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SOME SUBCLASSES OF MEROMORPHIC FUNCTIONS

Mugur Acu

Abstract

In this paper we define some subclass of meromorphic functions
and we obtain some properties of these classes.

1 Introduction

Let H(U) be the set of functions which are regular in the unit disc U =
{z ∈ C : |z| < 1}, A = {f ∈ H(U) : f(0) = f ′(0) − 1 = 0}, Hu(U) =
{f ∈ H(U) : f is univalent in U} and S = {f ∈ A : f is univalent in U}.
Let U̇ = {w ∈ C : 0 < |w| < 1} , U− = {ζ ∈ C∞ : |ζ| > 1} and Σ be the
class of all functions ϕ which are meromorphic in U− with ϕ(∞) = ∞ and
ϕ′(∞) = 1:

ϕ(ζ) = ζ + α0 +
α1

ζ
+ · · ·+ αn

ζn
+ · · · , |ζ| > 1 (1)

The purpose of this note is to define some subclasses of close to convex
meromorphic functions and give some properties of these classes.

2 Preliminary results

Let E(ϕ) = C \ ϕ(U−) and Σ0 = {ϕ ∈ Σ : ϕ(ζ) 6= 0 , ζ ∈ U−}.
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Remark 2.1 We have the bijection T : S → Σ0 with

T (f) = ϕ , ϕ(ζ) =
1

f(z)
, ζ =

1
z

, ζ ∈ U− and T (S) = Σ0,

T−1(Σ0) = S. It is easy to see that
ζϕ′(ζ)
ϕ(ζ)

=
zf ′(z)
f(z)

, ζ =
1
z

, ζ ∈ U−.

Definition 2.1 [4] A function ϕ in form (1) is called starlike in U− if ϕ is
univalent in U− and E(ϕ) is starlike in respect to the origin.

Remark 2.2 From Definition 2.1 we have 0 ∈ E(ϕ) and thus ϕ ∈ Σ0.

Definition 2.2 [4] Σ∗ = {ϕ ∈ Σ0 : ϕ is starlike in U−}.

Remark 2.3 From Remark 2.1 we have Σ∗ = {ϕ ∈ Σ0 : Re
ζϕ′(ζ)
ϕ(ζ)

>

0 , ζ ∈ U−} and Σ∗ = T (S∗) , where S∗ is the well know class of starlike
functions. If γρ = {ζ : |ζ| = ρ > 1} and we denote Γρ = ϕ(γρ) then the

condition Re
ζϕ′(ζ)
ϕ(ζ)

> 0 , ζ ∈ U− show that if ϕ is starlike in U− then Γρ

is a starlike curve in respect to the origin for all ρ > 1.

Definition 2.3 [4] Let g(z) = 1
z +α0 +α1z+ · · · , 0 < |z| < 1 meromorphic

in U̇ . We say that g is starlike in U̇ if the function ϕ(ζ) = g(1
ζ ) , ζ ∈ U−

is starlike in U−.

Remark 2.4 For g(z) = 1
z + α0 + α1z + · · · , z ∈ U , g univalent in U̇ ,

g(z) 6= 0 , z ∈ U̇ and ϕ(1
z ) = g(z) with ϕ ∈ Σ0 we have

zg′(z)
g(z)

= −ζϕ′(ζ)
ϕ(ζ)

, ζ =
1
z
, z ∈ U.

Theorem 2.1 [4] Let g(z) = 1
z +α0 +α1z + · · · , z ∈ U meromorphic in U

with g(z) 6= 0 , z ∈ U̇ . Then g is starlike in U if and only if g is univalent

in U̇ and Re

[
−zg′(z)

g(z)

]
> 0 , z ∈ U̇ .

We denote also with Σ∗ the class of all these functions.

Definition 2.4 [4] Let α < 1. We say that a function f ∈ Σ is a meromor-

phic starlike of order α function if Re

[
−zf ′(z)

f(z)

]
> α , z ∈ U̇ . We denote

this class with Σ∗(α).
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Let γ ∈ C with Re γ > 0. We consider the integral operator Iγ : Σ → Σ
defined as

Iγ(F )(z) =
γ

zγ+1

z∫

0

tγ · F (t)dt . (2)

Theorem 2.2 [5] Let α < 1 , γ > 0 and F ∈ Σ∗(α). If f = Iγ(F ), where
Iγ is defined in (2), with f(z) 6= 0 , z ∈ U̇ , then f ∈ Σ∗(β) where

β =
1
4

[
2α + 2γ + 3−

√
(2(γ − α) + 1)2 + 8γ

]
.

Remark 2.5 It is easy to see that from Theorem 2.2 , with α = 0, we have
for F ∈ Σ∗ and f = Iγ(F ), with f(z) 6= 0 , z ∈ U̇ , that f ∈ Σ∗.

The next theorem is due to P.T. Mocanu and S.S. Miller (see [1] , [2] ,
[3]).

Theorem 2.3 Let q convex in U and j : U → C with Re [j(z)] > 0. If
p ∈ H(U) and p satisfied p(z) + j(z) · zp′(z) ≺ q(z) then p(z) ≺ q(z).

3 Main results

Definition 3.1 Let ϕ ∈ Σ0. We say that ϕ is close to convex in U− if

subsist a function ψ ∈ Σ∗ such as Re
ζϕ′(ζ)
ψ(ζ)

> 0 , ζ ∈ U−. We denote with

Σcc this class. Thus

Σcc =
{

ϕ ∈ Σ0 : (∃) ψ ∈ Σ∗ , Re
ζϕ′(ζ)
ψ(ζ)

> 0 , ζ ∈ U−
}

Remark 3.1 If we take ϕ ∈ Σ∗ , ϕ = ψ, we have Σ∗ = Σcc.

Definition 3.2 Let f(z) = 1
z + α0 + α1z + · · · , 0 < |z| < 1 meromorphic

in U̇ . We say that f is close to convex in U̇ with respect to the function
g(z) = 1

z + β0 + β1z + · · · , 0 < |z| < 1 meromorphic and starlike in U̇ , if

the function ϕ(ζ) = f
(

1
ζ

)
, ζ ∈ U− is close to convex in U− with respect

to the function ψ(ζ) = g
(

1
ζ

)
, ζ ∈ U− which is starlike in U−.
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Theorem 3.1 Let f(z) = 1
z + α0 + α1z + · · · , z ∈ U meromorphic in

U with f(z) 6= 0 , z ∈ U̇ . Then the function f is close to convex in
U with respect to the function g(z) = 1

z + β0 + β1z + · · · , z ∈ U , with
g(z) 6= 0 , z ∈ U̇ , meromorphic and starlike in U , if and only if f is

univalent in U̇ and Re

[
−zf ′(z)

g(z)

]
> 0 , z ∈ U̇ .

We denote also with Σcc the class of all this functions.

Proof.
We know that the conditions f is univalent in U̇ and f(z) 6= 0 , z ∈ U̇

are equivalent with ϕ ∈ Σ0 where ϕ
(

1
z

)
= f(z) = 1

z + α0 + α1z + · · ·
From Theorem 2.1 with g(z) = 1

z +β0+β1z+ · · ·, g(z) 6= 0 , z ∈ U̇ which
is meromorphic and starlike in U , we have ψ ∈ Σ∗ where ψ

(
1
z

)
= g(z).

It is easy to see that

ζϕ′(ζ)
ψ(ζ)

= −zf ′(z)
g(z)

, ζ =
1
z

, z ∈ U .

Thus f is close to convex in U̇ with respect to the function g starlike in U̇ if

and only if Re

[
−zf ′(z)

g(z)

]
> 0 , z ∈ U̇ .

Definition 3.3 Let 0 ≤ α < 1 and β > α. we say that a function g ∈ Σ is

in the class Σ∗α,β if α < Re

[
−zg′(z)

g(z)

]
< β , z ∈ U̇ . Thus

Σ∗α,β =
{

g ∈ Σ : α < Re

[
−zg′(z)

g(z)

]
< β , z ∈ U̇

}
.

Remark 3.2 It is easy to see that Σ∗α,β ⊂ Σ∗(α) ⊂ Σ∗ , and if we consider
β → ∞ in the definition of the class Σ∗α,β we obtain the definition of the
class Σ∗(α).

Theorem 3.2 Let 0 ≤ α < 1 , β > α , γ > 0 and G(z) ∈ Σ∗α,β. If
g(z) = Iγ(G)(z), where Iγ is defined in (2), and g(z) 6= 0 , z ∈ U̇ , then
g ∈ Σ∗α,β′ where β′ = min {β, γ + 1}.
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Proof.
In the conditions from hypothesis it is sufficient to prove that

α < Re

{
−zg′(z)

g(z)

}
< β′,

where β′ = min {β, γ + 1}, z ∈ U̇ .
From (2) we have:

(γ + 1)g(z) + zg′(z) = γG(z) (3)

Then from this relation we obtain:

(γ + 2)g′(z) + zg′′(z) = γG′(z) (4)

We observe that from Remark 2.5 we have g ∈ Σ∗ i.e.

Re

[
−zg′(z)

g(z)

]
> 0 , z ∈ U̇ .

We have from (3) and (4):

−zG′(z)
G(z)

= −zγG′(z)
γG(z)

=
(γ + 2) · p(z)− z2g′′(z)

g(z)
(γ + 1)− p(z)

(5)

where p(z) = −zg′(z)
g(z)

with p ∈ H(U) and p(0) = 1.

From p(z) = −zg′(z)
g(z)

we obtain:

zp′(z) = p(z)− z2g′′(z)
g(z)

+ p2(z)

and thus

−z2g′′(z)
g(z)

= zp′(z)− p(z)(p(z) + 1).

In this conditions from (5) we have:

−zG′(z)
G(z)

= p(z) +
1

(γ + 1)− p(z)
· zp′(z).
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Let q convex in U with q(U) = ∆ = {w ∈ C : α < Re w < β}. Then

from G ∈ Σ∗α,β we have −zG′(z)
G(z)

≺ q(z) and thus:

p(z) +
1

(γ + 1)− p(z)
· zp′(z) ≺ q(z)

If we consider Rep(z) < γ +1 , z ∈ U we have Re

[
1

(γ + 1)− p(z)

]
> 0 and

thus from Theorem 2.3 we obtain p(z) ≺ q(z) i.e.

α < Re

{
−zg′(z)

g(z)

}
< β , z ∈ U.

Using the condition Re

{
−zg′(z)

g(z)

}
< γ + 1 we have α < Re

{
−zg′(z)

g(z)

}
< β′,

where β′ = min {β, γ + 1} or g ∈ Σ∗α,β′ .
If we take β > γ + 1 from Theorem 3.2 we obtain:

Corollary 3.1 Let 0 ≤ α < 1 , γ > 0 , β > γ + 1 and G(z) ∈ Σ∗α,β. If
g(z) = Iγ(G)(z), where Iγ is defined in (2), and g(z) 6= 0 , z ∈ U̇ , then
g ∈ Σ∗α,γ+1 .

Remark 3.3 In the conditions from Corollary 3.1 with α = 0 we have
that G(z) ∈ Σ∗0,β and g(z) = Iγ(G)(z) with g(z) 6= 0 , z ∈ U̇ imply that
g(z) ∈ Σ∗0,γ+1.

Theorem 3.3 Let γ > 0 , β > γ + 1 and F (z) ∈ Σcc with respect to the
function G(z) ∈ Σ∗0,β . If f(z) = Iγ(F )(z), where Iγ is defined in (2),
with f(z) 6= 0 , z ∈ U̇ and g(z) = Iγ(G)(z) with g(z) 6= 0 , z ∈ U̇ , then
f(z) ∈ Σcc with respect to the function g(z) ∈ Σ∗0,γ+1 .

Proof.
In the given conditions it is sufficient to prove that

Re

[
−zf ′(z)

g(z)

]
> 0 , z ∈ U̇ .

From (2) we have:

(γ + 1)f(z) + zf ′(z) = γF (z) (6)
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and
(γ + 1)g(z) + zg′(z) = γG(z) (7)

From (6) we have:

(γ + 2)f ′(z) + zf ′′(z) = γF ′(z) (8)

Using (7) and (8) we have:

−zF ′(z)
G(z)

= −zγF ′(z)
γG(z)

=
(γ + 2)p(z)− z2f ′′(z)

g(z)
(γ + 1)− h(z)

(9)

where p(z) = −zf ′(z)
g(z)

and h(z) = −zg′(z)
g(z)

with p ∈ H(U), h ∈ H(U) and

p(0) = h(0) = 1.

From p(z) = −zf ′(z)
g(z)

we obtain:

−z2f ′′(z)
g(z)

= zp′(z)− p(z) [1 + h(z)] (10)

Using (10) we have from (9):

−zF ′(z)
G(z)

= p(z) +
1

(γ + 1)− h(z)
· zp′(z) (11)

From F (z) ∈ Σcc with respect to the function G(z) ∈ Σ∗0,β we have from
(11):

p(z) +
1

(γ + 1)− h(z)
· zp′(z) ≺ 1 + z

1− z

Using the Remark 3.3 we have from G(z) ∈ Σ∗0,β that g(z) ∈ Σ∗0,γ+1 . Thus
0 < Re h(z) < γ + 1. In this condition we have from Theorem 2.3 that

p(z) ≺ 1+z
1−z i.e. Re

[
−zf ′(z)

g(z)

]
> 0 , z ∈ U .

Definition 3.4 Let δ < 1 and f(z) = 1
z +α0 +α1z + · · · , z ∈ U meromor-

phic and univalent in U̇ , with f(z) 6= 0 , z ∈ U̇ . We say that f is close to
convex of order δ with respect to the function g(z) = 1

z +β0+β1z+· · · , z ∈ U

meromorphic and starlike of order δ in U , with g(z) 6= 0 , z ∈ U̇ , if

Re

[
−zf ′(z)

g(z)

]
> δ , z ∈ U̇ . We denote this class with Σcc(δ) .
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Remark 3.4 We have Σcc(0) = Σcc and Σ∗(δ) ⊂ Σcc(δ) .

Theorem 3.4 Let γ > 0 , β > γ + 1 , 0 ≤ δ < 1 and F (z) ∈ Σcc(δ) with
respect to the function G(z) ∈ Σ∗δ,β . If f(z) = Iγ(F )(z), where Iγ is defined
in (2), with f(z) 6= 0 , z ∈ U̇ and g(z) = Iγ(G)(z) with g(z) 6= 0 , z ∈ U̇ ,
then f(z) ∈ Σcc(δ) with respect to the function g(z) ∈ Σ∗δ,γ+1 .

Proof.

In a similarly way with the proof of the Theorem 3.3 we have:

−zF ′(z)
G(z)

= p(z) +
1

(γ + 1)− h(z)
· zp′(z) ≺ q(z)

where p(z) = −zf ′(z)
g(z)

, h(z) = −zg′(z)
g(z)

and q is convex with q(U) = ∆ =

{w ∈ C : Re w > δ} .

From Corollary 3.1 we have from G(z) ∈ Σ∗δ,β that g(z) ∈ Σ∗δ,γ+1 and thus
Re h(z) < γ + 1 . In this condition from Theorem 2.3 we obtain p(z) ≺ q(z)
i.e. f(z) ∈ Σcc(δ).

Definition 3.5 Let 0 ≤ δ < 1 , β > δ and f(z) = 1
z +α0+α1z+· · · , z ∈ U

meromorphic and univalent in U̇ , with f(z) 6= 0 , z ∈ U̇ . We say that f

is in the class Σcc
δ,β with respect to the function g(z) = 1

z + β0 + β1z +
· · · , z ∈ U meromorphic in U , with g(z) 6= 0 , z ∈ U̇ , and g(z) ∈ Σ∗δ,β, if

δ < Re

[
−zf ′(z)

g(z)

]
< β , z ∈ U̇ .

Remark 3.5 We have Σ∗δ,β ⊂ Σcc
δ,β and if we consider β →∞ we haveΣcc

δ,∞ =
Σcc(δ) .

In a similarly way with the proof of the Theorem 3.4 we obtain:

Theorem 3.5 Let γ > 0 , β > γ + 1 , 0 ≤ δ < 1 and F (z) ∈ Σcc
δ,β with

respect to the function G(z) ∈ Σ∗δ,β . If f(z) = Iγ(F )(z), where Iγ is defined
in (2), with f(z) 6= 0 , z ∈ U̇ and g(z) = Iγ(G)(z) with g(z) 6= 0 , z ∈ U̇ ,
then f(z) ∈ Σcc

δ,β with respect to the function g(z) ∈ Σ∗δ,γ+1 .
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