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ABOUT A CLASS OF METRICAL N-LINEAR
CONNECTIONS ON THE 2-TANGENT BUNDLE
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Abstract

In the paper herein we treat some problems concerning the met-
ric structure on the 2-tangent bundle: T2M. We determine the set of
all metric semi-symmetric N-linear connections, in the case when the
nonlinear connection N is fixed. We prove that the sets: 7y of the
transformations of N-linear connection having the same nonlinear con-

ms
nections N and 7 y of the transformations of metric semi-symmetric
N-linear connections, having the same nonlinear connection N, together
with the composition of mappings are groups. We obtain some impor-
S

m
tant invariants of the group 7 y and we give their properties. We also
study the transformation laws of the torsion and curvature d-tensor

fields, with respect to the transformations of the groups 75 and H%SN.
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1 The N-and JN-linear connections on tangent
bundle of order two

Let M be a real C*°-manifold with n dimensions and (T?M, 7, M) its
2-tangent bundle, [1]. The local coordinates on 3n-dimensional manifold
T?M are denoted by (xi,y(l)i,y(m) = (w,y(l),y(2)) =u, (i=1,2,..n).

Let (%, By?l)“ %) be the natural basis of the tangent space TT>M
at the point u € T2M and let us consider the natural 2-tangent structure
on T?M, J : x(T?M) — x(T?M) given by:

o\ _ _0 o) _ 0 o) _
(1'1) J(W) = oy J(ay(l)i) — ay®@i J(ay(Q)i) = 0.
We denote with N a nonlinear connection on T?M with the local coeffi-

cients (N,N%) (i,j = 1,2,..,n), [7], [8].
1 2

Hence, the tangent space of T2M in the point u € T2M is given by the
direct sum of the linear vector spaces:

(1.2) T,T*M = No(u) ® N1(u) ® Va(u), Yu € T2M.
An adapted basis to the direct decomposition (1.2) is given by:

) ) )
(1'3) {Wv Sy(Mi» 5y(2)i}7

where:
6 _ 8 _aArJ_0  _ aArd_ 0
dxt T Oxt i oy(1)J i 9y(2)3
(1.4) ! , 2
6 _ _0__ pNi_o s _ 0

sy Ty gy e T gy
Let us consider the dual basis of (1.3):
(1.5)  {da?, 6y 5y(2)iy,
where
oxt =dat, Syt = dyMi 4 N"jdxj,
(1.6)

1
5y @i = qy@i 4 Nijdy(l)J' + (Nij + Nimij)dxj.
1 2 1 1

Definition 1.1. ([1]-[3]) A linear connection D on T*M, D : x(T?M) x
X(T?M) — x(T?M) is called an N-linear connection on T?M if it preserves
by parallelism the horizontal and vertical distributions Ny, N1 and Vo on
T?M.

An N-linear connection D on T?M is characterized by its coefficients in
the adapted basis (1.3) in the form:
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S _ yi 0 s _ ri 5
o 5 = L D s = L, Sy

D s ik 5z D257
dx T
5 (00) 5 (10)
J— (2
Dﬁ oy — L'k y@Di>
’ (20)
S _ i 8 S _ (i b
DLW = Cjk &Bz‘aD S __syMi Cjk Sy
sy(Dk sy(Dk Y Y
(1.7) ) (o1) ) (11)
: — (2
D(Sy(él)k y@i C)jk oy
(21
S _ i b S _ i D)
Day%w 507 = Ol (Saci’Dayg)k sy(Mi — i Sy
(02) (12)
9 _ i d
D@yfm ay@i — ik Dy’

(22)

The system of nine functions:

(1.8)  DI(N) = (L', L'y, L'y Cps Cpes Clipes Clps Cliey Cli ),
(00) (10) (20) (01) (11) (21) (02) (12) (22)
are called the coefficients of the N-linear connection D.
Generally, an N-linear connection DI'(N) on T?M is not compatible
with the natural 2-tangent structure J given by (1.1).

Definition 1.2. An N-linear connection D on T?M is called JN -linear
connection if it is absolut parallel with respect to D:

(1.9) DxJ =0, VX € x(T?M).

Theorem 1.1. (Gh.Atanasiu,[1]) A JN-linear connection on T*M is
characterized by the coefficints JDI'(N) given by (1.8),where:
Lijk: = Lijk = Lijk: (= Lijk)v
(1.10) (00) (10) (20) ‘ ‘ . A .
(01) (11) (21) e (02) (12) (22) 2)
It results that a JDI'(N)- linear connection on T2M has three essen-
tially coefficients:

(1.11) JDT(N) = (L'}, C Clp)-
1 (@
Obvious, the geometrical theory on 2- tangent bundle (T2M, 7, M) with

the N- linear connection [1]-[3], [15], generalize that with the JN-linear con-
nection (cf.with R.Miron and Gh.Atanasiu [5]-[8]; see, also M.Purcaru [12],
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[13]).

In the following we use the N-linear connections, only.

2 The transformations of the d-tensors of torsion
and curvature in 7y

Let 7y be the set of transformations of N-linear connections, corresponding
to the same nonlinear connection N:
Tn = {t(0,0, Bijk? Bijk? Bijk’ Dijlm Dijk? Dijkv Dijka Dijk? Dijlc )eT },
(00) (10) (20) (01) (11) (21) (02) (12) (22)
where 7 is the set of the transformations of N-linear connections to N-linear
connections.

We have:

Theorem 2.1.The set Ty of the transformations of N-linear connections
to N-linear connections, together with the composition of mappings is an
Abelian group. This group, Ty , acts effectively and transitivelly on the set
of N-linear connections.

Proof. Let t(0,0, Bijk, Bijk, Bijk, Dijk7 Dijk, Dijk, Dijk, Dijk, Dijk ) -

B (00) (10) (20) (01) (11) (21) (02) (12) (22)
DT'(N) — DI'(N) be a transformation from 7y given by (2.1):
N =Ny Ly = Ly — BY,
B° B (a0)  (a0) _ (a0) A
(2.1) Cy = Cy — D'y, CYy = CY — DYy
(al) (ad) (ad) (a2) (a2) (a2)
(a=0,1,2; =1,2).

The composition of two transformations from T]\[ is a transformation

from 7y, given by: ¢(0, 0, Bijk, Bijk, Bijk, Dijk, Dijk, Dijk, Dijk, Dijk, Dijk )o
‘ , ' (00) (10) (20) (01) (11) (21) (02) (12) (22)
t(0,0, By, B'yg, By, D'y DYy D'y, D'y, Dy D’jk) = (0,0, B +
~(00) (10)  (20) (01) (1) (21) (02) (12) (22) ' _(00)

Bk Bljp + Bljps Bljp & Bljpey D'y + D, D'y Dy Dy 4 D, Dy +
(00) (10)  (10) (20)  (20) (01) (01)  (11) (11)  (21) (21)  (02)
Dy DYy + Dy DYy + D).
(02) (12) (12) (22) (22)

The inverse of a transformation from 7 is the transformation:

t(O, 0, - ijk:? - z‘jlw - Bijkv - Dijkv - Dijk? - Dijkv - Dijlc? - Z‘jlm - Dijk )
(00) (10) (20) (01) (11) (21) (02) (12) (22)



About a class of metrical n-linear connections on the 2-tangent bundle 117

: DT'(N) — DT(N).

The transformation (2.1) preserves all the N-linear connections D if
Bijk = Dijk =0, (a =0,1,2). Therefore Ty acts effectively on the set of
(a0) (a0)
N-linear connections.

Firstly, we shall study the transformations of the d-tensors of torsion of
DT'(N) (see, (7.2) and (7.5), [1]) by a transformation (2.1). We obtain:

Proposition 2.1.The transformations of the Abelian group Ty, given by
(2.1) lead to the transformations of the d-tensors of torsion in the following

way:
« [0 (0%

T}k:T;k +( Bikj - Bijk )s _]i'k:Sji'k +( Dikj - Dijk ),
(0) (0) (a0) (a0) N (/@a) ) (aB) (ap)
Q= Qe — Dy Qup=Qf + D%, Sy = S,
(22) @ @) Gy ey e @) )
o) 08 (89 B  (@0) (@)  (F0)  (08)

Py =Py, P, =P, (a=012=12).
(12) (12) (21) (21)
Now, we shall study the transformations of the d-tensors of curvature of
DT'(N) (see, (7.11),[1]) by a transformation (2.1). We get:
Proposition 2.2.The transformations of the Abelian group Ty, given
by (2.1) lead to the transformations of the d-tensors of curvature in the
following way:

(23) R = Ry — DYy R — DYy R — BYy T +

(0ar) (0ar) (el)  (01) (@2)  (02) (a0)  (0)
+’Ajk{_Blhj|ak + Bshj By 1,
(a[)) (aO) (aO)
(24) P,h.= P,% — DY P% — D% P% — B C% +
(1) (1a) (1) (11) (@2)  (12) (@0)  (al)

, ) , .
+ LY D% — By | ax +D% 0 + By D'y —

(a0) (al) (a0) (al) (a0) (al)
- D%, B, + C B%; — DYy B,
(1) (a0) (1) (a0) (1) (a0)
(2.5) Py = Pyh, — DYy P5, — DYy P%5 — By C% +
(2a) (2a) (1) (21) (@2)  (22) (a0)  (a2)
2)

+ L% Dy = By | ar +D%e + By D'y, =
(@0) (a2) (a0) (a2) (a0) (a2)
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— D%, By + CY, B — D, B,
(@2)  (a0) (@2)  (a0) (@2)  (a0)
_ . ‘ . C)
(26) QY= Q' — C Dhs + C% Dlg— DYy | op +
(2a) (2a) (a2) (al) (1) (a2) (al)
) W S 7 s 7 7 S
+ D%y | o + D% D'y, — D%y D'y; — D% P,
(a2) (1) (a2) (@2)  (al) (a2)  (21)
_ , Y )
27) S = Sp%% — D S +A{— DYy | ax +
(Ba) (Ba) (@B) (B (aB)
+Dshj Dzsk}_Dzhs stk’(a:0?1?2;ﬁ:172)7
(aB) (aB) (a2) (B2
where A;;{...} denotes the alternate summation.
We shall consider the tensor fields:
(2.8) Khzjk = Rhljk - Czhs stk - Ozhs stk’
(0c) (0c) (al)  (01) (@2)  (02)
' ' ONY ' sN™
29) P55 =Ai{ P — Ch W = O (N‘?m(;y<+)k+
(1a) (la) (al) (a2) 1
SNy N,
+5y(1)k - 5y(1)j)}a
A ' 0Ny A AN ON®
(210) P % = A { Pyl — Chs W - O (Nsmm + W%)’“)}’
(2a) (2a) (al) (a2) 1
. . o ONYy
1) Q% = A {Q 5% + Ch 5w b
(2a) (2a) (a2)
(2.12) S5 = Sy%, — Chy B (@=0,1,2; =1,2).
(B (Ba) (@2)  (p2)

Proposition 2.3.By a transformation of the Abelian group Ty, given

by (2.1), the tensor fields: Khijk, Phijk , ]P)hijk ) thjk and Shijk ,
(0c) (1) (22) (22) (Be)
(=0,1,2; 8 =1,2) are transformed according to the following laws:

(213) K, = K5 — By T 5% +A {= By + By Bla b
(0c) (0c) (@0)  (0) (a0) (a0)  (a0)

_ . . a ) a ()
(214) Pt = Pty —2D% T% — B S% +Ai{— B | u
 (Ba) (Ba) (@B)  (0) (@0)  (g) - (a0
= D' + By D'y + D%y By + DY, BY — CY% B},
(af) (a0) (ap) (aB8) (a0) (@B)  (a0) (@B)  (a0)
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. ) ) o . - (©®
(215) Q5 = Q' + @ i D' = S %5 Dy + A { D" | i
(2a) (2a) 2) (a1) 1) (a2 (al)

Y : .
+ D% | oj + D% D'y — D%y D'y 1
(a2) (al) (a2) (a2)  (al)

_ , Y R C) A
(216) S, = Sy — DYy 5% A {= D% | o + D%y D'y }
)

(Ba (Bev) (aB)  (B) (af3) (aB) (aB)
(a=0,1,2; =1,2).

3 Metric semi-symmetric N-linear connections on
2-tangent bundle

Definition 3.1. (/1]) A metric structure on the manifold T?>M is a sym-
metric covariant tensor field G of the type (0,2), which is non-degenerate at
each point u € T?M and of constant signature on T?M.

Let G be a metric structure on T2M. Locally G looks as follows:

(3.1) G= g da' @dz! + g;j SyMi @ syMi 9ij 5y @ §y(2)i.
(0) 1) (2)
Definition 3.2. ([1]) An N-linear connection D on T?>M endowed with

a metric structure G is said to be a metric N-linear connection if DxG =0
for every X € X (T2M) .

Proposition 3.1.(/1]) An N-linear connection D on T?M endowed with
a metric structure G is a metric N-linear connection if and only if:

(3.2) RRGT=0, DY GT=0 DY GT=0.
' ggGVﬁzo, Q)VgGVﬂzo, g}?GVﬂ:O, (B=1,2).

Translating the Proposition 3.1. in local coordinates we obtain:

Proposition 3.2.(/1]) An N-linear connection on T>M is a metric N-
linear connection if and only if:

@ &)
(3.3) (9) ijlak= 0, (g) ij | o= 0, (g) i | op=0,(a=0,1,2).

Theorem 3.1.(/1]) If the manifold T>*M is endowed with the metric
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structure G given by:

DxG)(YH,ZV8) = XG(YH, ZV8) - G(DxYH, ZVP)—

(
(3:4) ~G(YH,DxZ"P) =0,

then there exists on T>M a metric N-linear connection, depending only on
G, whose h(hh) vl(vlvl) and v2 (1121)2) tensors of torsion vanish. Its local

coefficients DF(N) (L Ci ]k, Ci ]k) (¢ =0,1,2), are as follows:

(aoﬂ’“’ (1) 77" (a2)
((é))ijk = 3 (g)” (O (g)jl +0; (g)lk -0y (g)jk),
(ﬂimij’“ = o f’w“(%) Or g1 = Bk g mt = B g m):
o (6(?)%"3 - %(g)d o &" g)z]'“:%(g)m Ot &"

(6=0,2; B=1,2; € =0,1),82 = 0.

Definition 3.3. The metric N-linear connection given by (3.5) is called
the canonical N-linear connection associated with G.

Let us associate to G the following operators of Obata type:

(3.6) QG = 5(3507— g8 "), QG = 30005+ g8 ), (o=

0,1,2).
There is inferred:

Proposition 3.3. The Obata’s operators have the following properties:

a Qo .

(3.7) Qo+ Qn =a,
a . o« « a . o« « a . o« [ «

(38) QEQm =Qin QuOm Qi QiLOm =0rom =0,
[ « a | 1 a . 1

(3.9) Qi =07 =0,07=1n-1)5, Q7 =Ln+ 15, (@=0,1,2)

Theorem 3.2.([1])The set of all metric N-linear connections with re-
spect to G on the manifold T?M is given by:
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Lt = zl _|_€2mi)o£vl széz —{—falmiya'l
(3 10) (a0) jk (aco) jk i]l mk> (al) ik (al) 7k 1Jt 4 mko
' i , L«
(gz)zj’“ B (52;7"“ + Q1 Zyg (= 0,1,2),

c . c . c .
where D T (N) = (((ﬁ))ljk’(g)ljk’(g;jk> are the local coefficients of the
canonical N-linear connection associated with G and j‘(('ijk, aijk, %ijk,

(a =0,1,2), are arbitrary d-tensor fields.

Definition 3.4. ([1])An N-linear connection on T*M is called semi-
symmetric if:

3.11 Tt = Lo, — 6o S io=1(s — 4t ;
@) T o = 200k = 905), =20 0 k=0 1),

S i (B=1,2).

g i —
(00) % (58

0 )
where o, 7, T € X*(T?M) and T *, =T *,,
Gy &y & M) and 5 = 3+
Theorem 3.3. ([1]) Let T>M be endowed with a metric structure G.
There exists on T>M a metric N-linear connection completely determined by
G whose h(hh)-, vi(viv1)- and va(vove)- tensors of torsion are prescribed
and its local coefficients are as follows:

o0y ¢ o0 7+ : o) im((& " o) e " ) it o™ ) )
(3.12) () l"“ :ng) 3'.’“’ |

Sy =2 ) e G5 g ot @ ).

Sy :(S?) o G o :é?) o G :(?2) o (£=0,16=1,2),

c c . c . ,

here DT (N)=(L %, C *, 6 C"*
where D T (N) ((ao) w &G e &G i
cients of the canonical N-linear connection associated with G.

), (@ =0,1,2) are the local coeffi-

Using the Theorem 3.3 and the Definition 3.4 we obtain:

Theorem 3.4. The set of all metric semi-symmetric N-linear connec-

tions with the local coefficients: DI'(N) = ((IE)) ;k,(Cl') ék,(C;) ;k), (a =

0,1,2) is given by:
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. c . . . . c
Lh=L %4309 kg ™om—00}), (L = L);k,

(00) 7% (00) 0" (0) 30) (80
B13) & =G Gn=&w Gu=Gw

Coi=Citd(g g™ me 7,00 (=0,1;8=1,2),
@) 7%~ (5p) 2((2)]’“ & ® & 7% )

c [ . c .

where DT (N) = ((0{6) ;kj(gl) }k,(g) %), (@ =10,1,2) are the local coeffi-

cients of the canonical N-linear connection associated with G and o, (7'), (7') €
1 (2

X*(T2M).

4 The group of transformations of metric semi-
symmetric N-linear connections

Let N be a given nonlinear connection on T2M. Then any metric semi-
symmetric N-linear connection with local coefficients

DI(N)= (L%, C%, C*
( ) ((ao)]lm (Otl)Jk’ (a2)]]€)’

(a=0,1,2) is given by (3.12) with (3.11).
From Theorem 3.4 we have:

Theorem 4.1. Two metric semi-symmetric N-linear connections: D

and D, with local coefficients DT'(N) = ( L ;k, C C;);k), and DT'(N) =

(@0)* (1) (

((o{}]);k’ (g);k,((g);k), (a =0,1,2) are related as follows:
Li =Lt +3g kg ™om—o0j0l), L% = L.,
0"~ oy 2(7(3) o TmT 2 @oy* oy
(@1 G~ G G G G G

cy L= 0%+ g M T o= T 6, (e=0,1;=1,2).

O ) e S (- A (- 2 )
Conversely, given o; € X*(T?°M), 7; € X*(T?M) the above (4.1)is

thought to be a transformation of a metric semi-symmetric N-linear con-

nection D, with the local coefficients DT'(N) = ((l-f))ék’(cl) (C;);k), to a

metric semi-symmetric N-linear connection D, with the local coefficients

Dr(N) = (L

i
gk’

Clp Ch), (@=0,1,2).

IR (a1)T* (a2)
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We shall denote this transformation by: t(o;, (T) ],( ) )
2

Thus we have:

Theorem 4.2. The set: TN of all transformations t(o, (71') (7')) DI'(N) —

DI'(N) of the metric semi-symmetric N-linear connections, given by (4.1)
is an Abelian group, together with the mapping product.

This group acts on the set of all metric semi-symmetric N-linear con-
nections, corresponding to the same nonlinear connection N, transitively.

By applying the results from Proposition 2.3, we obtain:

Theorem 4.3. By means of a transformation (4.1) the tensor fields

(g%) h;'.k, (ﬁSﬂ) h;'.k, (6=1,2) given in (2.8), (2.12) are changed by the laws:
_ ) 0 .
(4.2) (g%)h ik = (g%)h g T AR Ghork s

_ . B .
(43) S 5% =5 h;‘k"i_Ajk{(lz ﬁ(g)rk}a

O KEANNCT)
where:

Ory = —0 o + 50,05+ % g0, (0= g"™M000),
(4.4) r(l) 4( ) & m

Tyrk = —T +l7—rT +l rk T T = TmTT'T ’ /3:172
45 G™ = T hSa 2B @ GG (& & ® @ )

Using these results we can determine some invariants of the group ?SN.
To this aim we eliminate o, (E)ij’ (6=1,2) from (4.2), (4.3) and we obtain:

Theorem 4.4. For n > 2 the following tensor fields H %, , M
(00) 7% (8p)

(B =1,2) of metric semi-symmetric N-linear connections on T>M, are in-

i
h jk?

ms
variants of the group T n:

K gk
4.6 H = K Q 2K ,p — (00)(0)
(46) (oo)h]k (oo)h]k+” 2 A (( 0" Tl h
S gk
i ir (88)(3)
(4.7) (%)hﬂf—(/B,Sﬁ)hjﬁr‘niQAjk{SPjh(Q([%)rk— )}
where: Kpi=K," K =¢M"WKp, Spi= S, S =gMS,,
00" 00" 00 @) 00" GnM T @Gt @n & o
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ms
In order to find other invariants of the group 7 n, let us consider the
transformation formulas of the torsion d-tensor fields by a transformation
t(o, 7,7): DI'(N) — DI'(N) of metric semi-symmetric N-linear connec-

1) (2
tions on T2M, with respect to G, given by (4.1)

Using Proposition 2.1. and the transformation (4.1) by direct calcula-
tions we obtain:

Proposition 4.1.By a transformation (4.1) of metric semi-symmetric
N-linear connections, corresponding to the same nonlinear connection N:
t(oj, (T)j, (T)j) : DI'(N) — DI'(N), the torsion tensor fields,

D7 (2

TG, RY"., T4, St St Q&+ P4 PL PL P
00)7F" (08)y%" (30y** (88YF" (g (gﬂ’“ BsY*" B0y (127 (@1

transformed as follows:

);k, are

Ri = Ru Tl =175 4+Ado1}, Ti =TF%,
©08% 08" ©oF oyt T 1 k} Boy’* (o’
o= St 4+ A{reY, Si=84. Qt=Q,
48) @7 @yt 7{@)] ’“} @ @™ e e
pi, = pi Ppi — pi pi — pi pi _ pi
((ﬁﬁ)]k BsY* (ﬂo;f’“ Boy* a2t a2t @yt @y
a,f=1,2a+ ).

We denote with:

SNt

(4.9) (2)3’“ = A{ s} (B=1,2),

and with:
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Gy = Ziawd g im bk} Liw = Bl g im L
(g;)fjk = Zijif g)im T ;7}2},
ok = Bigkd A ’m(omﬂk} (k= ijk{(g)im(ﬂ%%} ’
(.10 (%)fk ] il.j.k{&m( L
Boy9* ijk{ g)lm(ﬁﬁ _]k} z]k = E’L]k{(g)lm(({())jk}v
(ﬁ];)fjk Zijr{ g)“”(gg ]k}
it = ”'“{ 7™ Bd doin = “’f{(%f’%é'i»%’
Q= Uk{(g)m(mjk} (@,6= 1,20 £0)
where Xiji{...} denotes the cyclic summation, and with:
1
(éCO) ik = —(g)km(T) + A;j{ 9 im, L b
(Z%) = g ik ¥ 2Ajk{(g)km(ﬁcﬁ);?}’ (fém ik = A gy ks
3 4
(4.11) (o]ccﬁ) ik = Ajk{(g)km(fﬁ)?;L (ﬂ]%) ik = (g{”j(@%)?’é * (g)i (ﬂc)jk’

1 2
Sik=—9im P = gmk P18 e =Aud gms Q1)
ik (g)y (22)'* (% k( AT ik Ajk{(g) J(g)zk}

3
S ik =Aij{gim P}, (a,8=1,2;a# ).
(oB) ik J{(g) (aﬁ)]k} ( # )

Remark 4.1. It is noted that: t*,, T*  T*  R* §* R*
emark 4 7 TOTEE T 58 00y (107K (05)9K (3R (12)"7F"
1 3
(8 =1,2) are alternate, (IC) ijks S ks (0,8 =1,2;a # 3), are alternate,
00

(aB)
2 3 2
with respect to: 4,7 and K ir, K ik, S ik, (o, = 1,2;«x , are
p J (35) Jk (@h) ik (31) ik ( 6 7& ﬁ)

alternate with respect to: j,k.

Theorem 4.5. The tensor fields: t %, R

) S i‘ 9 i' 9 P i’ 9
@ )j’“ OB oy (@t 1) (88"

pi, pPiL t* T* T* L[* §* S§* R* R* CF%,
307" (0@ (8)F (00)9F7 (30Y19*7 (00) T (a)TF” (88) T (12)19F7 (0)19R7 (33)19¥

1 2 3 3 4 1 2
*' P P P K 17k K 17k K 17k K 17k K 1] aS 17k S
(g) " @8R (38)7F (50y 7% (00) T*7 (35) 7 (e *7 (10) TP gy RS I (2

ijk>s
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3
(Sﬁ) ijky (o, 8=1,2; # ) are invariants of the group ?SN .
(0%

Proof. By means of transformations of the torsion given in (4.8) and
using the notations (4.9), (4.10), (4.11), by direct calculation from (4.1) we
have: (T)*]k (g;)wk etc.

Theorem 4.6. Between the invariants in Theorem 4.5 there exists the
following relations:

1 2
Yiik K ik =0, Xii K —351, i lCi —TZ +tz’
o ) T By TR Tyl TR gy VR T qoyik T ik

Sy K up= Py~ P
@y TE T @pyit T (apyihd

4
4.12) Yk K = C iy — C7 K ijkt =0,
(412) ik 39) " G ]{w) i}
Yijk Sijk = — K ik — Zijk g jm P Ih, Xij Si‘:_A' Q Tk
Jjk © ik (10) Jk Jk(Q)J (22) k Jk (21) Jk Jk{(21) jk}

3
Yijk S ik =Ay{ P b (0, 8=1,2;« .
gk (o) Jk J{(aﬁ) ]k} (a, B # )

Proof. Using the notations (4.9), (4.10), (4.11), the Remark 4.1 and the
definitions of the torsion d-tensor fields given in [1], by direct calculations
we obtain the results.
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