)
im S

(αβ)

m
jk},

C
(ββ)

∗
ijk = Σijk{ g

(β)
im C

(ββ)

m
jk}, L

(00)

∗
ijk = Σijk{ g

(0)
im L

(00)

m
jk},

P
(ββ)

∗
ijk = Σijk{ g

(β)
im P

(ββ)

m
jk},

P
(αβ)

∗
ijk = Σijk{ g

(α)
im P

(αβ)

m
jk}, P

(β0)

∗
ijk = Σijk{ g

(β)
im P

(β0)

m
jk},

Q
(21)

∗
ijk = Σijk{ g

(2)
im Q

(21)

m
jk}, (α, β = 1, 2;α 6= β),

where Σijk{...} denotes the cyclic summation, and with:

(4.11)

1
K

(00)
ijk = − g

(0)
km T

(00)

m
ij +Aij{ g

(0)
im L

(00)

m
jk},

2
K

(ββ)
ijk = g

(β)
im S

(ββ)

m
jk + 2Ajk{ g

(β)
km C

(ββ)

m
ij },

3
K

(10)
ijk = Ajk{ g

(1)
km P

(11)

m
ij },

3
K

(αβ)
ijk = Ajk{ g

(β)
km P

(αβ)

m
ij },

4
K

(ββ)
ijk = g

(β)
mj C

(ββ)

m
ik + g

(β)
im C

(ββ)

m
jk,

1
S ijk = − g

(2)
jm P

(22)

m
ik − g

(1)
mk P

(11)

m
ij ,

2
S

(21)
ijk = Ajk{ g

(2)
mj Q

(21)

m
ik},

3
S

(αβ)
ijk = Aij{ g

(α)
im P

(αβ)

m
jk}, (α, β = 1, 2;α 6= β).

Remark 4.1. It is noted that: t
(β)

∗
ijk, T

(00)

∗
ijk, T

(10)

∗
ijk, R

(0β)

∗
ijk, S

(ββ)

∗
ijk, R

(12)

∗
ijk,

(β = 1, 2) are alternate,
1
K

(00)
ijk,

3
S

(αβ)
ijk, (α, β = 1, 2;α 6= β), are alternate,

with respect to: i,j and
2
K

(ββ)
ijk,

3
K

(αβ)
ijk,

2
S

(21)
ijk, (α, β = 1, 2;α 6= β), are

alternate with respect to: j,k.

Theorem 4.5. The tensor fields: t
(β)

i
jk, R

(0β)

i
jk, T

(β0)

i
jk, S

(αβ)

i
jk, Q

(21)

i
jk, P

(ββ)

i
jk,

P
(β0)

i
jk, P

(αβ)

i
jk, t

(β)

∗
ijk, T

(00)

∗
ijk, T

(β0)

∗
ijk, L

(00)

∗
ijk, S

(αβ)

∗
ijk, S

(ββ)

∗
ijk, R

(12)

∗
ijk, R

(0β)

∗
ijk, C

(ββ)

∗
ijk,

Q
(21)

∗
ijk, P

(αβ)

∗
ijk, P

(ββ)

∗
ijk, P

(β0)

∗
ijk,

1
K

(00)
ijk,

2
K

(ββ)
ijk,

3
K

(αβ)
ijk,

3
K

(10)
ijk,

4
K

(ββ)
ijk,

1
S ijk,

2
S

(21)

ijk,
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3
S

(αβ)
ijk, (α, β = 1, 2;α 6= β) are invariants of the group

ms
T N .

Proof. By means of transformations of the torsion given in (4.8) and
using the notations (4.9), (4.10), (4.11), by direct calculation from (4.1) we
have: T̄

(00)

∗
ijk = T

(00)

∗
ijk etc.

Theorem 4.6. Between the invariants in Theorem 4.5 there exists the
following relations:

(4.12)

Σijk

1
K

(00)
ijk = 0, Σijk

2
K

(ββ)
ijk = 3 S

(ββ)

∗
ijk, Σijk

3
K

(10)
ijk = T

(10)

∗
ijk + t

(1)

∗
ijk,

Σijk

3
K

(αβ)
ijk = P

(αβ)

∗
ijk − P

(αβ)

∗
ikj ,

Σijk

4
K

(ββ)
ijk = C

(ββ)

∗
ijk − C

(ββ)

∗
ikj , Aij{

4
K

(ββ)
ijk} = 0,

Σijk

1
S ijk = −

3
K
(10)

ijk − Σijk g
(2)

jm P
(22)

m
ik, Σijk

2
S

(21)
ijk = −Ajk{ Q

(21)

∗
ijk},

Σijk

3
S

(αβ)
ijk = Aij{ P

(αβ)

∗
ijk}, (α, β = 1, 2;α 6= β).

Proof. Using the notations (4.9), (4.10), (4.11), the Remark 4.1 and the
definitions of the torsion d-tensor fields given in [1], by direct calculations
we obtain the results.
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