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COINCIDENCE POINTS AND INVARIANT
APPROXIMATION RESULTS ON q-NORMED SPACES

Hemant Kumar Nashine

Abstract

We present coincidence points results for multivalued f - nonexpan-
sive mappings in the setting of nonstarshaped domain of q-normed
space which is not necessarily a locally convex space. As application,
an invariant approximation result is also obtained. Our results improve
and extend the results of Bano, Khan and Latif [1], Hussain [4], Latif
and Tweddle [7], Rhoades [11], Sahab, Khan and Sessa [13], Shahzad
[14] and Singh [15] in the setting of nonstarshaped domain.

1 Introduction and preliminaries

Let X be a linear space. A q-norm on X is a real-valued function ‖.‖q on X
with 0 < q ≤ 1, satisfying the following conditions:

(a) ‖x‖q ≥ 0 and ‖x‖q = 0 iff x = 0,

(b) ‖λx‖q = | λ |q‖x‖q,

(c) ‖x + y‖q ≤ ‖x‖q + ‖y‖q,
for all x, y ∈ X and all scalars λ. The pair (X , ‖.‖q) is called a q-normed
space. It is a metric space with dq(x, y) = ‖x− y‖q for all x, y ∈ X , defining
a translation invariant metric dq on X . If q = 1, we obtain the concept of a
normed linear space. It is well-known that the topology of every housdorff
locally bounded topological linear space is given by some q-norm, 0 < q ≤ 1.
The spaces lq and Lq[0, 1], 0 < q ≤ 1 are q-normed space. A q-normed space
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is not necessarily a locally convex space. Recall that, if X is a topological
linear space, then its continuous dual space X ∗ is said to separate the points
of X , if for each x 6= 0 in X , there exists an g ∈ X ∗ such that g(x) 6= 0.
In this case the weak topology on X is well-defined. We mention that, if
X is not locally convex, then X ∗ need not separates the points of X . For
example, if X = Lq[0, 1], 0 < q < 1, then X ∗ = {0} ( [12, page 36 and 37]).
However, there are some non-locally convex spaces (such as the q-normed
space lq, 0 < q < 1) whose dual separates the points [5].

Let Lq, 0 < q ≤ 1 be the space of all measurable functions f(t) on
I = [a, b] with

∫ b
a |f(t)|qdt < ∞ (we identify functions which are equal

almost everywhere). For all f ∈ Lq, 0 < q ≤ 1, let the function ‖f‖q be
defined by

‖f‖q = (
∫ b
a |f(t)|qdt)

1
q . (1.1)

This expression is an example of a quasinorm on a topological linear space
[5].

Let X be a q-normed space and M a nonempty subset of X . We denote
by 2X , C(M), CB(X ), K(X ) the collection of all nonempty, nonempty closed,
nonempty closed bounded and nonempty compact subsets of X , respectively.
The Hausdorff metric Hq on C(X ) induced by the q-norm of X is defined by

Hq(A,B) = max{supa∈A dq(a,B), supb∈B dq(A, b)} (1.2)

for all A,B ∈ C(X ), where dq(x,B) = inf{‖x− y‖q : y ∈ B} for each x ∈ X .
Let M be a subset of q-normed space X for each x ∈ X , define

PM(x) = {y ∈M : ‖x− y‖q = dq(x,M)},
the set of the best M-approximants to x.
The set PM(x) is always a bounded subset of X and it is closed or convex
if M is closed or convex (see [2]).

Let f : M→ X be a single-valued map. A multivalued map T : M→
C(X ) is said to be a f -contraction if for a fixed constant k, 0 ≤ k < 1 and
for all x, y ∈ X .

Hq(T (x), T (y)) ≤ k‖f(x)− f(y)‖q.

If k = 1 in the above inequality then T is called f -nonexpansive. Indeed,
if f = I (the identity map on X ), then each f -contraction is a contraction.
An element x ∈ X is called a fixed point of multivalued map T if x ∈ T (x).
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An element x ∈ X is called a coincidence point ( common fixed point) of
f and T if f(x) ∈ T (x) (x = f(x) ∈ T (x)). We denote by F(T ) the set
of fixed points of T and by C(f ∩T ) the set of coincidence points of f and T .

Let M a nonempty subset of a q-normed space X . The pair {f, T } is
called (1) commuting if fT x = T fx for all x ∈ M; (2) R−weakly com-
muting if for all x ∈ M, fT x ∈ C(M) and there exists R > 0 such that
Hq(T fx, fT x) ≤ R‖T x− fx‖q. The set M is p−starshaped with p ∈ F(f)
if the segment [p, x] = {(1 − k)p + kx, 0 ≤ k ≤ 1} joining p to x, is con-
tained in M for all x ∈ M. Suppose M is p−starshaped with p ∈ F(f)
and is both T − and f -invariant. Then T and f are called R-subweakly
commuting on M [4, 14] if for all x ∈ M, fT x ∈ C(M) and there exists
R ∈ (0,∞) such that Hq(T fx, fT x) ≤ R dist(fx, Tλx) for each λ ∈ [0, 1],
where Tλx = (1−λ)p+λT x. It is well known that R-subweakly commuting
maps are R-weakly commuting(see [14]).

A set M is said to have property (N ) [9], if

(1) T : M→ C(M),

(2) (1− kn)p + knTx ⊆M,
for some p ∈ M and a fixed sequence of real numbers kn(0 < kn < 1) con-
verging to 1 and for each x ∈ M. Each p-starshaped set has the property
(N ) with respect to any map T : M → C(M) but the converse does not
hold, in general.

Example 1.1. [1]. We will show that the q-th power of the quasi-norm
‖f‖q in Lq defined by (1.1) is a q-norm on Lq. For each f ∈ Lq the q-th
power of the quasi-norm in Lq is defined by

‖f‖q
q =

∫ b
a |f(t)|qdt. (1.3)

The norm defined by (1.3) is a q-norm on Lq.

(1) For each f ∈ Lq, ‖f‖q ≥ 0. If ‖f‖q
q = 0 then f(t) = 0 almost every-

where,

(2) ‖af‖q
q =

∫ b
a |af(t)|qdt = |a|q ∫ b

a |f(t)|qdt = |a|q‖f‖q
q for all scalars a

and all f ∈ Lq,
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(3) ‖f+g‖q
q =

∫ b
a |f(t)+g(t)|qdt ≤ ∫ b

a |f(t)|qdt+
∫ b
a |g(t)|qdt ≤ ‖f‖q

q+‖g‖q
q

for all f, g ∈ Lq.

Thus all the properties q-norm, 0 < q ≤ 1, are satisfied. Hence the q-th
power of the quasi-norm q in Lq is a q-norm on Lq.

Fixed-point theorems have been used at many places in approximation
theory. One of them is existence of best approximants where it is applied.
Number of results exists in the literature applying the fixed-point theorem
to prove the existence of best approximant.

Meinardus [8] was the first who employed a fixed-point theorem to estab-
lish the existence of an invariant approximation. Afterwards, Brosowski [2]
obtained a celebrated result and generalized the Meinardus’s result. Further,
Singh [15] observed that the linearity of mapping and the convexity of the
set of best approximants in the result of Brosowski [2], can be relaxed. In a
subsequent paper, Singh [16] also observed that only the nonexpansiveness
of mapping on set of best approximations is necessary for the validity of his
own earlier result [15]. Later, Hicks and Humpheries [3] have shown that
the result of Singh [15] remains true, if domain of mapping is replaced by the
boundary of domain. Furthermore, Sahab, Khan and Sessa [13] generalized
the result of Hicks and Humpheries [3] and Singh [15] by using a pair of
commuting mappings, one linear and the other nonexpansive mapping and
established the existence of best approximation in a normed space.

On the other hand, Latif and Tweddle [7] have proved some coincidence
and common fixed point theorems for commuting pair of single-valued and
multivalued mappings defined on starshaped subsets of a Banach space.
Recently, Bano, Khan and Latif [1] extended the results of Lami Dezo [6] and
Latif and Tweddle [7] in the setting of starshaped domain of q-normed space
and used the result to establish invariant approximation result. Rhoades [11]
and Shahzad [14] also extended the result of Latif and Tweddle [7] for non-
commuting pair of maps in the setting of starshaped domain of Banach
space. Shahzad [14] considers maps f and T satisfying a general condition
T (M) ⊂ f(M) while Rhoades [11] assume f(M) = M.

More recently, Hussain [4] improves the result of Rhoades [11] without
the assumptions of R-subweak commutativity of the pair {f, T }, the conti-
nuity and affineness of the map f , completeness of the space X and replace
the starshapedness of the setM by a weaker set of conditions by using result
of Pathak and Khan [10].

The purpose of this paper is to show the validity of results of Hussain
[4] in the framework of q-normed space which is not necessarily locally con-
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vex. As application of the result, an invariant approximation result is also
obtained. Incidently, the results of Bano, Khan and Latif [1], Hussain [4],
Latif and Tweddle [7], Rhoades [11], Sahab, Khan and Sessa [13], Shahzad
[14] and Singh [15] are also extended and improved.

The following result is also needed in the sequel, which is a consequence
of Theorem 3 of Pathak and Khan [10](see also Hussain [4, Theorem 2.1]).

Theorem 1.2. Let (X , d) be a metric space, f : X → X and T : X → C(X )
such that T (X ) ⊂ f(X ). If T (X ) or f(X ) is complete and T is an f -
contraction, then C(f, T ) 6= φ.

2 Coincidence point theorem

We shall assume that X ∗ separates points of a q-normed space X whenever
the weak topology is considered.

We begin with the following coincidence point theorem in the setting
of q-normed space which improve and extend the Theorem 2.2 of Hussain [4].

Theorem 2.1. LetM be a nonempty subset of a complete q-normed space X
and f be a self-map on M. Assume that T : M→ C(M) is f-nonexpansive
map such that T (M) is bounded, f(M) = M and (f −T )(M) is closed. If
M is complete and has the property (N ), then C(f, T ) 6= φ.

Proof. Define Tn by Tnx = (1 − kn)p + knT x for all x ∈ M and fixed
sequence of real numbers kn(0 < kn < 1) converging to 1. Then, each Tn

is a well-defined self-mapping of M as M has property (N ) and for each
n, Tn(M) ⊂M = f(M). Moreover, from the f -nonexpansiveness of T , we
have

Hq(Tn(x), Tn(y)) = (kn)qHq(T (x), T (y))

≤ (kn)q‖f(x)− f(y)‖q

i.e.,
Hq(Tn(x), Tn(y)) ≤ (kn)q‖f(x)− f(y)‖q,

for each x, y ∈ M and 0 < kn < 1 and so Tn is an f -contraction. Thus,
Theorem 1.2 guarantees that there exists an xn ∈M such that xn = f(xn) ∈
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Tn(xn). So by the definition of Tn(xn), there is a yn ∈ T (xn) such that

fxn = (1− kn)p + knyn

fxn − yn = (1− kn)p− (1− kn)yn

= (1− kn)(p− yn)

= ( 1
kn
− 1)(p− fxn)

and
‖fxn − yn‖q = (

1
kn
− 1)q‖p− fxn‖q → 0 as n →∞

Since T (M) ⊆M is bounded and f(xn) ∈ Tn(xn) ⊆M, we have ‖f(xn)‖q

is bounded so by the fact that kn → 1, we have ‖f(xn) − yn‖q → 0. Now,
as fxn − yn ∈ (f − T )xn and (f − T )(M) is closed, we conclude that
0 ∈ (f − T )(M) and hence C(f, T ) 6= φ. This completes the proof.

Remark 2.2. Theorem 2.1 extends and improves Theorem 2.2 of Bano,
Khan and Latif [1] without the assumptions of commutativity of the pair
{f, T }, the continuity and affineness of the map f , compactness of the subset
M and replace the starshapedness of the set M by a weaker set of conditions
and hence the result of Latif and Tweddle [7] (see also [11, Theorem 1])
in q-normed spaces.

Remark 2.3. Theorem 2.1 extends and improves Theorem 3 of Rhoades
[11] without the assumptions of R-subcommuting of the pair {f, T }, the
continuity and affineness of the map f , closedness of the subset M and
replace the starshapedness of the set M by a weaker set of conditions.

Theorem 2.4. Let M be a nonempty weakly compact subset of a complete
q-normed space X and f be a self-map on M. Assume that T : M→ C(M)
is f-nonexpansive map such that f(M) = M and (f − T ) is demiclosed at
0. If M is complete and has the property (N ), then C(f, T ) 6= φ.

Proof. As T (M) ⊂ M and M is bounded so T (M) is bounded. Hence,
as in the proof of Theorem 2.1, fxn − yn → 0 as n → ∞ where yn ∈
T xn. By the weak compactness of M, there is a subsequence {xm} of the
sequence {xn} such that {xm} converges weakly to y ∈M as m →∞. Since
fxm − ym ∈ (f − T )(xm) for each m and (f − T ) is demiclosed at 0, we
obtain 0 ∈ (f − T )y. Thus C(f − T ) 6= φ.
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Theorem 2.5. Let M be a nonempty weakly compact subset of a complete
q-normed space X satisfying Opial’s condition and f be a weakly continuous
self-map on M. Assume that T : M→K(M) is f-nonexpansive map such
that f(M) = M. If M has the property (N ), then C(f, T ) 6= φ.

Proof. By [1, Lemma 2.1], (f − T ) is demiclosed at 0. Hence the result
follows from Theorem 2.4.

Theorem 2.6. Suppose that X , M, f , T and p satisfy the assumptions
of Theorem 2.1. Moreover if f is continuous, y ∈ C(f, T ) implies the exis-
tence of lim fny and the pair {f, T } is R-weakly commuting (or R-subweakly
commuting), then F(f) ∩ F(T ) 6= φ.

Proof. By Theorem 2.1, C(f, T ) 6= φ. If the pair {f, T } is R-weakly com-
muting (or R-subweakly commuting), then for any y ∈ C(f, T ),

Hq(fT y, T fy) ≤ R‖fy − T y‖q = 0.

This implies that {f, T } commutes on the points of C(f, T ). It follows that
fny = fn−1fy ∈ fn−1T y = T fn−1y for y ∈ C(f, T ). If z = limz−1f

ny,
taking limn→∞, we get z ∈ F(T ). Also z ∈ F(f). Hence F(f) ∩ F(T ) 6=
φ.

Theorem 2.7. Suppose that X , M, f , T and p satisfy the assumptions of
Theorem 2.4( or Theorem 2.5). Moreover if f is continuous, y ∈ C(f, T )
implies the existence of lim fny and the pair {f, T } is R-weakly commuting
(or R-subweakly commuting), then F(f) ∩ F(T ) 6= φ.

Proof. The proof follows on the line of Theorem 2.6.

An immediate consequence of the Theorem 2.1 is as follows:

Corollary 2.8. Let X be a complete q-normed space and M be a complete
subset of X which is starshaped with respect to p ∈ M. Let f : M→M be
such that f(M) = M and let T : M→ C(M) be a f-nonexpansive map. If
(f − T )(M) is closed and T (M) is bounded, then C(f ∩ T ) 6= φ.

3 Invariant approximation

As an application of Theorem 2.1, we have the following result on invariant
approximation which improve and extend the result of Bano, Khan and
Latif [1, Theprem 2.4 and Corollary 2.5], Sahab, Khan and Sessa [13] and
Singh [15]:
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Theorem 3.1. Let M be a subset of a complete q-normed space X and let
f : X → X and T : X → C(X ) be mappings such that u = fu and T u = {u}
for some u ∈ X and T (∂M∩M) ⊂M. Suppose that f(PM(u)) = PM(u),
and T is f -nonexpansive for all x ∈ PM(u) ∪ {u}. Then PM(u) is T -
invariant. Further, assume that PM(u) is complete, T (PM(u)) is bounded,
(f − T )(PM(u)) is closed and PM(u) has the property (N ), then PM(u) ∩
C(T , f) 6= φ.

Proof. Let x ∈ PM(u). Then fx ∈ PM(u) since f(PM(u)) = PM(u). By
the definition of PM(u), x ∈ ∂M ∩M and since T (∂M ∩M) ⊂ M, it
follows that T x ⊂M. Let z ∈ T (x). Then, by f -nonexpansiveness of T ,

‖z − u‖q = Hq(T x, T u) ≤ ‖fx− fu‖q = ‖fx− u‖q = dq(u,M).

Now z ∈M and f(x) ∈ PM(u) imply that z ∈ PM(u). Thus T (x) ∈ PM(u).
Hence T maps PM(u) into C(PM(u)). Now Theorem 2.1 guarantees that
PM(u) ∩ C(T , f) 6= φ. This completes the proof.
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